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FOREWORD 


This book, on which my father was engaged at the time of his 
death in April 1930, had been projected for some years, but it 
was not until his retiral from the chair of mathematics in the 
University of Glasgow in 1927 that the release from teaching 
and administrative duties jgave hiiH the leisure he required for 
its writing. 

When my father died the book was actually in the press, 
and a considerable proportion of the proof corrections had been 
made. There was, however, a good deal of w ork still to be done,, 
and at the request of my mother this was willingly undertaken 
by Professor MacRobert of Glasgow ITniversity. The task 
involved can perhaps be best appreciated by those who have 
had personal experience of the difficulties which encumber the 
path of a book during its final stages in the press. j 

The debt of gratitude which we owe to Professor MacRobert 
is, however, increased by the remembrance of the unfailing 
help which he gave during all the stages through which the 
book passed, help to which my father often referred, and which, 
had he lived, he would have acknowledged more suitably than 
I can possibly do. 

The difficulties of authorship were also very materially 
lightened by the assistance, in many ways, of several other 
gentlemen, members of my father’s old staff. These services 
Professor MacRobert has suitably referred to elsewhere, and 
it only remains for me to thank them and Professor Mac- 
Robert for their share in making the publication of this 
book possible. 

R. S. GIBSON. 

Aultbea, 

Ross-shire, 

September, 1930. 




PREFACE 


The first edition of Professor Gibson’s Elementary Treatise on 
the Calculus was published in 1001. Pressure of work made it 
impossible for him to proceed, till after his resignation in 1027, 
with the preparation of a projected treatise dealing with inort' 
advanced aspects of the subject. The book was completed by 
the summer of 1029, and was passing through the press at the 
time of his death on 1st April, 1030. 

The first eight chapters are devoted mainly to the Differential 
Calculus, and the remaining seven to Riemann’s theory of 
integration. The treatise begins with Dedekind’s theory of 
irrational numbers ; then follow discussions of bounded sets, 
sequences, limits, and differentiation of functions of one vari- 
able and of functions of several variables. Chapter V deals 
with existence theorems for implicit functions and with the 
theory of Jacobians. Three further chapters contain accounts 
of infinite series, complex functions of a real variable, Lagrange’s 
expansion, maxima and minima, infinite products, and Gamma 
Functions. 

The integration of bounded functions forms the subject of 
Chapter IX ; next come expositions of curvilinear integrals, 
multiple integrals, and surface integrals. In Chapter XII 
improper integrals, that is, integrals in which the intergrand is 
not bounded or the range of integration is not finite, are intro- 
duced ; and the two succeeding chapters are concerned with 
improper double integrals. The book closes with a chapter on 
the applications of the theory to the integration of series and 
to the Gamma Function. Throughout the work numerous 
examples have been provided. 

The proofs of the first eleven chapters were revised by Pro- 
fessor Gibson, but the remaining four chapters had to be passed 

for the press without his supervision. All the proof sheets were 

vii 
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read and the examples verified by Mr. Richard A. Robb, M.A., 
B.Sc., M.Sc., and also, up to the end of the eleventh chapter, 
by Mr. George Brown, M.A. The task accomplished by these 
gentlemen was long and arduous. Mr. James Hyslop, M.A., 
Ph.D., read the first two chapters in manuscript, and a number 
of alterations were made at his suggestion. Many references 
will be found in the text to books and papers consulted by 
Professor Gibson in the course of his work. Thanks are due to 
the printers for the careful way in which they have carried out 
their duties. 

THOMAS M. MACROBEET. 


Olasoow, 

HepUmhpr, 1030 . 
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CHAPTER I 


REAL ISIUMBERS. SECTIONS 

1. The Continuous Vaxiable. Iii §9 of the Elementary 
Treatise on the Calculus a continuously varying number x is 
represented as the abscissa of a point P on an axis, and the 
assumption is made (§ 4) that, when an origin O and a unit 
segment OU have been chosen, there is a one-to-one corre- 
spondence between the numbers x and the points P. In § 148 
the existence of a limit is discussed on the same assumption. 
Now the correspondence between numbers and points obviously 
fails if number is restricted to mean rational number^ that is, 
positive or negative integer, or zero, or fraction (the quotient of 
an integer by an integer) ; for example, if OP is equal to the 
diagonal of a square of side OU there is no rational number that 
corresponds to P since the diagonal and the side of a square are 
incommensurable. It is customary to say that the abscissa 
of P is 1*41 or 1*414 or 1*4142, ... a'pproximately ; in other words, 
in order to make the one-to-one correspondence complete, it 
is assumed that there is a number corresponding to P, denoted 
by and called an irrational number, and that 1*41, 1*414, 
1*4142, ... are rational approximations to it. 

The theory of irrational numbers is very much harder than 
that of rational numbers, and in books on elementary algebra 
the definition of an irrational number and the discussion of 
the laws of operation of such numbers are necessarily rather 
sketchy. It is desirable, however, that the advanced student 
should face the difficulties and sec that a purely arithmetical 
theory of irrational numbers can be constructed ; it will be 
found that the conception of the continuity of the straight line 
can be stated in such a way that the correspondence between 
‘‘ number and “ point ” can be re-established. 
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Definitions of the irrational number liave been given by 
Dedekind, Weierstrass, G. Cantor and Meray, and it is on one 
or other of these definitions that the treatment is now usually 
based. Of English textbooks to which the student may be 
referred for a discussion of the modern conception of number 
the most important is Hobson’s Theory of Functions of a Ileal 
Variable, Good but less elaborate discussions will be found in 
Chrystal’s Algebra, Part II, (2nd Ed.), pp. 97-109, Hardy’s 
"Pure Mathematics and Bromwich’s Infijiite Series (Appendix 
I). The sketch that follows is intended to call attention 
merely to the more important parts of the theory ; as Chrystal 
remarks (lx. p. 98), '' the initial difficulties of the theory lie 
not in framing definitions, but in seeing where new definitions 
and where demonstrations are really necessary.” Tlie dis- 
cussion now to be given is based on Dedekin d’s exposition in 
his tract Stetigkeit und Jrrafionale Zahlen. 

2. Continuity of a Straight Line. Dedckind’s definition of 
the irrational number will probably, at a first approach, seem 
rather strange to the student, and it may be helpful to sketcjh 
the geometric considerations that suggested his definition. 
The pj'oblem before him was that of finding a mathematical 
test of continuity such as would form the basis of mathematical 
deductions, and these geometric considerations may bo stated 
briefly in the following way. 

The following relations hold for points on a straight line : 

(1) li A lies to the left of B and B to the left of C, then A 
lies to the left of C and B lies between A and C. 

(2) If A and B are two different points on the line, there is 
an unlimited number of points between them. 

(3) If A is a given point on the line it divides all the points 
of the line into two classes — the left or lower class (L say) and 
the right or upper class (U say). The class L contains all 
points to the left of A and the class U all points to the right 
of A , while the point A itself may be assigned either to L or 
to U. 

This division of the points of the line is called a ‘‘ section,” 
and A is said to generate the section ; the section is considered 
to be the same whether A is assigned to L or to IJ. 

Now Dedekind considers that the characteristic property of 
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continuity may be expressed by the converse of (3), and he 
states it in the form : If all the points of a straight line are 
divided into two classes, L and Z7, so that every point in L lies 
to the left of every point in U then there is one and only one 
point that generates the section. 

This statement is to be taken as an Axiom ; it seems to be 
consistent with “ common sense ” conceptions of the con- 
tinuity of the straight line and, when the irrational number has 
been defined in the purely arithmetical manner proposed by 
Dedekind, the expression x . OU for the length of a segment OP 
in terms of a standard unit segment OU is recovered. 

The definition of the irrational number presupposes the 
knowledge of the rational numbers, and the student is advised 
to make a careful study of the early chapters of ChrystaFs 
Algebra so that he may appreciate the gradual extension of 
the mea/ning of number ” and of the laws of operation on 
numbers. There may, for example, be three things in a group ; 
the natural ” number 3 which specifies this characteristic of 
the grou]) is not a number in the same sense as the “ positive ” 
number 3 although the same symbol is used for both and the 
word ' number ” is applied to both. The justification of the 
extension of the word number ” to positive, zero, negative 
or fractional numbers lies in the fact that the laws of operation 
on these numbers are consistent with those applicable to natural 
numbers and a similar justification holds in regard to “ irra- 
tional numbers. 

Though no appeal is made to geometry the parallelism 
between the geometrical statements (1), (2) and (3) of this 
article and the corresponding arithmetical statements in the 
next article should be noted. 

3. The Rational Number. In this article the word number ” 
means rational number,” and it^ is supposed that the laws 
of operation on such numbers are known ; the expression 
“ rational number ” will only be employed when it seems to be 
desirable to emphasize the restriction. 

The following relations hold for rational numbers : 

(1) If a< 6 and 6 < c then a< c and h is said to lie between 
a and c. Further, if a and h are two numbers one and only one 
of the following alternatives is true : a>Z>, ora<&, ora==&. 
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The system of rational numbers is therefore an ordered 
system ; that is, just as a set* of points on a straight line, 
counted say from left to right, has a definite order, and, of any 
pair of different points, one always pr^edes, or lies to the left of, 
the other so, of any pair of different rational numbers, one 
always precedes, or is less than, the other while the numbers 
in any set of rational numbers have inter se a definite order, 
namely the order of magnitude. 

The system of rational numbers will be denoted by B. 

(2) If a and b are two different numbers, there is an unlimitcHl 
number of numbers between them ; in other words, if k is any 
positive integer, no matter how large, there are more than 
k numbers between a and b. 


For if a <b all the numbers 


l(b - a) 


3(6 - a) 


, , a -f- 


(n-l)(b-u) 


where n is any integer greater than (i + 1), lie between a and 6. 

This property of the system B of rational numbers is ex- 
pressed by saying that jR is dense ” or “ com pact.’' 

(3) If a is any number it separates all the numbers in B 
into two classes, a lower class L and an upper class IJ ; the 
class L contains all numbers less than a and the class U all 


numbers greater than a, while a itself may be assigned either 
to L or to IJ. 


If a is assigned to L it is the greatest number in L, and 
then U has no least number ; if a is assigned to U it is the least 
number in U and then L has no greatest number. There 
cannot be both a greatest number a in L and a least number 6 
in TJ because a and 6 would be different and all numbers 


between a and b would escape classification. 

This separation of the numbers in B into two classes is called 
a section of B, and the number a is said to generate the section ; 
a is either the greatest number in L or the least number in 17. 

The question at once arises : if all the numbers in B are 
separated into two classes L and U so that every number in L 
is less than every number in t/, is there always a number in R 
that generates the section ? Certainly not, as the following 
simple example shows. 

♦ The word “ set means here simply “ finite number. 



§ 3] THE BAflONAL NUMBER 5 

It is easily proved * that there is no positive (rational) 
number whose square is 2, and therefore every positive number 
X is such that either x^<2 or x^>2. Now form two classes 
L and U of the numbers in i? by assigning to L all the negative 
numbers, zero and the positive numbers whose square is less 
than 2, and to U all the other numbers in B, that is, all the 
positive numbers whose square is greater than 2. It will be 
shown that in this case L contains no greatest number and 
U no least. 

Suppose a positive and a^<2 so that (2 -a^) is positive ; a 
greater number, a +h say, can be found whose square is also 
less than 2. To see this, choose h so that 0 < A < 1 ; then 

(a +h)^ < 2 if 2ah +h^< 2 a positive number. 

But 2ah -hh^<2ah -hh since 0<A<1 so that (a +h)^ will 
be less than 2 if {2a + l)h is less than (2-a^). It is possible 
to choose h so that {2a +l)h will be less than {2-a^) ; for 
example, (2a-f-l)A is less than {2-a^) if A~ (2 -a^)/(2a +2). 
It now follows that, whatever positive number be taken in L, 
there is always a greater number (in fact, an unlimited number 
of greater numbers) in L whose square is less than 2 so that 
L contains no greatest number. 

In a similar way it may be shown that if a is positive and 

> 2 a positive number h may be foun4 such that a - A is 
positive and (a - A)^ > 2 ; U therefore contains no least number. 

The numbers in R have therefore been separated into two 
classes L and U such that every number in R occurs either in 
L or in ?7, and every number in L is less than every number 
in U, but there is in L no greatest number and in U no least 
so that the section is not generated by a number in R. The 
student will easily construct other examples of sections of R 
that are not generated by numbers in R. (See Exercises I.) 

When a section is generated by a number in R that number 
may be said to correspond to the section, but when the section 
is not generated by a number in R there is no number 
with which to put the section in correspondence ; in the 
geometrical analogue of § 2 there is, on the assumption of 
Dedekind’s Axiom, always one and only one point that 

* See Exercises I, 1, 2. 
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generates a section. The arithmetical problem is now to 
extend the number system so that every section of the number 
system shall be generated by a number in the system ; the 
extension leads to the system of Real Numbers. 

4. Real Numbers. The definition of the real number is as 
follows, it being understood that both of the classes L and U 
exist. 

Definition. If by any method all the rational numbers 
are separated into two classes L and U such that every number 
in L is less than every number in f/, the section so determined is 
said to define a real number. 

The symbol (L, U) may be used to denote either the real 
number or the section ; this double use of the symbol causes 
no confusion. 

If there is a greatest number in L or a least in U then (i, TJ) 
corresponds to the ratio7ial number which generates the section 
and is called a real rational number. If L has no greatest 
number and U no least then (X, XJ) does not correspond to any 
rational number ; in this case (X, IJ) is called a real irrational 
number. 

In regard to the terminology the following remarks of 
Hobson may be quoted {Functions of a Real Variable, 1st Ed., 
p. 29) : 

“ The rational numbers are frequently regarded as identical 
with the real numbers to which they correspond, and are 
denoted by the same symbols. In the development of Analysis, 
this identity leads to no difficulties ; but in the fundamental 
theory of the aggregate of real numbers, a conceptual distinction 
between rational numbers and the real numbers to which they 
correspond must be made, in order to obviate logical difficulties, 
and especially with a view to coordinating Cantor’s theory with 
that of Dedekind. Those real numbers which do not corre- 
spond to rational numbers are called irrational numbers ; and 
those real numbers which correspond to rational numbers are 
usually spoken of as themselves rational numbers.” 

5 . Properties of the Real Number . To save tedious repetitions, 
let the lower classes of sections be denoted by capital letters 
Ay B, C, ..., and the corresponding upper classes by the 
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corresponding accented letters A\ B\ C", ... . A typical 
(rational) number of A, C ... will be denoted by a, b,c, 

and a typical number of A\ B\ (7', ... by a\ b\ c\ When 

{A, A') is rational the generating number may be considered 
to belong either to A or to A\ and the rational number that 
generates the section will be indicated by the suffix 0 attached 
to the typical letter. We adopt the convention that the 
generating number is to be the greatest number in the lower 
class ; thus if {A, A'), {B, B'), (C, C) are rational real numbers 
the generating numbers of the sections are Uq, respectively. 
(See Note, below.) 

The real numbers {A, A'), (B, B'), (C, C') ... whether rational 
or irrational will often be denoted by the corresponding Greek 
letters (x, y, ... . 

As yet the real number is little more than a name, and 
properties will now be assigned to it by means of definitions, 
the properties of rational numbers being assumed. 


Positive Number. Negative Number. Zero. 

The number (A, A') or rx is defined to be positive if A contains 
a positive number, negative if A' contains a negative number. 
If all the numbers in A are negative and all those in A' positive, 
the section defines the number zero. 

It may be noted that if A contains one positive number, k say, 
it contains an unlimited number of positive numbers ; for 
kl2, kj3, ... are positive and being less than k are all in A. 


Equality. 

The number a or (A, A') is defined to be equal to the number 
or {B, B'), and to be equal to a, if the numbers in A are 
the same as those in B or — what amounts to the same thing — 
if the numbers in A' are the same as those in B\ In symbols : 
a = y3, P — OL. 

Note. When the real number is rational the number that generates 
the section has been chosen to be the greatest number in the lower class, 
but this, of course, is merely a convention. If is the greatest number 
in A and bi the least number in B' the sections (A, A') and (B, B') will 
give the same real rational number if and bo are equal ; the numbers 
defined by the sections must therefore be equal even though the class A 
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contains one number that is not in B (and B' one that is not in A'), 
To justify the convention it will be sufficient to show that if there is 
onlp one number in A, say a^, that is not in B, then is at once the 
greatest number in A and the least in B' because when this is the case 
the sections {A, A') and (B, B') define the same real number. 

Now since is not in B it must be in B' ; let bo denoted by bi 
when considered as a number in B'. But is the only number of A 
that lies in B' and therefore every other number in A lies in B and so 
is less than that is, less than a^. Hence is the greatest number 
in A. 

Again, every number less than 6; is less than Oj and, as has been seen, 
lies in B so that b\ is the least number in B'. Since ~b\ the sections 
{Ay A') and (B, B') are generated by the same number and therefore 
define the same real number. 

Thus, when the class B' contains a least number it may be transferred 
to the class B, which will then have a greatest number ; this transference 
is always supposed to be made. 

If there were iwo numbers in A that were not in B then there would 
be (§ 3, (2) ) an unlimited number of such numbers and the sections 
(A, A') and (B, B') would be quite different. 


Inequality. 

If a and j3 are not equal a is defined to be greater than 
and /3 less than a when A contains all the numbers in B and 
more (see above Note). In symbols : ol> /? < a. 

It may be observed that if a and are real rational numbers 
(x> p or a < /? according as Oq > or < 6o, where cJq and 
are the rational numbers that generate the sections (A^ A') 
and (B, B'). (Compare Ex. 2 below.) 

Further, it follows readily from the definitions that if a > /? 
and p>y then a >y. (Compare § 3, (1).) 

Next suppose a > p. Let a be any rational number that is 
not in B and is therefore in B'. By convention, JS' contains 
no least number and therefore there is an unlimited number of 
numbers in B' less than a ; all these numbers are in so that, 
if r is any one of them and q the corresponding real number, 
C]L> Q> p. Hence, between any two different real numbers lies 
an unlimited number of real rational numbers. (Compare § 3, (2).) 

Theorem. If d^ is any given arbitrarily small positive 
rational number it is always possible to find rational numbers, 
X dnd x', in the lower and upper classes respectively of a section 
(A, A') such that x' ~x< d^. 
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Consider the arithmetical progression 

a, a a +2d, ... , a +nd (i) 


where a is any number in A and is a positive rational number 
less than d^. It is possible * to take n so large that nd shall 
be greater than a' - a, where a' is any number in A', and 
therefore so that a -{-nd shall be greater than a' and therefore 
be in A\ Let a -\pd be the last number of the progression (i) 
that is in ^ ; then a +(p -f- 1)^^ is in -4' so that if x~a and 
ac' + (p I- 1)^^ we have x' -x --d<dQ, and the numbers x and 
x' satisfy the conditions of the theorem. 

Ex. 1. Show that ol> 0 if (jl is positive and 0 >ol if oc is negative. 

Ex. 2. If (/I, ^') is the real number determined by assigning (as 
in § 3) to tlie upper eJass A' every rational number whoso square is 
greater than 2 and to the lower class A all the other rational numbers, 
explain the moaning of the inequalities 

1-41 <(.4, .4')<1'42. 

Here 1-41 and 1-42 are real rational numbers, determined by sections 
whose generating numbers are the rational numbers 1*41 and 1*42 
respectively. The class A contains the rational numbers 1*414, 
1*4142, ... and therefore the real number 1*41 is less than the real 
number (d, ^4'). Similarly the real number (.4, A') is seen to be less 
than the real number 1*42. 

A real number can only bo compared, as respects the properties of 
** greater ” and “ less,” with other real numbers. It may, however, 
be observed that the real rational number corresponds to the rational 
number in such a way that in inequalities like that given above we may 
simply take the rational numbers in the respective classes and re-name 
them, calling them real rational numbers, and then the comparison 
becomes valid. The farther we proceed the more evident it will 
become that the real rational number has no properties that are distinct 
from those of the corrasponding rational number (compare the quotation 
from Hobson in § 4). See the Note on Terminology in § 7. 

6. Laws of Operation, There is no question of proving the 
laws ” ; the problem is to prescribe laws of operation that will 
be consistent with those that hold for rational numbers. The 
notation of § 5 is retained. 

* The assumption that, if a and b are any two positive numbers and a less 
than 6, an integer n can always be found such that na is greater than 6, is 
usually called the Axiom of Archimedes (sometimes, perhaps more appro- 
priately, the Axiom of Eudoxus. See Heath’s Euclid (2nd Ed.), vol. hi. 
pp. 15, 16.). 
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Addition. Let a, a' and b,b' be typical numbers in the 
classes A' and J5, B' respectively, and let a +6 “C, a' 4 - 6 ' =c' ; 
then c<r/. Now form the classes C and C' by assigning to C 
and C' all numbers of the type c and c' respectively. 

If (JL and p are both rational and are the greatest numbers 
in A and B respectively; hence Cq, where is the 

greatest number in C so that ((7, C") is a section generated by 
the rational number c^. But Cq is the sum of and 6 q and 
therefore, if the real number {C, <7') is defined to be the sum of 
the real numbers {A , ^4') and [B, B'), the law of addition will 
be consistent with the corresponding law for rational numbers. 
If then the classes C and C" define one, and only one, number in 
all cases, the number (0, C') or y will be defined to be the sum 
of (A, A') or OL and (B, B') or /5. In symbols 

{A, A')+{B, B')=.(C, C') or (jL-hfi:^-y 

It will now be proved that the classes C and C' always 
define one, and only one, real number. In all cases c <c' and 
there cannot be more than one rational number that does not 
occur either in C or in C\ For if there were two, say x and y 
where x<jj, then c' ~c could not be less than y -x. But, by 
the theorem of § 5, the numbers a, (d and b, b' can be chosen 
in their respective classes so that a' ~ a <\d, b' -b <\d, and 
therefore so that c' ~c, which is equal to {cd - a) +(6' -6), shall 
be less than d where d is arbitrarily small. Now d, and there- 
fore c'-c, may be taken to be less than y~x; hence there 
cannot be more than one rational number that does not occur 
either in C or in C'. If there is none, (C, C') is a definite 
irrational number ; if there is one, assign it to C and then 
((7, C") is a definite real rational number. 

Subtraction. If ~A denotes the class of numbers obtained 
by changing the sign of every number in the class A , the number 
(-A\ -A) is defined to be the negative of (^, ^') ; that is, 

{~A\ -A)=~{A,A'). 

The operation of subtracting p from a is defined by the 
equation 

and is therefore reducible to addition. 
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Absolute Value of a Number, nie absolute or numerical 
value of a is a if a is positive, - (l if (l is negative and zero if 
rx. is zero. The absolute value is denoted by | a |. 

Kx, 1 . Prove that (k. - —0. 

Ex. 2. Prove that p - (rx. - ^). 

Ex. 3. Prove that | {l± ^ | ^. | «. | + | /? | but ^ | | fx. | - | y? | jr and 
distinguish the cases in which the sign -= nuist be taken. 

MnUiplication. Suppose first that (jl and /f are ])oth positive 
and take (^1, A') and (13, B') to ho sections of the 
rational numbers ; the conditions that in general determine a 
number will obviously, when all the positive rational numbers 
alone arc taken, determine a positive number. 

Let ah —c and a/b' —c' ; then c <c\ Form the classes C and 
C\ as in defining addition ; it is easy to prove as before that 
these classes determine one and only one real number. When 
r/. and ^ are rational and are the greatest numbers in A 
and B respectively and a^h^ — CQ so that the definition of 
multiplication, when ol and /? are positive, will be 

(.4, A') X (j5, B')^{C, C) or a/L - y. 

To extend the dcTinition to negative numbers assume the 

rule of signs ” as part of the definition so that we have, (l and p 
being positive, 

( -a) X - {(JL X /f):=“a X ( -/9) ; ( -rx.) x ( - /^) +{(jl x f^). 

Division. This operation is reduced to multiplication by 
first defining the reciprocal l/^x. of the positive number (/.. 

Let (JL be determined by the classes A and A' of tlie positive 
rational numbers (zero excluded) and let 1/xl and \jA' denote 
the classes which contain the reciprocals of all the numbers in 
A and A ' respectively. It is easy to prove that 

(l/.4^ l/.4)x(.4,^') = l, 

and the number {IjA^ IjA) is defined to be the reciprocal 
of {A, A'), that is, 

{I I A', 1/^4)=^ when (A, A')—cl>0. 

If rx is negative, ol= -(x/ where aJ is positive, 1/rx is defined 
to be - 1/a', that is, l/a “ - l/( ~rx) when a is negative. 
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The division of /3 by a is now defined to be the multiplication 
of by the reciprocal of a ; in symbols ; 



Note, Division by zero is expressly excluded in the above 
definition. 

The fundamental laws of operation have now been stated. 
A full treatment would go on to show that the associative, 
commutative and distributive laws of operation persist when 
the laws aire defined as above, but in this sketch there is no 
room for the discussion and reference may be made to Chrystal’s 
Algebra or Hobson’s Theory of Functions. We may take one 
example to indicate the method when the real number is 
defined as in § 4. 

To prove that a -f = /? -l-a note that the typical number a +6 
in the lower class that defines fx. +/? is equal to the typical 
number 6 +a in the lower class that defines +(x, since the 
commutative law holds for rational numbers. ’ The lower 
classes are therefore the same for /? +(x as for a-h/i, and 
similarly the upper classes are also the same. Hence the two 
numbers rx 4- /I and ^ 4- a are equal. 

The student should prove the following cases in the same 
way. 

Ex. 4. oLp = /3(x. 

Ex. 5. (a^) X y =«. X (/?);). 

Ex. 6. X y —cay Py = y(a. 4- j^). 

Ex. 7. ax0 = 0x(x.=0, 0 Lxl=lxa.=a. 

Ex.%. |(x/3 1 = |a| X |/?|. 

7. Sections of the Real Numbers. The relations (1) and (2) 
stated for rational numbers in § 3 are true also for real numbers 
as follows from the definitions and developments stated in § 5. 
Hence the system of real numbers, which will be called the 
system 8 to distinguish it from the system R of rational 
numbers, is like R an ordered system. Further, like J2, the 
system 8 is dense since it contains R. On the other hand, 
8 possesses a property that is absent from R ; namely, while 
there are sections of R that are not generated by a number 
in jB, every section of 8 is generated by a number in 8. By a 
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section of S is meant a separation of all the numbers in S into 
two classes, a lower class L and an upper class f/, such that 
(i) both classes exist, (ii) every number in S appears either in 
L or in U, and (iii) every number in L is less than every number 
in U. That every section of S is generated by a number in S 
may be proved in the following way. 

Take any section (L, U) of S. Let and contain all the 
rational numbers in R that correspond to real rational numbers 
in L and IJ respectively ; then L\) is clearly a section of 
the system R and therefore defines a real number, that is, a 
number in S. If a is this number it must belong either to the 
class L or to the class U since L and U together contain all the 
numbers in S. Suppose a to belong to U and let ^ be any other 
number in U. By § 5 there are real rational numbers between 
(L and /I and, since these numbers correspond to numbers in 
[/q, they are all greater than a so that is greater than a. 
Hence a is the least number in U . 

In the same way it may be shown that if (x belongs to L it is 
the greatest number in L, Thus in every section {L, U) of S 
either L has a greatest number or U has a least ; it is not 
possible that there should be both a greatest number in 4 cLnd a 
least in U, because all numbers between them would escape 
classification. 

Hence every section of S is generated by a number in S ; 
this property marks the essential distinction between the 
systems R and S and gives the character of continuity to the 
system of real numbers (see § 9). 

Note on Terminology. Up to this point the distinction 
between the real rational number and the rational number of 
the system R — which may be called for convenience the 
‘‘ ordinary rational number — has been preserved. The 
adherence to the distinction in the further development would, 
however, occasion intolerable prolixity and therefore the real 
numbers that correspond to the ordinary rational numbers 
will be called rational numbers, unless there be some special 
reason for emphasizing the distinction. 

Even in the use of the ordinary rational numbers, as remarked 
in § 2, there is this use of the same term to indicate numbers 
that are conceptually distinct. Thus the numbers 2 and 2/1 
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are both said to be equal to “ two/* but the fraction 2/1 is 
taken to be equivalent to the integer 2 as a convention or 
delBnition ; the natural number 2 is not a quotient and would 
not be considered as a quotient except for reasons based on the 
development of the theory of fractions. 

Again, there is no means of distinguishing whether symbols 
such as 1, 2, 1/2, -7, ... represent ordinary or real rational 
numbers but the context in which they appear will usually 
enable one to decide. If irrational numbers are associated 
with them the symbols must be interpreted in the sense of real 
rational numbers (see § 5, Ex. 2) ; if no irrational number is 
associated with them it does not matter which meaning is 
taken. But, as remarked in connection with Ex. 2 of § 5, any 
change needed amounts in actual work to a simple re-naming 
of the numbers since the real rational number always corre- 
sponds to an ordinary rational number, and the order of 
magnitude is the same for both, so that no confusion can 
occur. 

The distinction of terminology between ordinary and real 
rational numbers will therefore, as a rule, be dropped. Further, 
any letter may be used to represent a real number, whether 
rational or irrational ; the special use of Greek letters as 
denoting real numbers will therefore not be maintained. 

Ex, 1. If the symbol denotes the number {Ay A') defined in § 5, 
Ex. 2, prove that ( V2)®» that is, ( \/2) ( \/2) is equal to 2. 

If a and a' are typical numbers in A and A' then the classes of which 
o* and a'* are typical numbers determine a number, b say ; b is greater 
than every a*, less than every a'* and is therefore equal to 2. 

Ex, 2. If \/3 denotes the number {A, A') when 3 takes the place 
of 2 in § 6, Ex. 2, prove that ( \/2){ \/3) = -v/G where 6 takes the place 
of 2 in § 6, Ex. 2, 

8. Decimal Representation. Let a be a real number gene- 
rating a section (i, U) of the system S of real numbers and, 
for definiteness, suppose oc to be positive. 

If aQ is the greatest integer in L, then (Xq + ^ ^ number 

in U ; aQ may be zero. Thus we may write : 

aQ^oi<aQ+l. 

Next, form the arithmetical progression, with difference 1/10, 
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Of these eleven numbers one, which may be called +ajl0 
where is one of the numbers 0, 1, , 9, is the greatest in L, 

and then +(ai +1)/10 is the least in U, Hence 

+ai/10 (jl< aQ -f -f 1)/10. 

Similarly, forming an arithmetical progression with +aJ10 
as its first term and with 1/10^ as common difference, we see that 
tto ^a^jU) 10^ ^ a<aQ -f {a^ H- 1)/10‘^ 


where is one of the numbers 0, 1, ... , 9. 

Proceeding in this way we find, in general, that 


^0 + 


®'“ 10'^~102 


, + 


4 - 


IQn^ 


a. 

-ao+Yo + 


“2 a • 

102 ••• 10" ’ 


or, say, ^ ^ 4 

where each of the numbers •*• 


( 1 ) 


has one of the 


values 0, 1, ..., 9, and Qn - — 

There are two cases to be considered. 

(i ) For 71 > p we may have a^ = 0. In this case a is a rational 
number 


(X — (Zq . (Z]P^2 • • • 

in the usual decimal notation. 

(ii) The set of numbers a^, a^y ... may be unlimited, and 
()L will, in the usual terminology, be represented by an infinite 
decimal 

(JL=(Iq , ... (■^) 

If the decimal repeats or “ circulates '' a will be rational ; 
otherwise rx is irrational. (See Chrystal’s Algebra, Part II, 
2nd Ed., Chap. 2.5, §33.) 


Cor, In the same way it may be j)roved that, if h is any 
positive integer not less than 2 

g a < 4- 1/6" = (7^ 

1 C-i Co c« 

where +7^ + p + • • • + jr;^ 


and Cq is an integer (or zero) while each of the numbers 
••• > one of the values 0, 1 , ... , (6 -1). 

Approximations. The numbers and q,, may, if a > q^, be 
called rational approximations, in defect and in excess 
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respectively, to the number fc, the absolute error in each 
approximation being less than 1/10^. 

Between and a there is, if an unlimited number 

of real numbers, as also between a and q„ ; if a: is any real 
number between a, and x' any real number between 

a and then 

x'-x<Q„'-Q„, that is, 

Since n may be taken so large that 1/10^' is less than e, where 
e is any arbitrarily small positive number, the following theorem 
is proved : 


Theorem. It is always possible to find real numbers x and x' 
in the lower and upper classes respectively that define the real 
number (l so that x' - x< e, where e is any arbitrarily small 
positive number. 


9. Correspondence of Number and Point. Suppose that, as 
in Analytical Geometry, 0 is the origin and OV the positive 
unit segment on an axis X'OX, 

Let the points 0 and V correspond to the numbers 0 and 1 
respectively. 

If ir is a positive rational number, say x~ml7i where m and n 
are positive integers, take a point P on the same side of 0 as V 
such that the segment OP is m times the nth part of 0 F ; let 
the point P correspond to x. If x is negative ( — - m/n), take 
P' on the opposite side of 0 from V so that the segment OP' 
is of the same length as OP ; let the point P' correspond to x. 
In the usual language of Analytical Geometry x is the abscissa 
of P. In this way the rational numbers are put into corre- 
spondence with points on the axis X'OX ; for convenience let 
points which correspond to rational numbers be called “ rational 
points.” 

If X is an irrational number, suppose it to be determined by 
a section (L, U) of the rational numbers and let A and A' be 
typical rational points corresponding to the typical numbers 
a and a' in L and U Respectively. Now form a section of the 
points on the axis X'OX by assigning to the lower (or left) 
class Lj all points that correspond to rational points A or that 
lie to the left of any point A , and to the upper (or right) class Uj 
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all points that correspond to rational points A' or that lie to 
the right of any point A'. 

In the class there is no point that lies furthest to the right 
since the class L contains no greatest number, and, similarly, 
since the class U contains no least number, there is no point 
in the class f/j that lies furthest to the left. We now assume 
Dedekind’s Axiom (§2) that there is one (and only one) 
point P on the axis X'OX that generates the section f/i) 
and we make P to correspond to x, so that x is the abscissa 
of P. 

The correspondence between numbers and points on a line, 
assumed in § 4 of the Elementary Treuiise, is therefore proved 
in so far as '' proof ’’ is possible. It is perhaps better simply 
to say that the system S of the real numbers forms a continuum 
or a continuous system of numbers, because every section of B 
is generated by a number in B, and that the continuity of the 
straight line is represented by the correspondence between the 
numbers in B and the points of the line : to rational numbers 
correspond rational points and to irrational numbers correspond 
irrational points. 

The following definitions of terms that constantly occur may 
be given here. 

Continuous Variable, The numbc^r x is said to vary con- 
tinuously as it changes from the value a to the value b if, as it 
increases from a to 6 when a < 6 or as it decreases from a to 6 
when a > 6, it takes every real value between a and 6. 

Interval. The system of numbers x such that a ^ a: ^6 is said 
to form a closed interval (a, 6) ; the system of numbers x such 
that a<x<b is said to form an open interval (a, 6). The 
interval (a, b) is said to be “ open at 6 ” if a^x<b and “ open 
at a ” if a <x^h. 

The number is said to be within the interval (a, b) ” or 
‘‘ interior to the interval (a, b) ” if there are numbers x\ x" such 
that a< x'^i^x" <i. 

10. Roots. Indices, An important theorem will now be 
proved. 

Theorem. If a is any positive real number and n a positive 
integer the equation x^=a ha^ one, and only one, positive root. 
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That there cannot be ni^ro than one positive root follows 
from the fact that if x and y are positive 
xV- - {x - y){x'^~^ -\-x'^~‘^y -f- . . , 
and the product oji the right cannot be zero unless x~y^ since 
all the terms x'^~^y, ... are positive. Thus x^ and ?/” 

cannot both be equal to a if x and y are two different })ositive 
numbers. 

To prove that there is one root form a section of the posilive 
rational numbers. (In the terminology the distinction between 
real rational number and ordinary rational number is 
dropped ; see Note in § 7.) To the lower class L assign the 
rational number c if and to the upper class U assign the 

rational number d if d*^>a. All the rational numbers are 
therefore classified and every number in the lower class is less 
than every number in the upper. The section therefore 
defines a real positive number, b say. 

That = a follows at once from the definition of multiplica- 
tion. The typical numbers in the lower and upper classes that 
define the product b^ are c” and and it is merely a repetition 
of the process in § C to show that the section determined by 
the classes of which c” and d^ are typical numbers defines a 
real number, b^ is the one number which is less than every 
number d'" and greater than or equal to any number c” so that 

and a are the same number. 

This positive number b is the unique nth root of a and is 
denoted by the symbol ^/a. 

Cor. 1. If ?i is even, there is a second root but it is negative, 
namely -b. 

Cor. 2. If n is odd and a negative, say a~ - a' where a' is 
positive, there is one negative root, namely, 

In textbooks of algebra it is shown that when a is a positive 
real number the root JJ/a may be denoted by the symbol 
and this index notation is then extended so that the symbol a® 
has a definite meaning when x is any rational number. The 
complete symbol is called a power ; a is the base and x the 
index or exponent of the power. It has to be specially noted 
that the base a and the power a® are both positive so that a® 
is single-valued. For example, 4* means -f 2 and not - 2 
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even though the square of - 2 is 4. Although a root such as 
^/( - 8) is a real number the notation ( ~ 8)^ will not be used 
to indicate the root until the theory of the complex number is 
considered. With the conventions stated the power is well 
defined when x is any rational number. 

When the Theorem of this article has been proved the various 
laws of operation with rational indices, as developed for example 
in Chrystal’s Algebra, are readily established, and it will be 
assumed that the student is familiar with them. 

11, Inequalities. Some inequalities are frequently needed 
at later stages, and it seems to be desirable to state them here 
for referen(*-e.* They are based on the identity, n being a 
positive integer, 

_ yn = . . . -h xy^~^ + (^ ) 

It follows at once from (A) that if x and y are positive and 
a positive integer 

x^ > = < y^^ according as a: > — < y ( 1 ) 

Next, the identity (A) shows that if x > y > 0, 

ii{x - -y^> n{x - (2) 

The inequalities (2) are very important ; when n is not a 
positive integer the set requires a double statement which takes 
the following form : 

If X > y > 0 and m a rational number 

m{x - y)x”'-^ > a;"' - if' > m{x - ^ (3) 

711 {x - y)x^''~^ < x'^^ - Cm{x ~ y ) , 0 < m < 1 (4) 

The proof of (3) and (I) is a little tedious, hi (2) let y — 1, > 1 , and 

the first of the inequalities gives ~ \ < 7i{x \ ^ and this inequality 

may be put in the forms 

(n --l){x^ -})> - 1), {x*^ - l)/H>(x^-~^ - l)l(n - 1). 

In the second form put n -lyii -2, . . . , jt? + 1 successively in place of n; 


it follows that, p being a positive integer, 

{x^ -1)1)1 >{x^ -l)lp, n>p^l (i) 

Now in (i) let x'^ =-«>!, 7ijp ~m>\ ; this gives 

- l>7W.(a - 1), a > 1, ?n > 1 (ii) 

while if = a > 1, pjn = m< 1, we find from (i) that 

- 1 < w (a - 1), a > 1, 0 < 7^; < 1 . (hi) 


* On the subject of this article the student should consult Chrystal’s 
Algebra, Part IT (2nd Ed.), Chapter XXIV. 
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Next, in the second of the inequalities (2) let x=^l so that 
The inequality 1 may be put in the form 


(1 -2/^)/n<(l ^yn--i)i(n~\), 
and therefore, n, p being positive integers, 

(\ -y'^)ln<(\ -y'P)lp, n>p^\ (iv) 

Now let 2/^=6<1, njp — m > 1, and (iv) gives 

1 -6^"<m(l -6), 6<1, m>l, (v) 

while ify”=6<l,p/n=m<l, formula (iv) gives 

l-6 ^>m(l- 6 ), fc<l, 0 <m<l (vi) 


Put xjy for a in (ii) and ylx for b in (v) ; these substitutions give the 
inequalities (3) for the ease 7n > 1 while the same substitutions i!i (iii) 
and (vi) give the inequalities (4). 

Finally, if m>0 put a for 1 for y and 1 for m in formula (3) 
which has been established for these values ; then 

ctw-fi _ 1 ^ gives a~'^ - 1 > -m^a 1 ) 

- 1 > (^2/ + 1 )(a - 1 ) gives - 1 < - m{a - 1 )a~"'“^, 

so that if xjy is now put for a the formula (3) for the case ?/i<0 is 
established . 

From (3) another formula may be deduced. Suppose a> 0, 
6 > 0, m - “ > 0) and r a positive integer. In the jirsi of 

the inequalities (3) let x — a-\-rb, y=a-{-{r-\)b, and in the 
second -f- (r +1)6, y^a+rb; then 

1 I ^ nb 

[o +(r - l)6f (a + rbT (a + 

1 1 , 

^(a + rfc)'* [a+(r+l)6J* 


If a > 6 > 0 the formula (5) holds when r = 0. 

The following particular cases of the formulae (3) and (4) 
may be noted : If a > 1, 

a^>l or a"* < 1 according as m > 0 or m < 0. .. (6) 

Further, since a*' - a® - 1), it follows that if a> 1, 

> a® or a*' < a* according as y > x or i/ < a:, . . (7) 


Hence when x increases, taking rational values alone, the 
function a* steadily increases ; or, as x varies through rational 
values from -N to +N, where N is a large positive number, a® 
steadily increases from the small number (or 1/a^) to the 
large number 
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Again, the following simple particular cases of (3) and (4) 
may be stated. 

If h>0, (1 +A)”* > 1 +mA when m > 1 ; (1 1 + mh 

when 0<7n-< 1, (8) 

and if 0 < A < 1 and 0 < mh < 1 

(l^A)- > 1 - mh > 0 when m > 1 ; ( 1 - < 1 - mh 

when 0 < m < i (9) 

The following inequalities are important in. connection with 
the exponential function. 

In (3) let X -- 1 4 1 Jn, = 1 , a; - y = 1 jn, m — tijj), where n and p 
are positive rational numbers and n >j) ; then 


1 ^ 


Next, in (3) let .r — 1 , y = 1 - 1 /'/? , .T ~ 2/ — i where y)i, n, i) are 
as before except that p > 1 ; then 


^>l-(l--y or 

) \ n/ 


n-^ \ p 


and therefore ( 1 


l\-j> 

1-^,) ,n>p>\. 


From (10) it follows that {l + ljzY steadily increases as ^ 
increases through positive rational values, and from (11) that 
(1-1/;:)”® steadily decreases as 2 increases through positive 
rational values. 

Again, in (11) let and for n put 7i +l ; then 


<4if»>l (11«) 

so that ) 


and ( 1 


) - 1-f-- =^-(l-f- ) < ifn>l. .,.(12 

/ \ n/ ■ n\ n/ 11 ■ ' 
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EXERCISES I. 


1. If is a x>ositive integer but not the square of an integer show 
that d is not the square of a rational fraction. 

[The following solution is given by Dedekind (Stetigkeit u.s.w., 
pp. 13, 14). 

If j>ossible suppose d to be the square of a rational fraction tju in its 
lowest terms (all numbers positive) ; then ~du'^ —0. There is always 
an integer A such that Xu<t <(k + \)u and therefore i - Xu( —u' say) 
is a x>ositive integer less than u. Let t' -^du - It ; then t' is also a 
positive integer {du^ - Xtu^t^ - Uu=tu'). Now 
t'^ - du'^ =. ( A2 ~ d){t^ ~ dti^) 0, 

and therefore d—{t'lu')^. But v' < u so that tju is not in its lowest 
terms ; the hypothesis made is thus untenable.] 

2. If d is defined as in Ex. 1 let y=x(x^ -f 3f/)/(3;r2 -i d), where x is a 
positive rational number and show that 

..Jxid -xO) _ {x‘ - 

•' ‘ 3x^+d ' ■' (Zx^'+d)^' 

Deduce that the section of the (positive) rational numbers, determined 
by assigning to the upper class all rational numbers whose square is 
greater than d and to the lower class all the other rational numbers, 
is not generated by a rational number. 


3. Show that the formula for the tdli root of d, corresponding to that 
of Ex. 2 for the square root, is 

- I ).c^^ -i (a + l)dj 
^ ~ (n 4- l)a:^ 4 (n ~ 1)^ 

Apply the formula to calculate approximations to "Jd, 

[Prove that x'^^ — d has the same sign as x~y and that the product 
“d)(y* - d) is positive.] 


4. If y - { A.r 4d)/(;r 4 A) where Xy A, d are jjositive rational numbers 
(d not a j)erfect square), prove that 


y • 


d -:r* 
a: 4 A ’ 


2/2 


(A2 -d)(a;2-d) 

“(F4A)2 * 


Hence show that if ajh is a rational afjproximation to \^d, A the 
integer next greater than ^^/d, a better approximation is given by 
(An + hd)l(a 4 A6), and the two approximations are either both greater or 
both less than ^/d. 


5. Let a and d be two positive integers, the second not being a perfect 
square, and let (a 4 \/d)” 4 B„*yd where and are positive 

integers ; show that 

By taking = 1, show that the fractions for n = 2, 3, ... 
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give approximations to of increasing accuracy, 
is that given by Ex. 2. {a —re, =^y.) 
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The value A^jB^ 


6. Let a be a rational approximation to and let 



prove that CTj, ag* ••• approximations to of increasing accuracy, 
the approximations being in excess. Show that 

an - ~ 

+ vd ~ Va^ -\- \jd) 


7. Prove that, if c is an approximation to \la in excess, Cj where 
c,=^[(n-lK+3^} 

is a closer a])proximation, also in excess. 

Show that a still closer approximation, also in excess, is Cg where 


[Let a - A', whore k is positive and small, 0 < k< c” ; then 

1 

4^/a=r«'(c” ~h)=c{l -klc‘^yt>. 

Expand by the Binomial Theorem. To find reject all powers of k 
above the first and put - a) in place of k. To find Cj reject all 
powers of k above the second, and so on for closer approximations. 

In calculating by this method we may begin by taking c to be 
the integer next greater than \/a. As a rule Cg gives a sufficiently 
close approximation for ordinary needs, but of course the process can 
be repeated.] 

8. If aj, Og, , (In florid ••• » numbers which 

may be either positive or negative, prove that 

where r and s take the values 1, 2, 

Deduce that 

The equation is usually referred to as Lagrange's Identity and the 
inequality as Schwarz’s Inequality. 

9. From the inequality on p. 173 of the Elementary Treatise, 

:.>0, y>0, 

where p, q are any positive rational numbers, deduce the inequalities 
(10) and (11) of § 11. 

[xsri 4-1/p, y — \ gives (10) and x~\,y- \ - l/g(g > 1) gives (11).] 
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10. Prove from the inequality in Ex. 9 that, if p and q are any positive 
rational numbers (g > 1), 

• 

[Let x — l + llp and 2 / = l-l/^. This result gives the additional 
information that every value of (1 + l/p)^ is less than every value of 
(1 - l/s)"'®, q being greater than imity so that 1-1/^ may be positive.] 
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CHAPTER II 

SETS. SEQUENCES. LIMITING POINTS. LIMITS 

12. Sets. Sequences. In §9 it has been shown that there 
is such a correspondence between the real numbers and the 
points on a directed line or axis that to each number corresponds 
a point and to each^point corresponds a number — in other 
words, the correspondence is “ one-to-one.” This corre- 
spondence frequently enables us to simplify theorems by using 
the language of geometry, and the words ‘"number” and 
“ point ” are often used as interchangeable ; care must, 
however, be taken against the surreptitious substitution of 
geometrical for arithmetical conceptions in any demonstration. 

A part of the system of real numbers or of points on a line] 
is often called a set or aggregate of numbers or of points, and' 
the numbers or points are spoken of as the “ elements ” of the 
set or aggregate. The set is said to be infinite if the number of 
elements in it is not limited, oxid finite if that number is finite. 
As finite sets are of little importance for our purposes, the 
word set ” will be understood to mean ‘‘ infinite set ” unless 
distinctly specified to be a “ finite set.” 

A sequence is a particular case of a set. If to the integers 
1, 2, ..., 71, ... there correspond definite numbers ^ 1 ,^ 2 ,..., 
..., the set a 2 , ..., a„, ... is called a sequence; the 
element corresponding to 0, is frequently taken as the first 
element of the sequence. Thus in a sequence the elements are 
arranged in a definite order while in a set the order of the 
elements is indifferent. 

To indicate a set or aggregate one may use a letter, S say, 
and specify the nature of the elements : for example, “ the 
set N of all rational numbers ” or “ the set 8 of all rational 
numbers in the interval (0, 1).” 

25 
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The sequence Ug* ••• b®? and indeed is 

usually, denoted by enclovsing the general element in a 
parenthesis, thus (a„) ; it is to be gathered from the context 
or from an explicit statement whether the first element of 
the sequence is or or some other element. 

A set of numbers is said to be bounded above if there is a 
number K greater than every number of the set, bounded 
below if there is a number k less than every number of the set 
and simply bounded if both K and k exist. 

The special numbers called ‘‘ the upper bound ” and “ the 
lower bound ” of a set are defined in the next article. 

13. The Upper and Lower Bounds. In the rest of our work 
there will be frequent use of “an arbitrarily small positive 
number ” ; the letter e will be reserved to indicate such a 
number so that it will be freely used in this meaning without 
further explanation, though of course occasions will arise 
when it may seem proper to state the meaning explicitly. 
When the symbol is used in any other sense an explicit state- 
ment of the meaning will be given if that meaning is not clear 
from the context. 

Note 1, It may be noted in passing that if a and b are 
constants such that | a 6 | < a we must have a = b; the proof 
of this assertion is “ obvious.’’ 

Two theorems of fundamental importance will now be 
proved. 

Theokem I. If a set S is bounded above there is a, number H 
which has the following properties : (i) no number of the set is 
greater than H, and (ii) at least one number of the set is greater 
than H - a. 

This number H is called the upper bound of the set S. 

Since the set S is bounded above there is a number K greater 
than every number of the set. Two cases are possible. 

(1) The set may contain one number, a say, that is greater 
than all the other numbers of the set. In this case a — H, 
because no number in S is greater than a, while a itself is greater 
than a ~ a, 

(2) No number of the set is greater than all the rest. In this 
case a section of the real numbers may be formed as follows ; 
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Let be any real nnmber. Jf there is a number in S whu^h is 
equal to or greatt^r than x assign x to the lower class L, but 
if X is greater than every number in S assign .r to the upper 
class U. Obviously both classes exist, since K and every 
number greater than K belongs to U while the numbers in S 
belong to L ; further, every number in L is less than every 
number in IJ, and every real number occurs either in L or in U . 
Therefore the section (L, IJ) determines a number and this 
number is H, as may be shown in the following way. 

By the construction of the section every number greater 
than H is in IJ and is also greater than every number in 
S, so that no number in /S' is greater than H. On the other 
hand, there is always a number in X, and therefore in S, 
which is greater than H-f, because every number in L is 
equal to or less than some number in S. 

Note 2. When the set S has no greatest number there is not 
only one but an unlimited number of the numbers of S between 
H~f and H because, if there were only a finite number, one 
of them would be the greatest of the set contrary to the 
hypothesis that S contains no greatest number. 

In the same way the following theortun is proved. 

Theorem Jl. If a set S is hounded below there is a number h 
which has the follounng propertie^H : (i) no number of the set is 
less than h and (ii) at least one number of the set is less than 

h + £. 

This number h is called the lower bound of the set S. If S 
contains no least number there is an unlimited number uf the 
numbers in S between h and h ]-£. 

If the set S is bounded (that is, bounded l^oth above and 
below) both numbers H and h exist. 

If a set S is not bpunded above there is a number in the set 
greater than K, no matter how large the positive number K 
may be ; in this case (by a stretch of language) the set is 
said to have + oo as its upper bound. In the same way if 
a set is not bounded below there is a number in the set less 
than -K, no matter how large the positive number K may 
be, and in this case the set is said to have - oo as its lower 
bound. 
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14. Limits. Notation, In the Elementary Treatise, § 41, 
two definitions of a limit are given, and the distinction between 
“ limit ’’ and “ value is pointed out ; there seems to be no 
necessity for repeating the definitions here, but the student 
would do well to read the more important articles in Chapters 
IV and V and the earlier pages of Chapter XVII of the 
Treatise, as a knowledge of the working rules of limits is now 
assumed. 

We shall now, however, use the symbol -> to indicate that 
a variable tends to a limit ; the symbol is due to the late 
Dr. Leathern, and is a very valuable improvement in notation. 
Thus, for example, wc now write 



instead of 

r sin X 

/o 



, . sin X ^ 
lim - - = 1 

instead of 

, . sin X 
lim 

.--.0 ^ 




Again, when it is said that the sequence (a„) tends to the 
limit Z,” what is meant is that the variable a^ tends to the 
limit I when n tends to infinity ; in symbols 

a^->l when n—> oc , or, 

The sequence is understood to be an infinite sequence so 
that the explicit statement that n tends to infinity is hardly 
necessary ; compare the corresponding expressions for series. 

Null Sequence. When the sequence {a„) tends to zero the 
sequence is frequently called a Null Sequence. 

Finally, when it is said that a variable tends to a limit it is 
always to be understood that the limit is a finite number unless 
it is expressly stated or clearly implied that the variable tends 
to -f 00 or to - QO . See §§ 40, 41. 

15. Monotonic Fimctions. lif(x) is a single-valued function 
of X such that /(iCg) when X 2 > x^ the function f(x) is said 

to be (E.T. p. 451) a monotonic increasing function of x, while 
if f{x 2 )^f{xi) when X 2 >x^ the function f(x) is said to be a 
monotonic decreasing function of x.^ When the sign ™ is 

♦ The letters “ JS7.T.” indicate that the reference is to the Elementary 
Treatise. 
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excluded f(x) may be called “ a strictly increasing ” or “a 
strictly decreasing ” function of x. (It is merely a con- 
vention, but a convenient one, to use the words “ increasing ” 
and “ decreasing ” instead of the more accurate descriptions 
“ not decreasing ’’ and “ not increasing ” respectively.) A 
sequence (a„) is an increasing sequence if and a 

decreasing if 

The two following theorems, which are expressed in terms 
of sequences (a^), apply to monotonic functions f(x), it being 
understood that f{x) is defined for an infinite set of values of 
X and that :r tends to infinity ; the reasoning is the same in 
both cases. 

Theorem I. A monotonic, increasing sequence (a^) tends to 
4 - oo the sequence is not bcmnded, but if the sequence is bounded 
above, say for every value of n, the sequence tends to a 

limit I, and k. 

If the sequence is not bounded above then, however large 
the positive number K may be, it is always possible to find an 
integer rn such that a^> K if n >m (or a value x-^ of x such 
that f{x) > K if x> xf). This is the condition that a,^ tend to 
-foo when n->oo (or that /(a:) when ). 

Suppose now that (a„) is bounded above, and let H be the 
upper bound of the sequence (or of the set of values of f{x)). 
By the properties of the upper bound (§ 13) a^^H for every 
value of n (f{x)^H for every value of x) and, given e, there is 
a value, n^ say, such that (a value Xq such that 

f{xf)>H -e). Hence, since a^^^a^^ if n>nQ {f{x)'^f(xQ) if 
X > Xq), we have 

H -e<an^H if n>nQ (H --e<f{x)^H if x>Xq), 

and this is the condition that ~->H (or that / (a;) -^H) . Further, 
H cannot exceed k so that l — H^k. 

Cor. If f(x) is monotonic and increases as x tends to a 
monotonically , f(x) either tei^ds to oo or tends to a limit 

Let x^a-^(lly) or a- (I /y) according as x tends to a through 
values greater than a or through values less than a \ then 
x-^a when y— >oo . 

In the same way the next theorem is proved. 
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Theorem II. A monotonic ^ decreasing sequence (a„) tends to 
- cc if the sequence is not, bounded huty if the sequence is hounded 
below, say an> k for every value of n, the sequence tends to a 
limit I, and l^k. 


Cor, If f(x) is monotonic and decreases as x tends to a 
mcynotonically , f{x) either tends to - oo or tends to a limit. 


Ex, 1. 



1 1 
3 * 10”* 


Here we may take k — ljS and obviously a„ -> 1 /3. (There is no value 
of n for which = 1 /3.) 


Ex, 2. 


~n + 1 


1 

+2 


■‘■n+3 



11 n 

Here < H 4 ... to /t terms or a„ < , < 1 , so that we 

” n + 1 n -f 1 ” 1 

may take A: == 1 . Further, 

1 J 1 __ 

2n + l'^2n+2 1 ~(2n + 1 )(2n + 2) ^ ’ 

so that (a„) is an increasing sequence. Ilie sequence therefore has a 
limit which is a positive number not greater than 1 . 


Ex, 3. Tf is a fixed (positive) integer and equal to the sum 
1 1 _J_ 1 

+ l n+2 n + 3 

show that the sequence (a^) tends to a limit. 


Ex. 4. If a,„ show that the sequences 

(am) and (6„) tend each to a limit and that the limit is tlie same for both. 

From the inequalities (10) and (11) of §11 the sequences (a„J and (h^) 
are respectively increasing and decreasing ; by the inequality (10a), 
am< 4 so that (am) tends to a limit, s say. Further 

6„=a„-.(l+;r--T)’ 

so that tends to the same limit as a^. It is better, however, to apply 
the result of Exercises I, 10, from which it appears that > a^ so that 
the sequence (6„) is bounded below and therefore tends to a limit. The 
inequality (12) of § 11 then shows the two limits to be the same ; or 
use E,T. p. 95 (iii). 

Ex, 5, Suppose a>6>0 and let ai = i(a+6) and b-^^=s/{ab). If 
a„ and are determined by the equations 

a„ = n—i, 3, 4, ... 

show that (i) (a^) is a decreasing sequence, (ii) (6„) is an increasing 
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sequence, (iii) each sequence tends to a limit and (iv) the limit is the 
same for each. 

Here a„_i - a„ = J b„ - 
the results (i) and (ii) are easily proved by induction. 

Again = K V^n-l ~ ^ so «n>^n* ^OW (6J 

is an increasing sequence and therefore > 6 ; the sequence (a„) 
therefore tends to a limit a.. Similarly hn<a and the sequence (6„) 
tends to a limit p. The eqdation = K^n-i + ^n-x) shows that CL = p, 

The common limit a, is called by Gauss tlie Arithmetico-geometric 
Mean of the numbers a and 6, and is frequently denoted by M{a, 6). 

Ex. If a>5>0, a^ — \(a+b)y 6^ =2a6/(a 4-5) and are 

determined by the equations 

«n=i(“n-l+&n-i). = 2an-l6n-l/K-I + ^n-l). n =2, 3, 4, ... 

show that the sequences (a„) and (6„) have a common limit — called the 
Arithmetico-harmonic Mean of a and 6. 

Show that this mean is equal to ^/(ai). 

16. Sequence of Intervals. A useful method of determining 
a number depends on the construction of two monotonic 
sequences, one (a^^) an increasing and the other (6„) a decreasing 
sequence ; when and are represented as points on a 
directed line, say the a:-axis of Coordinate Geometry, the seg- 
ment In of the line which represents the interval (a„, 6^) may, 
subject to certain conditions, be made to contract as n tends 
to infinity so as to determine a point. 

The sequence (a„, of intervals defines a number when 
the following conditions are satisfied : 

(i) (a„) is an increasing and (6„) a decreasing sequence of 

real numbers ; 

(ii) < hn for every value of n ; 

(iii) given an arbitrarily small positive number £, there is 

an integer m such that if w ^ m. 

That these conditions define a number is clear ; for by (i) and 
(ii) the sequences (a„) and (6^) have limits, a and b say, while 
6~a=/^(6„-a^)=6, by (iii), so that 6=a. This number a is 
the number defined by the sequence (a„, 6„). 

In the geometrical interpretation every point a„ is to the left 
of every point ; the point a is either inside each of the 
intervals or else, after a certain stage, at one end of 
each interval In, and, as n tends to infinity, the interval 

G.A.C. 1> 
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contracts, the end-points a„ and 6„ tending from opposite 
sides to a. 


It may happen that H n > p, or again that — a if n > g ; in 

these cases a is an end-point of each interval when n is greater than 
p or q respectively. 

The number a will be said to be common to each interval 
(a„, hn), it being understood that each interval is closed. 

For purposes of reference this method of determining a 
number may, for want of a better name, be called the method 
of the decreasing interval. 


17. Limiting Points or Points of Condensation. Let S be an 

infinite set of numbers, or of points corresponding to them on 
a directed line. 


Definition. If there is a point ^ such that the interval 
(f “ -f e) contains an infinite number of points of the set, f 
is called a limiting point, or a point of condensation, of the set. 
As a number, f is a limiting mimber of the set. 

I may be but is not necessarily a point of the set as the 
following examples show. 

Ex. 1 . E con.sists of all the rational numbers x such that 0 ™ d? — 1 . 

Every irrational number in the interval (0, 1) corresponds to a 
limiting point — or, as it may be stated, every irrational point in (0, 1) 
is a limiting point ; but S contains no irrational points. 

Ex. 2. aS consists of all the points in the open interval (0, 1). 

The points 0 and 1 are limiting points but do not belong to S. 

Ex. 3. S consists of all the points in the closed interval (0, 1), 

Every point of the interval is a limiting point. 

Ex. 4. S consists of all the positive or negative integers. 

There are in this case no limiting numbers ; it is, however, sometimes 
said that -f ao and - oo are limiting numbers of this set. 

- Theorem I. Every infinite bounded set has at least one limit- 
ing point. (The Bolzano-Weierstrass Theorem.) 

Apply the method of the decreasing interval. Since the set 
is bounded there is a number a less than every number in the 
set and a number b greater than every number in the set ; let 
all the numbers be represented on an axis. 

' Bisect the interval (a, 6). In one or, it may be, in both of 
the half-intervals there will be an infinite number of points of 
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the set ; if there be an infinite nuini)er iii botii select the half- 
interval on the right, that is, the interval [J(a +6), h\ Denote 
the ends of the half-interval selected by and 6j where <; 6^. 
If the right half-interval has been selected ai = |(a-f6) and 
but if the left half -interval has been chosen a^~a and 
b^"\{a -^b). In both cases b^b^, b^~ a^~\{b - a). 

Next bisect the interval b^) and proceed exactly as in 
the preceding case. One at least of the new half -intervals 
contains an infinite number of points of the set, but if both 
half -intervals contain an infinite number select the half -interval 
ofi the right and call it (u^, 62)* We now have 

a ^ Ug, 6 ^ 61 ^ 62 ; 62 - U2 = J (61 - Uj) r-_ A (6 - a). 

Proceeding in this way we find an increasing sequence (a,j) 
and a decreasing sequence (6„) where -a^)=:{b -a)l2^ 

and each interval b^,) contains an infinite number of points 
of the set. Further, since {b~a)l2^ may be made arbitrarily 
small the sequence of intervals determines a point 

Hence within the interval - s, ^ -he), where e has the usual 
meaning, there lies an infinite number of points of the set, and 
therefore ^ is a limiting point of the set. 

Thus the set has at least one limiting point ; but there may 
be more because, each time an interval is bisected, it is possible 
that both halves may contain an infinite number of points of 
the set. When an interval occurs which contains an infinite 
number of points of the set, that interval, by the theorem 
just proved, has at least one limiting point of the set. 

The point f determined by the construction first given is, 
if there be more limiting points than one, that which lies furthest 
to the right ; f is the greatest of the limiting numbers of the set 
and will be denoted by O. The characteristic property of 0, 
as appears from the method by which it is determined, is that 
the interval {G - e, G +e) contains an infinite number of points 
of the set but that only a finite number (and there may be none) 
of the points of the set lies to the right of (? -f e. 

The number G is called the greatest of the limiting numbers 
of the set or, simply, the greatest of the limits of the set. 

When there are more limiting points than one of the set it 
may be seen that, if in the construction the left half -interval is 
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always selected instead of the right half, there is a limiting 
point g such that the interval (g- g ■\-e) contains an infiilite 
number of points of the set, but that only a finite number (and 
there may be none) of the points lies to the left of ^ ~ e. The 
number g is the lexist of the limits of the set. 


Theobem II. If the set is bounded and has no greatest number 
ihe upper bound H is a limiting number of the set and H "G, 
'while if the set has no least number the lower bound h is a limiting 
number of the set, and h—g. 

If the set has no greatest number then the interval (H - e, H) 
contains an infinite number of elements of the set so that H is 
a limiting number. Again no number in the set is greater than 
H so that H — G. Similarly for the lower bound. 

The greatest and the least of the limits are often called the 
Maximum Limit and the Minimum Limit respectively of the 
set. Other names are limes superior (or upper limit) and limes 
inferior (or lower limit). 

When the set is denoted by S the following notations are ^ 
used : 


G=lim S or G^=lim. sup. 8 ; ^=lim 8 or gr=lim. inf. 8. 
When is a sequence (a,^) the notations are 
G = iim On =lim a„ ; ^ =lim a,, =:lim 


the indication ‘‘ n->oo being omitted when no ambiguity 
arises. 

The notation lim is sometimes used when it is a matter of 
indifference whether the maximum or the minimum limit is 
taken. For example, the inequalities 
a < ^ a„ < 6, 
imply that a<g and G<b. 


Note on Sequences selected from Sets. If c is a limiting point of a 
set S that lies in an interval (a, c), where a<c, a monotonic, increasing 
sequence («„) can be selected from S such that tends to c. This 
statement seems to be “ obvious,” but a formal proof may be given. 

If Xy, where Xy >a, is any point of the set and ay — {Xy +c)/2, infinitely 
many points of S lie in {ay, c) and, if x^ is any one of these points, 
X 2 > Xy and c - a:, <(c - a) 12. Again, if Uj =(a;j -♦-c)/2, let x^ be one of the 
infinitely many points of S in (a,, c) ; then a? 3 >a ;2 ®^d c -ajj <(c -a)/2*. 
Next, let a 3 =(a;j+c )/2 and a point x^ may be chosen from the points 
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of S in (aj, c) suoh that 0:4 >0^3 and c ~a;4<(c - a) 12 ^. In this way a 
monotonic, increasing sequence (x^) is obtained and {x^)^c, sine© 
c-a:„<(c Clearly the sequence may be chosen in infinitely 

many ways. 

Similarly, if c is a limiting point of a set S' that lies in (c, 6), where 
c <fe, a monotonic, decreasing sequence (x^) can be selected (in infinitely 
many ways) from S' such that (x^) tends to c. 

If 0 is a limiting point for both of the sets S and S' let x^^i =x„ 
and ; then the sequence (xl) tends to c, so that from the set S"^ 

consisting of the sets S and S' and lying in the interval (a, 6), a sequence 
(Xn ) — of course, not monotonic — ^has been selected which tends to c, 
where a <c <6 and c is a limiting point of S". 

18. Limits of Indetermination. The maximum limit 0 and 
the minimum limit ^ of a bounded sequence (a„) are sometimes 
called respectively the upper limit of indetermirmtion and the 
lower limit of indetermination of the function a„ for n tending 

to GO . 

Every element a„ of the sequence (a„) lies between H and A, 
the upper and lower bounds of the sequence but, when the 
question of a limit for arises, the only values of that are of 
importance are those corresponding to large values of n, and 
it is on these large values that the limit depends. Now, when 
£ is given, there is only a finite number of values that are 
greater than G + e while there is an infinite number greater than 
(? - e ; so also there is only a finite number of values of less 
than g-e but an infinite number less than g-\-e. By § 17, 
Theorem II, 0~H provided {a^) has no greatest number, and 
g~h provided (a,i) has no least. 

Next let f{x) be a bounded, single-valued function of x, 
defined for an infinite set of values (not necessarily all values) 
of X in an interval (f - ^ +€), f being a limiting point of the 

set of values x. Since f(x) is bounded the set of values of f{x) 
is a bounded set and has therefore a maximum limit 0 and a 
minimum limit g. 

Now let £ tend to zero. It is easy to prove, if it be not 
considered to be obvious, that as £ tends to zero O cannot 
increase and g cannot decrease, so that 0 and g are bounded 
monotonic functions of e, say (?(s) and ^(e). It follows there- 
fore from § 15 that 0{e) and g{£) tend to limits, and say, 
when £ tends to zero. 
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These two numbers and are called respectively the 
upper a7id the lower limit of indetermination of f{x) for x tending 
to 

If the interval for which /(a-) is defined is (f, f 4 e) then x can 
only tend to ^ through values greater than | or — in the usual 
notation — x tends to I 0. As before O and g tend to limits, 
f?', and g\^ say, when x~^^+0; Gq and g^^ are called the right' 
hand upper and lower limits of indetermination of f{x) for x 
tending to f 4 - 0 . 

Similarly if the interval is (f - e, f), so that x tends to f 
through values less than f {x~^^ - 0), there are left-hand upper 
and lower limits of indetermination of f{x) for .r tending to 
f - 0 ; these may be denoted by (^o and gl respectively. 

In all these cases it must be remembered (i) that there is no 
sense in speaking of a limit for x tending to | unless f is a 
limiting point of the values of x foi which the function is 
defined, and (ii) that the limits G^ and g^ depend on values of 
f(x) for values of x such that 0 ^ | f - ir | < d where 6 is positive 
and arbitrarily small. 

Again the difference G-g m never negative; when 
then G~^Gq, g-yg^, and therefore 

^^G^ - g^SiG - g. 

The conditions that (a„) should tend to a limit when t?— oo 
and that f{x) should tend to a limit when x—'^^ may be readily 
derived from the above statements about the limits of in- 
determination. The conditions m these cases are, however, 
of so fundamental a character that they will be considered in 
detail in §§ 19 and 21. 

19. Existence of a Limit. Sequence. We shall now prove 
Cauchy’s Test for the existence of a limit of the sequence (af) 
{E,T. p. 378, Th. Ill) ; the general case for the limit of a 
function of x is considered in § 21. 

Theorem. The necessary and sufficient conditio7i that the 
sequence tend to a limit, I say, is that, given an arbitrarily 
small positive ^ynber e, there shall be an integer m such that 
! “ a,, I < « if xu '^m, whatever value the integer p may take. 

(i) The conditipQ is necessary. For if a^ > I there is, by the 
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definition of a limit, an integer m such that | h ' if 
n > 7r} . But 

I ~ I 1 “ ^) +(^ (^n) j ^ | ~ ^n+p | "t" | ^ | 

and therefore 

I ^n\p-^n I < + 2 ^, that is, | | <£ if U ^ 771, 

so that the condition is necessary. 

(ii) The condition is sufficient. For, if the condition is 
satisfied there is an integer m such that if 7i ^ m 

I |<f> or, -ff, ^ 1, 2, 3, ... 

and therefore the sequence (a^), where ft take the values, m 4-1, 
m 4-2, rn +3, ..., is bounded and has a maximum limit G and a 
minimum limit g. In other words, if n^m, 
a,, - F<g^^ G^a^-hE, 
so that ()<G-g^2e. 

Hence, since e is arbitrarily small, G~g, and there is only one 
limiting point in the sequence. The sequence (a^) therefore 
tends to a limit ; the limit is /, where l=^G~g. 

The student should prove that the other method, specified in 
the enunciation of Theorem III (E.T. p. 378), of stating the 
condition is equivalent to the above. 


20. Examples. The following examples contain some inter- 
esting theorems in limits ; others will be found in the Exercises 
at the end of the chapter. In some cases a knowledge of the 
chief theorems in the convergence of series is assumed. 


Kjt. 1. If and tend to zero when n->QO and jf further (b^) is a 
monotonic decreasing sequence so that b^>b^+i>0 (at least for suffi- 
ciently large \alues of n), then 


/'«n ^ 

Aj b„ /sy 


~ bn fl 


provided that the second limit exists, whether that limit is a finite 
number I or infinite. 

(i) Suppose lhat («n ~ ®w+i)/(^n “ ^n 4 i) tends to a finite limit /. In 
this case there is an integer m such that if n — m 


7 __ ® n ~ ^nU 


< c, or / - c < 

bn ~ bn-i 1 


or, since b^ - b^^^i is positive, {m may be taken large^ 
hjf positive) 

(I - e)(bn “ ^n+l) +^)(^n 



make each 
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In (a) put n- + 1, n + 2, , n +p - 1 in turn for and add ; then for 

every integer p 

(I ~ c) (6^ — ^n-^p) ~ ^n+P ^){^n “ Wl. 

Now let JO tend to oo ; then therefore 

or, dividing by the positive number 

I - -\-£, or n>:m. 

Hence ajh^-^ I when n-> oo . 

(ii) Suppose that -On+i)/(^n ~^n+i) fonds to oo . In this case 
there is an integer m such that, given any positive number K, if n " ; m, 

K“Onfl)/(^n-^n+^l)>^» O**, tt„ - l), 

since (&„-6n+i) positive. Proceeding as in case (i) we find that 
“» - an+j> > •K(6„ - 6„+»), a„ A'6„, n :2 m 
and therefore aJh^'^K if n Hence a^/6„->oo when n-voo since 

jK" is any positive number. 


Ex. 2. 


If f>n« > and if -> oo when n-^ao , then 

/" = /"?5n±Lr®»», 


provided that the second limit exists, whether that limit is a finite 
number I or infinite. 


(i) Suppose the limit of “ bn) finite number 1. 

As in the proof of Ex. 1 we find, since that 

(f - ^)(K+P - K) < “n+j. - «n < (f + ^HK+v - K) if n ^ m, 

or, writing a„, b„ in place of a„^p, and o^, 6„, in place of a„, b„, 
(l-e)(b„ -b„)<a„-a„,<(l + e)(b„-b„) if n>m. 

Now divide by the positive number b„ and then add o,n/l>n to eewjh 
member of these inequalities ; this gives, if n>m. 


Let the numbers a^, kept fixed and let n, which is greater than 

m, tend to infinity ; since 6„ tends to infinity with n it is therefore 
possible to choose N so that 

I ~2e< ajb^ < ^ + 2e if n iV, 
and therefore ajb^ tends to I when n oo . 

(ii) Suppose that '’<*n)/(^n+i "“^n) to oo ; then, as before, 

we can find m so that, whatever positive number K may be, if n > m, 

a„-a„>iS:(6„-6.J or > k(\ ~Y) + ^- 
Keeping and b^ fixed, we can choose N so that ajh^ shall be 
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greater than K ~e if n '>jV. Hence a„/6„-»-Qfi when n-voo since K is 
any positive number. 

Compare E,T, p. 420, paragraph.s 1 and II, with the theorems of 
Ex. 1 and Ex. 2. 


Ex, 3. Prove the following theorems, usually called Cauchy’s 
First and Second Theorems. 

First Theorem. If -f «2 + ••• I when n ->qo 
so does S^Jn, where s^jn is the Arithmetic Moan of the numbers 

f ^^ 2 * ••• ^ 

Second Theorem. If ... are all positive and if a„/a„_i tends 

to a limit, r say, when n ->qo , then also tends to r when n~^(Xi . 

The First Theorem is a particular case of Ex. 2 ; in that example 
let a„ and we got the First Theorem. 

Next write a„ in the form 

rji a., a.^ 

therefore log (»/«„) K/a^) + +logJa„/a„_,)_ 


Now and therefore, since logx is a continuous function 

of Xy log First Theorem tlio fraction to which 

log (V®n) equal tends to log r so that tends to r. 

It should bo observed that sjn may tend to a Uinit though does not. 
For example, let — ( - 1 does not tend to a limit but the mean 

s^/n tends to zero. 


Ex. 4. If the sequences (a,^) and (6^) tend to a and 6 respectively 
then the sequence (c^), where 

'•V. +“A-1 +«3&n-2 + ••• +On^i) 

tends to ab. 

Let ar—a+dr ; then 

• I (^n + +c?2^n-l 4- ... +dn^i). 

By Cauchy’s First Theorem (6n+^n^i + -** +^i)M tends to b. Next 
each of the numbers br is finite, say | bj. | <B, while 0 ; therefore 


(^l^n +^2^n-l + ••• +^n^l) I < ^ 


|di | + |d2 |+... + |d, I 


and, again by the First Theorem, this expression tends to zero so that 
(c„) tends to ab. 


21. Existence of a Limit, Fimction of x. We now take the 
general case of Cauchy’s Test for the Existence of a Limit ; the 
theorem of § 19 is limited to the case of a sequence. 

Let f(x) be a bounded, single-valued fimction of x, defined 
for an infinite set of values of x in an interval (a, 6) ; it is to be 
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understood that in the following discussion the values assigned 
to X arc those values in (a, b) — admissible values they may be 
called — for which /(a;) is defined. Since these admissible values 
form an infinite set there is at least one limiting point | of the 
set. The theorem to be proved is as follows : 

Theorem. The necessary and sufficient condition that f{x) 
tend to a limit, I say, vdien x teiids to ^ is that, given an 
arbitrarily small positwe number r, there shall be a positive 
number rj such that \f{x')-~f(x")\<r, when x' and x" are any 
two values of x, such that 0<: | f | < and 0 < | x” - ^ | < r]. 

It should be noted that ^ itself is not an admissible value of x. 

(i) The condition is necessary. For if J{x) 4 when x-'’4 it 

is possible to choose rj so that | / f{x') | < if; and 1 1 - ~f{x")\ -xle 
when 0 < I f I < 7) and 0 • | x" - f | //. Now 

1 /( 0 :') -f{x")\ =- 1 {f(x') -1] hi? -/(X )1 i < I? -/(.r')l + I? - fix") I 
and therefore 

\ J(x') "fix') \ -^ e if 0 < : I .r' - I and 0 \ x' - ^ \ i], 

so that the condition is necessary. 

(ii) The condition is sufficient. For, if the condition is 
satisfied there is a number ?/ such that 

i /(•»■') ~fiX) I < or, fix") - F. < fix') <fix") -h F 
when 0 < | - .r' | -c rj and 0 | ^ - x" | < 

Thus the set of values of f{x) obtained by assigning to x all 
the .admissible values of x in ((f -?/, +?/) is a bounded infinite 

set and has therefore a maximum limit (I and a minimum 
limit g. Hence 

fix") ~e-lg G £fix") + e 
so that 0^(r ~ 2e. 

But, as 7j tends to zero, G and g (see § 18) tend respectivedy to 
Gq and go, where and g ; therefore 

0 ^ g„ g 2f- . 

As e is arbitrarily small it follows that G^—g^ and therefore, 
when x->i^ the set of admissible values of f{x) has only one 
limiting fiumber G^ or g^ and l=:GQ--gf^. 

If f is a limiting point for values of x greater than f , similar 
reasoning shows that f(x) will tend to a limit when x->^ +0 
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if, and only if, there is a number // such that | f{x') -f{z 
when 0 < I f - a;' I < »; and 0 < j f - ar" | <rj {x'> i, x" > f ). 
If I is a limiting point for values of x less than i then /(a;) will 
tend to a limit when a;-3^| - 0 if, and only if, there is a number rj 
such that |/(a:') -f(x")\ <e when 0 < | f - a;' | <?/, 0 < | i - x"\ < 
(a:'<f, x''<^). 

Again to find the condition that f{x) should tend to a limit 
when a ;-.- +00 let a:=: 1/y and /(a:) -- F(y). Whenar— >+oc the 
new variable y tends to zero and the condition 

I -t^iy') - if d < y' ij and 0 y" < y 

n ^ r* TYi Si 

\f{x')~f(x")\ <e if x'>N and a*" > .V, 

where N 1/^, and therefore N is an arbitrarily large positive 
number. 

Similarly if x-- - cc the condition for a limit of f{x) is 
i /(^') ^ it and .r" <: - .V, 

where N is an arbitrarily large positive number. 

Confuiuity off{x). If f{x) is defined for all values of .r in the 
interval f +>/) the condition that f{x) should be con- 

tinuous at ^ is {E.T, p. 87) that f(x) should tend to/(|) when x 
tends to ^ ; in other words that the limit of f(x) for x tending 
to f should be equal to the vahie of f{x) for x equal to f . This 
condition may now be stated in another form. 

Let (:r„) be any sequence that tends to ^ ; if the sequence 

/K). /(a^3). ••• 

tends to /(f) whatever particular sequence (.r,,) be chosen, then 

f{x) will be continuous at f. 

i ' 

That' the two forms of the condition are equivalent may be proved 
as follows. 

(а) 1 f then m may be chosen so that \ ^ when n ~ ni ; 

hence if |/(f) -f(x) | <e when | f - a; | <17, wo shall have |/{f) -f(x^) | <e 
wlien n ^ m, so that/(aTyJ->-/(f ) when f . Thus, when the first form 

of the condition is satisfied, so is the second. 

(б) 'When the second form is satisfied, so is the first. F'or, if J(x) does 
not tend to /(f) when x tends to f, it will be possible to choose c so that 
l/(f) ~f{x) 1 for infinitely many values of x (for a set say) in the 
interval (f - 7 ;, f +?/) J because, if there were only a finite number of 
such values of one of them (x\ say) would differ from f by less than 
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any of the others and then |/(<f ) ~f(x) | wouhi be less than e when 
I f - x) I < where r)' — - x' \ , so that '/(x') would tend to /(|) when 

X tended to 

Now from the set S in the interval ^ -f-r/; a sequence (x^) can be 

selected which tends to f (§ 17, Note) ; hence |/(|^) ™/(^n) I every 

value of n, so that J(x^) does not tend to f(^) when (x^) tends to 
This conclusion contradicts tho condition that every sequence f(x^) tends 
when ; it is therefore possible, when the second condition 

is satisfied, to choose tj so that | /(^) - /(x) | < e when - x \ <r/. Thus, 
when the second form is satisfied, so is tho first. 

The student may, as an exercise, deduce the conditions in 
§ 21 from those in § 19. 

22. Exponential Functions. The exponential function a* 
is, up to this stage, defined for rational values of the variable x 
alone. The definition will now be extended to irrational 
Values of X by showing that if (x^) is any sequence of rational 
numbers that has x as its limit the sequence also has a 
limit and this limit is defined to be the value of a^. The 
discussion is rather long but it is not difficult ; the inequalities 
of § 11 are required. It has to be remembered that the base a 
is positive, 

(1) when x tends to zero through rational values. 

Suppose a > 1 and let ™ 1 where is positive and n 

a positive integer ; then (§ 11, (8)) 

(1 +ck)^> 1 a^<{a - \)jn 

and therefore >0 and when ti-^qo . 

Further, a“^/^ = l/a^/” and therefore when 7 i->oo . 

Next, let (Xn) be any sequence of rational numbers that tends 
to zero and let N be an arbitrarily large positive integer. It 
is possible to choose m so that x^ will lie between -1/N and IjN 
if n>m, and therefore also so that a** lies between a-^'^ and 
a^lN if n>m. But, given e as usual, N may by the preceding 
part of the proof be taken so large that both and lie 
within the interval (1 ~ e, 1 4-g) ; so therefore does a*»* if ti > m, 
and therefore >1 when 

Suppose next that a<l. Then 6 = l/a>l and a®»*=:l/6*" 
so that since 6®”->l if n-> oo. 

(2) Next let (x^) be a sequence of rational numbers that 
tends to x. We may suppose that x^ lies between two fixed 
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rational numbers u and v for all values of n so that re" lies 
between and a” and is therefore bounded, say r//-* < : k for 
every value of n. 

The sequence (a^‘) tends to a limit, rx say ; because 

I I ~ I a^n(^QXn^p-xn - 1 ) | < k | ~ 1 I 

and | ~>0 if n~~>cc since the sequence is 

convergent and therefore ~ y 0 if )/ - >oo . 

Again if {y^^) is any other sequence of rational numbers that 
tends to x the sequence (rx^»‘) tends, by the above proof, to a 
limit, ^ say, but /?— rx, as may be seen thus. The integer m 
may be chosen so large that x^ and y^^ differ from x and from 
each other by less than e if 7i> m ; further, 

I - a*'‘ I = I _ 1) | < ^^ | - 1 | 

and I - 1 | —>0 when ?^->oo because when 

n~>oc . Hence ^—ol. 

The limit rx is therefore the same whatever be the sequence 
(n®") when (x^) is a sequence of rational numbers that tends to x. 
cjL is defined to. be the value of the function a* for all real values 
of X, and it will be noticed that a* cannot be negative. 

(3) If a> 1 and c any rational number in the upper class of 
the section that defines Xy when x is irrational, then a^<a'\ 
Hence a* > or < a*' according as a: > or < ?/, while if 
a<l, a"*" > or < according as a: < or > y. These con- 
clusions follow readily from §11 and the definition of 
inequality (§5). 

Again, it is easy to prove that the index laws 

are valid when x and y are any real numbers. Thus, for 
example, let x and y be defined by the sequences {x^j and (?/„) of 
rational numbers ; then, by the fundamental theorems of limits, 

jT X a*'") that is, a* x 

n— ^00 

since all the limits exist. 

(4) a® is a continuous function of x. 

, Suppose a>l. It is always possible to choose rational 
numbers y and z such that, whether x is rational or irrational, 
y<x<z and z-y^ljn. 
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Now, let x' be any real number such that y < x' < - ; then, 
by (3), ay<a^'<a\ When y and z both tend to x so does 
x' ; but in this case, by (2), both a-' and rr' tend to a" and 
therefore a^' also tends to a*. 

A similar proof holds if a < 1 . Hence, whether x' tends to 
X through rational or irrational values of x, a^' tends to a"** and 
therefore is a continuous function of x. 

(5) It follows now that, if a>l, the function a^' is a 
monotonic, strictly increasing, continuous function of x; 

when a ? ->+00 and u/ ->0 when x-,’ - cc . It may 
further be noted that a^- >l when x->i). 

If a < 1 lot a — 1/6 where 6 > 1 so that a-"' - 1/6-^ and it follows 
that is a monotonic, strictly decreasing function of x. 

The student should note specially the following inequality, 
which is required in § 24, and is generally useful. 

If 6 > a > 1 then 6^ > when x > 0, but 6 < a'^ when x < 0, 
where a: is a real number. 

23. Logarithms. In this article a theorem will ]>e assumed 
which is more conveniently discussed in the next chapter (§ 32), 
namely : If J(;x) is a monotonic, strictly increasing, continuous 
function of x for a given range of x the equation /(.r) y defines 
X as a monotonic, strictly increasing, continuous function of y 
for the corresponding range of y. The two functions are said 
to be inverse ” to each other (E/l\ p. 18). 

In the preceding article it has been j)roved that a:^ is, if a > 1, 
a monotonic, strictly increasing, continuous function of x that 
increases from 0 to <x) as x increases from - oo to cjo . The 
inverse function is called a logarithm, and if y > 0 and — y 
the definition is that “ a: is the logarithm of y to the base a,” so 
that, in the usual notation, 

x—logaV — where a> 1 and y>0. 

It is obvious that log^y — 0 if y = 1 and that log^y is positive 
or negative according as y is greater than or less than unity. 
(In practice the base a is usually assumed to be greater than 
unity.) 

There is no need to discuss the well-known rules of operation 
with logarithms, but one property may be stated explicitly, 
namely, that if (y„) is any sequence of real numbers that tends 
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to ?/ the sequence (log /;„) tends to log y. This i)ropert^ 
from the fact that log y is a continuous function of ?/ (§ :. 


24. The Base e. Theorems in Limits. It has been prove 
in § 11, (10) and (lO^'f) that, if n is a positive rational number, 
(1 -{-IjnY increases as n increases but that (1 -f is less than 
4 for every value of r/. Therefore (§ la, Th. I) (1 +1//^)” 
tends to a limit, usually denoted ])y e, when n~.-cc . 

Next, let be any real number greater than unity and let the 
positive integer n be chosen so that n ^ z < : // f 1 ; therefore 
when either of the numbers and v tends to infinity so does the 
other. 


Now 

and therefore ( 1 f 
But 

(1 


1 

)i+l 



1 

, 1 

1 

1 4 


1 4;^ 4; 1 

4" 

H 

+ 1 ' 


71 

1 

/ 

, 1 




1 +- ) 

(in ) 

y? 1 I 

\ 


r/./ 

, n 

! 


/ / 

, ) •- 


- 1 ) y 

M 1 + 

1 ' 

\ 

n 1 r / 

' yi 


1 +A ] +M ( 1 

\ )} \ nJ A 'n > 


1 \ n / J , TH 1 

and then ‘fore both ( 1 -i - , and ( 1 -f ) tend to e when 

^ n -f 1 / V n 

— 00 , since ( 1 H ) does so for all rational values of 7i. Hence 


1 




tends to e when tends to infinity through real 


(positive) values. 

Next let - ~y - \ where y > 0 ; then - oo when ?/— ~f oo . 

But (i-f- y’'^"---(i+hY] 

^ Z‘ \y ~\-\ V y/ ^ 

ly 

and therefore (^1 4-^ j tends to e when z-'- ~ cc . 


!+-)■ 
y' 


The above result may be stated as a theorem. 

Theorem I. The expression (^1 4-“^ tends to a definite limit, 

denoted by e, when z tends through real values either to + oc or 
to - CO ; or, {if l/z is substituted for z) the expression (1 4-2;)V- 
tends to the limit e when z tends to zero through real values which 
may be either positive or negative. 
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mber c, as the student knows, is taken as the base 
logarithm in all theoretical investigations, and the 
tion is ‘‘ the exponential function of a:/’ If a is positive 
i/he function which is of course an exponential function of x, 
may be expressed, in what is considered the standard form, as 
ga:ioga jjj accordance with the usual practice, the symbol log a 
is here taken to mean log^ a. 

Theorem II. —log a, A>0 or A<0. 

Suppose a> L Then — 1 ^-k \ km positive or negative 
according as h is positive or negative and k->() when h~>0. 
Now Aloga— log(l ^-k), and therefore 

- 1 _ k log a log a 

h log (1 +A:) ”log 1(1 4-i)^ ^]' 


But (Th. I) (1 4-A:)' and therefore, since logo; is a con- 
tinuous function of x, log [(I -f-i")’'^]">log c when A: --0. The 
theorem is therefore proved since log c - 1. 

If 0 < a < 1, let b l/a ; then 6 > 1 so that 
• a'* - 1 r I 6'* - 1 


^ a'* - 1 r 
A ( 


P h 


— - log A - log a. 


h -K) 


;*->o 


Cor. Let h ^ Ijn where n is a positive integer ; then n(v^a -- 1) 
tends to log a when n tends to infinity. 

Th«oe.k hi. 

^ h X 

A— >0 

Since x must be positive we suppose c> 0. Now 


log {x + A) - log X 1. 




X 

A^^“ 


A 

Let hjx^k ; then A->0 when A->0 since x^oO. As before 
log [(1 tends to loge, that is, to unity when A— >0, so 
that the theorem is established. 

Theorems II and III show at once that the derivatives of 
and logo: are e^, a^loga and l/x respectively. 

Derivative of when n is irrational. Since a:”, when a: > 0, 
may be expressed as we find 

n 


d(nlogx) 

dx • dx 


^ = nx^^^y 
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SO that the usual rule for the derivative of applit. 
n is rational or irrational.* However, when n is irratic. 
must be positive. 

Notation. The exponential function is frequently ex- 
pressed by the notation exp{a;) ; this notation is specially 
useful when the index is a somewhat lengthy expression such 
as {ax^ -f/xr -^b'x +c') or 7ilog (1 ^xjn). 

25. Limits and Inequalities. The examples now to be given 
establish some theorems in limits of logarithmic and exponential 
functions and also some inequalities that are frequently re- 
quired. 

Kx. 1. Jf the product 'tik tends to x when | /? | tends to infinity, so 
does the jwoduet n log (1 -} k). 

The proof depends on the theorem wliich has been applied so oftei\ 
in § 24 tliat log [(1 *f A;)* tends to log c, that is, to unity wlion k tends 
in any way to zero. 

If nk tends to x whether n tends to oo or to - oo then k tends to 
zero whether x is or is not zero. Now 

n log ( 1 -F k) — nk log [( 1 + A;) LA] 

and therefore 

J^n log (I 4 - Ad — ^(nk) . ^^log ((1 +A;)bA;J =x. 

Jn)->ao |n)-^oo h-A) 

Ex. 2. If the ])roduct 7ik tends to x when | n | tends to infinity, then 
(1 -f-A')^ tends to e^. 

(1 where - n log (1 +Ad. 

By Ex. 1, x^~> X and therefore, by § 22, (4), ^ e^. 

Two particular cases of this theorem are important. 

(i) Let k -~~xln ; then ( 1 +x/ny^ tends to when n teruls either to *f oo 
or to ~ 00 . 

(ii) Let nx ~m ; then, if x is not zero, | m | tends to infinity wdien 1 7i | 
does so. Therefore 

/ INwa; / rr'Nwi / l\n.i5 

SO that ~ve*. 

If ^ =0, (1 4- l/n)^^ ~ 1 , and therefore the limit is 1 and 1 — e®. 

In these and similar examples it has to be remembered that n and k 
must be such that (1 4- A;) is positive. 

Ex. 3. Prove the following inequalities ; 

(i) e* > 1 4-a; if ir > 0 ; (ii) >I -a;ifO<ir<l ; 

(iii) X - < log (l 4 -a;)<a: if 0<a?<l; 

C.A.O, E 
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- log ( 1 - a?) < a: + .J 


1 


if 0 < a: < 1 ; 


(v) 2^< log 2a: +1 if 0<a-<l. 

For the extreme values 0 and 1 of x it is best to test the value of the 
function. In all cases the inequalities become equalities for 
for it’ = 1 the inequalities (ii) and (iii) persist but the logarithms in (iv) 
and (v) tend to infinity when 

These results are proved very simply by the method used in the 
Elementary Treatise^ p. 132, examples 24, 33, 34. To illustrate the 
method take the inequalities (v). Let 


f(x) =-log - 2a: ; <f(x) =log -J - 


2a: + ‘ 


3 1 


Here 


O ^2 


(p'(x) 


3(1 

and therefore /'(.^*) is })ositive and <p'(x) negative if 0< a;<l. But /(or) 
and (p{x) are both zero when a:=0 so that the increasing function /(x’) 
is positive and the decreasing function q){x) is jiogative for the range 
0< rr < 1, The inequalities are therefore proved. 


Ex. Prove that e< 


(-3 


l\n4-i 


] 

l‘.in(n‘-f 1) 


wliere n is any [)ositive number. 

The inecjualities (v) of Ex, 3 may be expressed in the form 
1 , 1+x , 1 ;r- 


, . , 1 -i-x . 1 

l<2a’‘*Ki^<^+3 1-a-' 


0<a;<l. 


Now let a: r-r l/{2/i + 1) where 7i >0 ; then 


so that 




1 .r2 ^ 1 

3 1 1)' 

1-.- 1 


12n(a + l)* 

and, therefore, passing from logarithms to numbers, we find the 
inequalities stated in the example. 

Ex. 5. If 97(n)~(cos and if and/(/0“^oo when ?t->x , 

discuss the question of a limit for (p{n) when n->oo . 

Let ™/(n) log (cos ; then <p(n) and the problem reduces 
to that of finding the limit of u^. This i)roblom is, however, indeter- 
minate until a relation between and /(n) is given. 

Now by Ex. 3, (iv) the limit of [log (1 ~x}]lx when x tends to zero 
is ~ 1. But log (cos log (1 -sin^ 0^) and 


K = Uin) log ( 1 - sin“ e„) = i/(n) . Ol [-^ ' 


sin e„Y 


e. 




SO that the limit of is the same as the limit of ~ lf{n)6l since the 
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fact-or.s siu 0„/0„ and loj? ( ! sin- 0„)/sin2 tend to 1 and 
lively. Hence 

fi'^O 0;, - <>, ; 

if /(n) 0“ a-, c/>(;0 ; 

if /(ri) Of, foD, oc , cp(n)~^0. 

If ~-(sin let sin ^ 1 , where 0 when 

0^^ - ^ 0 (tiiat is, use the first two terms of the series for sin and then 
proceed as before. Or, note that {E.T, ]>. 77) sin 0^10^ lie^s between 1 

7t 

and (50S 0^, when | | < 

Ex. 6 , If in > 0, (log x)jx^-^ 0 when ;r >x . 

Lot and apply the method of Examples 8, 9, p. 99 of the 

K lewcn (ary Treat isc . 

26. Extension of Range of Definition. The method by which 
the range of definition of the function has bt^en extended from 
rational to real values of x is of a general character, and may 
often be applied. The principle of the method may be stated 
ill the following way. 

Suppose that a function /(a*) has the two properties : 

(1) f{x) is a bounded, single-valued function of x, defined for 
all rational values of x in the range az^x^b : 

(2) if f is any rational value of x in the range. f{x) tends to 
/(^) when X tends through rational values to f. 

Now everi/ point ^ in the interval (a, 6) is a limiting point 
of the set of rational points in the interval and by Cauchy’s 
Test (§21) f(x) tends to a limit, say, when x tends through 
rational values to f whether f is rational or irrational. When 
^ is rational is the value /(f) of the function ; now, if f is 
irrational, let h be defined to be the value of f{x) when x~^ 
and f{x) will be defined for all values of x in {a, 6), and 
further, f(x) will be continuous for the range a < x ^ h. 

To see that/(x) is continuous, let f and c be two values of 
X hi the range, f being rational oi* irrational and c rational. 
When X tends to f through rational values, /(x), by the 
extended definition, tends to /(f) ; it has to be proved that 
J[x) tends to /(f) whether x tends to f through rational or 
through irrational values. 

In the first place, 77 may be chosen so that 

l/(c)~/(f)|<l^ if |c-f|<7/ 


(i) 
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, let i' be any number, rational or irrational, between 
. c ; there is in the interval (f', c) a rational number c' 
-.oil that \f{c') \<^e. It is possible that c' may be 

taken to be c ; if not, substitute c' for c in the inequality (i) 
(this substitution is manifestly admissible) and let the one 
symbol c' be used to cover both cases. We now have 
I C' - I < |c' I <7y, 

and \f{c') I < i/(c') -nn i < 

so that, if I - I I < 7/, we find 

inn ~m i - 1 im ~m i - [fici -nn } i 

< Je -1- If, or, £. 

Thus /(a:) tends to /(f) when x tends to f through irrational 
as well as through rational values, and therefore f{x) is con- 
tinuous at f . 


EXERCISES II. 


1. If 

a^-^1 when . 

2. - If a„ = 

when n->oo . 


1 1 11 

v/(n2'+ 1 ) V(h 2 + 2) + 3) s/(n» + n) 


n n n l 

^2 +'l2 + ,ta +2*'''n^+P ••• +n* 


3 . If a„+i = ^K+6„) and 6„,i =^VKn <!>„), ci„> 0 , 6 „> 0 , the 
sequences (a^) and (6„) are nionotonie and converge to tlie saints limit, 
fx. say. 

If COS0, 6i = l, then a.— sin 0 / 6 ; if aj—cosh?/, 61^1 then 
CL ~ sinh ulu . ( Borchard t . ) 


4. * If ««4 2 = and a„ >0, the sequences (a^n~i) (®2n) 

both monotoriic, one increasing and the other decreasing ; the sequen(‘e 

(a^J tends to (aja!)^. 

5. * If “i (®n+i +®n) sequences (ag^-i) and 

behave as in Ex. 4, and the sequence (a„) tends to ~\-2a2). 

6. If ctn+i “ where each number is positive, the sequence 

(a„) tends to f, where f is the positive root of the equation =x -\-a. 

[Here so that (each number being positive) 

®n+i > or< a„.,.2 according as >or< that is, (a^) is monotonic. 
Again, since we have so that a 2 > ^ ii Oi>f; 

also if ai>f (the positive root of x^—x+a) then a]'>a+aj=a® or 
Ui >03. Thus when (o„) is a decreasing sequence each a„ is greater 
tiian with a similar conclusion if f . Hence, since and 
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tend to the same (positive) limit, r; say, we have + so that 

Tf — a/(l +an-i) (®ach number positive) the sequence (a^) tends 
to a limit the positive root of the equation --a. 

8. If - log n and ^ - log (n 1 ) where 

tr , 1 1 J 

^^n-l+2+3 + -+„> 

show that and (v^) tend to the same limit, y say ; y is a common 
(though not universal) notation for the limit which is always known 
as Euler’s Constant, (y— 0-577 215 664 ...). 

[By the inequalities, § 25, Ex. 3, we have 


- 1 

""«+• =« +'I 

-log 


I>0; 

*’n-«n-H =57:^1 

+ log 


1 <0 

"-n-’\--log( 

nj 

>0, 


Tlius {u^) is decreasing, {v^) increasing, but > Vi and Hence 

a limit ol and a limit ft while (n„ - ?’„)-> 0, so that (x. r-; pr^y. 
Or, we may proceed as follows : 

so that = + *)} : 

f=l r~l 

The series ^Ijr^ converges and therefore v„->a limit; 
and the se(juence {w„) tends to the same limit.] 

Cor. ~ y -flog n -f 6^ where 0^-^ 0 when . This expression 

for the sum of the first 7i terms of the harmonic series is often useful. 

9. If a„= + , 

” n-fl n-f2 n+rt 

prove that log 2 when and deduce a series for log 2. 

[“n = ( 3 ' + log 2n + o;) - ( r + log n + 0;,), 

so that a„ =log 2 + (On - On)-^ log 2 since On 0, 0. 

( - 1)^-^ 


Again 
so that 

10. If 




- r ^ ^2r 

r=l' r=l r=l 


, „ .111 1 

log 2 -^ - - -1 2 + 3 4 + "'’J 


f-1 


2n , • « I 

“n=S2r-: i *» = S -2r’ 


r-1 


r«l 
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prove that 
and deduce that 
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£i 


, 11111 1 1 
^■^3 2 ■‘■ 5 '^ 7 4 ■*■••• '■4k ■;3"'' 4?i 


1 2 n)“ 2 *^*’'"’ 


[Here “^ 4 n “ i^-^ 2 n ~ infinite series 


i+i-} 


+ T -.1 +••• 


is a derangement* of the series in lOx. 9 for log 2, so that this derange- 
ment alters the sum of tlio series.] 


11. If p and q are fixed }>ositive integers and if 


1 


r 

^j 2 (r l)p + 2 s - r 


1 


<7 

/ - 

I)r7 4-2A‘* 


show that 


2 £ Or, V 

r=l r^\ 

(i) ~^n ~^^2Pu “ PH *“ 

(ii) (a ^ -?)„)=log2+2lf>g^. 


State the result as a theorem on the ehange produced iii tlie vahae of 
the series for log 2 (p]x. 9) by a derangement * of its terms. 


12. If p is a lixcid positive integer and if 


1 


and 


1 1 1 

U « — - -j ^ -1 -f- . . . 4- 

” n I n-\-2 11 + ,1 n ~\~pu. 

, _2 ^ ^ 

2?t + I 2n + 3 2~/( + 5 "^ ■ ■ ■ ■*■ 2n 2pn - 1 ’ 


.show that both and tend to log (p -f 1) when — oo . 

13. If ~ 4-6h«))«, show that tt„ tends to >/(a6) when )i “>qc . 

[Here =(1+^;)” where - 1 ) 4-n(6t'« - 1)} and (§24,. 

Th, II, Cor.) nJc ~> J log (ab) when n->oo .] 

JL - n»+‘ V+“l’ 




1 p_|. 2 p + 3 *' 4 -... +nP 
n> 


n \ _ 1 

P + 1 / 2 ’ 


p > 0 . 


16 



(flt 4- c)^ 4~ (a 4- 2c)^ 4- . . . 


n~+-oo 


4- (a 4-^.0)*^ nc^ ] 

p + 1 J 


= (a 4-ic)c^‘"^, p>0, a - 0, oO, 

* On derangement of series, so'C § 59. 
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^ / fl \l-fp 

17. If /(n) = V^_^j (?>0, show that n~i-pf{n)~^ 0 when 


Smnl 

n-^oo arid then prove 


(Ces5.ro). 


n—*-cc n- ->oo 

n— >00 j)-->oo 

19. i/3 +.‘/4 +^.. + Vn ^ j 

‘ A> n 

n— >00 

n-~>flO «~>oo 

1 

21- {(n + 1)(« + 2) ... (n+n))" = l 

n ->oc 

J 

22. /‘~{(fc + l)(/fc+2)...(lMw)}’'-‘. (A- fixed). 


23. If r/,j -CqU'o +Ci.ri ■^■€ 2 X 2 + ... -4 =^o +<'i + ••• where 

C;.{r — 0, 1, 2, ... , n) is i:)ositivo (at least for all values of r greater than 
a fixed integer) and b^^->cc when , prove that if tends to a limit/ 


^0^0 +^ 1^1 + ... 4-ry^a’y ^ _ ^ 
Aj A> ry+Ci+..,+f^ 


w -►x n— >x 


/is not necessarily finite (see § 20, Ex. 2). 

24. If the symbol denotes the binomial coefficient 

n{n ~l)(n - 2) ... (n -r 4- l)/r ! 

show that, when r is a fixed integer, ^ when n-^ao , 

[Here t (r) < r ! ' 2"=r ! •] 

25. If o„=a;(, + (j)a:,+(2)*j + -.. +(r)^V + --- +(»)*»’ 

0 if (ir„)~>- 0, and that x if (r^)-^ rr. 

[* +(i)+(2) + ••■ +(”)+••■ +(«) =a + 1)”=2", 


so that if r > 1 


Now if {Xf^)~y 0 we can choose r so that | | < Je if p >r and then, 

if ?i > r, 


1 r 

y n \ ( 

Jnl 

.(r+iK>n 
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Choose r aiid keep it fixed ; the other part of a„/2” contains a finite 
number of terms, namely (r + 1), each of which tends to zero wjien 
n->oo , and therefore their sum will be less than Je when n>N. Thus 
is less than ^ if n > iV so that 0 if x^~~> 0. 

If (x^) tend to x we may write 


r-0 r=0 / 

and 0 since {x^ 0 so that 


26. 


(cos x)^^ = e ~ 1 and 

«-*•() 


^(sin = 1. 

a:-M) 


27. If tan «.& = A tan (knjn)^ where 0< 1 and A; is a fixed positive 

integer, prove that 


(i) 


^ cos (ncLjfc) =cos Xkn ; (ii) jT (cos — 1 . 


The following Examples 28-30 lead to Stirling’s approximation for n ! 


28. If <;p(n) =n ! apply Ex. 4 of § 25 to prove that (p(n) is a 

mono tonic, decreasing, positive function of n and therefore tends to a 
limit k when yi-^co , Show that k > 0. 


... _... ^ 1 . 

L <p(n) (1 + i/njw + i " 


(p{n -f- 1 ) < (p(n). 


To prove A; > 0, let i/r(n) =e i-" (p(n) ; then \lr{n + 1 ) > yjr{n). Since i/r(n) 
has the same limit as (p{n) and increases to its limit k, it follows that 

t>0.] 


29. From Wallis’s expression for jr/2 {E.T. p. 307) prove that sj(nl2) 
lies between PJ>J(2n) and PJsJ(2n + 1) where 

P„-(2»» . n!)V(2n)! 

and therefore 

(2" . n!)*/(2n)! =^(-^)v(2n + (?„), 0< e„<l. 

Deduce that 


1 . 3 . 5 .. 
2.4.6 


(2n-l) 

(2n) 



, where 


- - when n->-Qo • 
sjn 


30. Show that 

cp(2n) s/n ^ n ^ 

and therefore that A;=V(27r), where k is defined in Ex. 28, so that 
fp{n)^ ^(2n) when n-^ao . 
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[By Ex. 28, (p{n) is greater than k and ^lr{n) or e (p(n) is less than 
k or v^(27r) ; that is 

1 

(p{n) > v/( 27 i) hut <p(n) <sl{2n)e^-^ 
and therefore (p{n) =v^( 27 r)e^/i 2 n, 0 < 0 < 1. 

Thus finally n! s/(27r/#)c^/J2«, O<0<]. 

Th(3 factor is less than 1 + 1) tends to unity wlien 

n->x . The value 

(n/e)”«y(27rn) 

is known as Stirling’s Approximation to n \ wlien n is large. 

For the form in which Stirling states bis theorem see Tweedie’s 
Janies Stirling : A Sketch of his Life and Works ^ pp. 43-44.] 
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FUNCTIONS OF ONE VARIABLE. DERIVATIVES. 

DIFFERENTIALS 

27. Oscillation of a Function. Some of the general pro- 
perties of a continuous function f(x) that liave been either 
explicitly or implicitly assumed in the Eleynentary Treatise 
(Chapter V) will now be considered. The function, if not 
continuous, will always be assumed, unless the contrary is 
expressly stated, to be defined for an infinite set of values of 
its argument and the properties of the bounds of the function 
will be often required. 

Let f{x) be a single- valued, bounded function of x, defined 
for an infinite set of values of x such that a^.x<b^ or, for an 
infinite set of values in (a, b), including a and b. The set of 
values of f{x) for which f{x) is defined is a bounded set and 
therefore has an upper bound M and a lower bound m (the 
letter h is so often used to denote an increment of x that it is 
convenient to use a different symbol for the bound). The 
difference M -m, which cannot be negative, is called the 
Oscillation of J{x) in the interval (a, b) and is usually denoted 
by 0. 

The notations Af (a, 6), m{a, 6), and C(a, b) will be used when 
it is desired to specify the interval, so that 

0(a, b)~m{a, b) or 0—M-m. 

Ex. If c is any number in (u, b) prove that 

0{a, 6)^0 (a, c) + 0{c*b). 

Theorem. If M is the upper bound of the {single-valued) 
function f{x) of x when x varies from a to b, (a and b included) 
there is at least one value ^ such that the upper bound of f{x) 
in the interval (£ ~ r, f 4-^) is also If, where e is an arbitrarily 
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small 'positive number. If m is the lower bound of f(x) there 
is at least one value t' such that in the interval (S' - e. S' l e) 
the lower hound of f(x) is also m. 

If S (or S') is a the interval is (a, a \-f) and if f(or S') is b 
the interval is (b e, b). 

The function need not be defined for all values of x in (a, b). 

Bisect the interval (a, b) and let c -- 1 (a -f6). In at least one 
of the intervals (a, c) and (c, b) the upper bound oi f{x) is 31 ; 
for, obviously, if the upper bound of f(x) is different from M 
both in (a, c) and in (c, b) it could not be M in (u, b). If M is 
the upper bound in both, select, for definiteness, the interval 
on the right., that is (c, i) ; denote the one interval or, if there 
be two, the selected interval in which th(^ upper bound is M 
by (aj, 6j) so that < b^ and b^ - a^ - i (/> a). Therefore the 

upper bound of f(x) is M in the interval (Uj, bfj where 
a'^a^cib^^b, (6^ - af\~\{b - a). 

Next bisect the interval (a^, bf) and pro(‘eed as in the first 
case. Denote the one interval or, if there be two, the interval 
on the right by (Ug, hf)\ then 63 -Ug — (6^ ~ aj^)/2 — (6 ■-a)/22. 
Thus the upper bound oif(x) is 3 ! in the interval (ug, 62) where 
a^ai^a2<b^^b-i^by (63 (b --a)j 2 ^. 

Proceeding in this way we see that the upper bound of f(x) 
is 31 in the interval (a„, b^) where 

... ^b^^bi'^b 

and b^ - a^ -- (b - a)/2”. 

The sequence of intervals (a,,, 6„) satisfies the conditions 
of § 16 and therefore determines a point S which is common to 
each interval. Given e, choose n so that (b~a)j 2 ‘‘^ is less 
than E and the interval (a„, b,S) will lie wholly within the 
interval (S ~ e, Hence the upper bound of f{x) in the 

interval (S - e, S is 31 , 

The same proof holds for the lower bound m. 

The numbers S and S' need not be values of x for which f(x) 
is defined. 

If f(x) is not bounded above in (a, b) — that is, if there is a 
value of x in (a, b) such that /(a;) > K, where K is an arbitrarily 
large positive number — the same reasoning show^s that there is 
a point S iu (u, b) such that in the interval (S - e, S +£) the 
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function f(x) is not bounded above. Similarly, if f{x) is not 
bounded below in (a, b), there is a point in (a, b) such that 
in the interval (f' - f, +£) the function /(a:) is not bounded 
below. 

Note. A function f{x) may be finite for every given value 
of rr in the closed range (a, b) and yet not bounded in {a, b). 
For example, let f{x) be defined as the limit when 7i oo of 
nxj(l +nx^); then f{x) = 0 if but f(x)~~llx if x is not 

zero. Thus f{x) is finite for every given value of x but, in 
any interval which contains the value 0 of x, the function 
f{x) is not bounded since, if K is any arbitrarily large positive 
number, | f{x) | > K when 0< |ar|<l/A'. 

28. Theorems on Continuous Functions. Throughout this 
article the function f{x) is supposed to be single-valued and 
continuous for a range a g a: ^6, or in the closed interval (a, 6) ; 
in the interval x varies continuously — ^that is, x may take any 
value between a and b, including a and b. 

The phrase “ neighbourhood of | ’’ will be used occasionally, 
and by a neighbourhood is meant the set of values of x in the 
interval - d, excluding where d is an arbitrarily 

small positive number. If | — a the interval is (a, a -h^) and 
if f =6 the interval is (b - 6, b). 

Theorem I. If f{x) is continuous at c and if f(c) is 7iot zero, 
the7i f{x) has the same sig7i as f{c) for all values of x m the 
neighbourhood of c. 

By the definition of continuity ] f(x) -/(c) | <eif|a:-c|<A 
so that f(c) - €<f{x) < f{c) -f £ if 0 < I - c I <h. When /(c) 
is not zero s may be chosen so that both /(c) - e and /(c) + e have 
the same sign as /(c), and therefore f{x) has the same sign as 
/(c) when 0 < \ x -c \ <h. 

Theorem II. If f(x) is continuous for the range a^x^b 
and if f (a) andf{b) have opposite signs, f{x) will be zero for at 
hast one value of x between a and b ; further, if f{a)—A and 
f{b) —B, f(x) tvill take once at least every value between A and B 
when X varies continuously from a to b. 

The second part of the theorem is a simple corollary of the 
first part. For, ii A <C < B ov A> C > B, let (p{x) =^f{x) - C ; 
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then cp{x) is continuous for a^x^b, (p(a)~-A (p{l)) ^ B ~ C 

BO that (p(a) and 9? (6) have opposite signs. Therefore, by the 
first part, there is at least one value where a<f <6, such 
that 99(f) =0 and therefore /(f) —C'. 

To prove the first part of the theorem suppose^ for definiteness, 
that /(a) is negative and f{b) positive, and apply the method 
of the decreasing interval. 

First let c — \{a-\-b). lf/(c)=:0 the theorem is proved, but 

if /(c) is not zero, let a and c~ b^^ when /(c) is jmsitive, but 
let c =«! and b~b^ when /(c) is negative. Thus f(a-^) is negative, 
/(61) is positive and/(a:) is continuous for a^^x^by^ where b^ -a^ 
is equal to |(6 - a). 

Now repeat this process. If Ci = |(ai-f-6i) either f{Ci) ~ 0 , 
in which case the theorem^is proved, or else /(c^) is not zero, 
and then we take c^~b2 when /(Cj) is positive, but 

Cj^^ ag, b^ ^-h^ when /(c^) is negative. Hence /(«2) negative, 
positive and f{x) is continuous for a^^x^b^, while 

62 - ff-a = 1(61 - aj) = - a). 

Proceeding in this way we find either a number, say, for 
which /(c^) “ 0, in which case the theorem is proved, or else a 
sequence (a„, 6„) of intervals which determines a number f, 
common to every interval, and /(a,J is negative, f{bA positive 
for every value of n. 

The continuity of f{x) now comes into play. If /(f) is not 
zero /(x) has the same sign as /(f) in the neighbourhood of f. 
But however small the positive number h may be, n may be 
chosen so that the interval 6„) lies wholly within the 
interval (f-A, f +/0 and therefore, since /(a,,) and /(6„) have 
opposite signs, f{x) has not always the .same sign as /(f) when 
X lies in (f-A, f+A). Hence /(f) must be zero and the 
theorem is proved. 

Ex. If n is a positive integer and k a positive (real) number the 
equation x^=k has one and only one positive (real) root. 

Take h so that b>k and also 6 > 1. Then a;” =0 if x ~0 and x^ —h^>k 
if x~h. Therefore as x varies from 0 to 6 the continuous function a:” 
must, for at least one value of a;, be equal to k. Further, if a; > 0 and 
1 / > 0, and y” are unequal if x and y are unequal, so that there is only 
one positive value of x that makes x^ =k. 
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Tiucorem 111 . If f{x) is continuous for the range a^x^h 
and if e is any given arbitrarily small positive number there is 
a positive number h such that | f{x') ~-f(x") | < e, where x' and xl' 
are any two values of x in the range such that \x' -x'' \< h. 

Several proofs of this important theorem have been given ; 
the following is by Peano. 

First, choose a^>a> so that \f{oc)~f{a) | < §£ if a^x^a^\ 
this choice is possible ])ecause of the contimiity oi f{x). Next 
choose a 2 >«j so that \f(x) ~f(afj j if and let 

this process be continued. It has to be proved that a finite 
number of values, say a^, a^,, a .^, , a^, can be found such that 
in each of the {n +1) intervals 


(Cf., »j), («!, «2) K.-1, <K), (a,., b) (1) 

l/0»')-/K) I if ao = a, a„+y,^- h. 

If a set a^, is not finite the me hod of determining 

these numbers gives a sequence (a„) which tends to a limit c 
where cSJ>, because each clement of the sequence is less 
than b and the sequence is monotonic and increasing. It 
will now be shown that the supposed sequence has no limit- 
ing point and that, in fact, c may be taken to be one of the 
numbers a^. 

The function / (x) is continuous at c and therefore there is a 
number such that jf(x) ~f(c) | < io if c^^x^c. Again since, 
by hypothesis, c is a limiting point of the sequence («„) there is 
an element, say, of the sequence such that < a„^ < c and 
therefore, by the last inequality, \f{a,„) ~f{c) |< ^e. Hence 
if a^^^'^x^c 

\f(^) -fM I S' |/(a^) -/(c) I + |/(c) -/(a™) I < ie, 
so that c may be taken to be the element a^^i. The 
supposition therefore that the point b cannot be reached in a 
finite number of steps is untenable. 

The interval (a, b) must be closed ; if b were only a limiting 
point of the set of values of x and not itself a value of x the above 
reasoning would fail. 

Suppose now that h is the least of the intervals (1), that is, 
that h is the least of the differences (a^ - a), (Ug - • • • ; «n) > 

then I I < £ if \x'-x''\<h. 
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For, either x' and x" lie in tlie same interval, (a^, say, 
and then 

1/0^') /K)l<J^,|/(.r")-/(«,.)l<K 

80 that 

|/(.r') -,f(x") I 1/(0-') -/(a,) I -I- \f{x") -f{a,) \ < =e< . : 
or else, x' and x" lie in adjacent intervals a,) and {a^, 1 1)- 

]n this case, x' being in a,.) and x" in «rfi)’ 

UiA I •- 1 . l/K-i) - /K) 1-3, /(«>)!< 3, 

and therefore |/(*^'') " I < 

Thus I fix') fix") I < : f if | :r' ■ | h. 

Uniform Continuity. This theorem expresses the property 
of uniform continuity. In virtue of the continuity oi fix) it is 
possible to choose so that \fix) -~/(Ci)| < e if | | and 

also to choose //g so that | fix) - fie 2) | < e if | x ~ (*2 | < h,^ ; but 
it is quite possible that /?2 would have to be less than hi. The 
theorem however proves that, no matter what point c in (a, b) is 
taken, there is always o7ie value of h such that | fix) - /(c) | <e 
i| I a: - c I < h. The uniforfuity of the continuity lies in the fact 
that the same value of h secures the inequality | fix) - fie) | <e 
when \x-c\<h whatever j)omt in the interval ia, h) the 
point c may be. 

Theorem IV. Jf fi^') coufinnmis for the range a<x;^b it 
is bounded for that range. 

Let a. ai, a. 2, .... b be an increasing set of numbers that 
divide the interval (a, b) into (// +!) sub-intervals such that 
^r+i ““ ei,. < h and 

\f{x) ~f{a^) I <£ if I ar-rty I <' h,r . -0, 1, ... . n, a„ a, «„+, =b. 
If a, < x^a^^i we have 

f{x)-rf(a) +{f{a,)- f(a)] + [f{a^) -/(a,)} +... + \f{x) /K)} 
and therefore 

\f(x) |/(a) I + !/{«,) -/(«) I + !/(«*) -/(a,) I + ... 

+ l/(^) “/(«r) !<!/(«) I + 

Now (r -f -f l)r, a finite number, and therefore if 

\fia) I +{71 + l)e^k we have \fix) | < Jc when a^x^b so that 
fix) is bounded. 
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The theorem follows at once from § 27. If f{x) is not 
bounded in (a, 6), there is at least one j)()int ^ in the interval 
(a, b) in the neighbourhood of which /(.r) is not bounded ; but 
this is impossible, because /(a*) is continuous at | and therefore 
f{x) lies between /(f) -e and /(f) +e, when x is any number in 
the interval -e, ^ +e). 

Theorem V. If f(^') is continuous for the range u<x^b then 
the upper bound M ami the loiver bound ni of f{x) are values of 
f(x ) ; or, f{x) attains its upper and lower bounds. 

By Theorem lV,f(x) is bounded and therefore has an upper 
bound M and a lower bound rn ; it has to be jiroved that M 
and m are values that /(a*) actually has — that is, that there is 
at least one value f for which /(f) M and at least one value f ' 
for which /(f ') — m. 

The Theorem of § 27 proves that there is at least one value f 
in the neighbourhood of which the upper bound of f{x) is M . 
Now f(x) is continuous at f and therefore, given e as usual, there 
is a positive number h such that \f{x) --/(f) | -C c if | - f | < h. 

But M is the upper bound of /(:r) in the interval (f -A, f -f A) 
and therefore there is a value of x in this interval such that 
M ^^f(x) > M ~ e OT M - f(xy< e. Hence 
I M -/(I) \ = \{M -fix) +f(x) -m I 5' \M -fix) I 4- |/(:r) -/(^)| 
BO that I M --/(f) I < 2e. But M and /(f) are constants and e 
is arbitrarily small ; therefore M —/(f). 

In the same w^ay it is proved that m /(f') where 

M is the maximum and m the ininimurn value oi f{x). 

29. Discontinuity. In § 44 of the Elementary TreMise the 
discontinuity of a function which is in general continuous is 
briefly referred to ; Fig. 27, p. 88, and Fig. 32, p. 155, of that 
book are graphical representations of certain types of dis- 
continuity. Fig. 32 should be specially considered, as it 
represents cases that actually occur and not cases manufactured 
to prove a possibility. 

Removable Discontinuities. Suppose f{x) to be defined for 
a range a^x^b ; if a<c<b it may happen that when x~> c -i-O 
(that is, tends to c through values greater than c) f{x) tends to 
a limit I and that when x->c-0 (that is, tends to c through 
values less than c) f{x) tends to the same limit I, but that I is 
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not the value f{c) which the function has by its definition. 
The function is therefore discontinuous at r. In this case the 
definition oi f{x) for the value c oi x may be changed and /(c) 
taken to be equal to Z ; if c is the only point of discontinuity 
in an interval (c-A, c 4-A) this change would make f(x) con- 
tinuous in the interval. 

In this case the discontinuity is said to be removable and when 
the case occurs the change is usually made. 

Discontinuities of the First Kind, If f{x) tends to a limit I 
when a;— >c - 0 and also to a limit V when x tends to c -fO and 
I is not equal to Z', whether or not one of the numbers Z, V is 
equal to /(c), the discontinuity is said to be of the First Kind. 
As a rule, f{x) is not, by its original definition, defined for the 
value c of a:, but in this case no value assigned to /(c) will make 
f{x) continuous at c. It is not unusual to define /(c) to be 
l(Z-fZ') — the mean of the two limits Z and V {E.T. Fig. 27, 
illustrates this type).* 

Discontinuities of the Second Kmd. If one (or both) of the 
limits oi f[x) when a:->c -0 and when x->c -fO does not exist 
the discontinuity is said to be of the Second Kind. The function 

sin ( ^ - ) illustrates this case ; the function does not tend to 

\x - c/ 

a limit either when x->c -0 or when x—>c +0. 

30. Derivatives. If f{x) is defined for the range 
and if x and are any two values of the argument in the range, 
f[x) is said to have a derivative, denoted by f\xf), for the 
value a’l of the argument when the quotient (f^{x), where 

<p{x)={f{x) (1) 

has a limit Z for x tending to x^. It is to be sj)ecially observed 
that the limit must be the same whether ;r tends to +0 
or to - 0. The number Z is supposed to be ; the cases 
l~ +00 and Z - - 00 are considered a little further on. 

When the number Z exists /(a:) is said to be differentiable at x^y 
or to have a d^ivative when x~Xj^. 

It may happen that the quotient (p{x) tends to a limit Z^ 
when x~yxi +0 and to a different limit Zg when x-^x^ - 0. In 
this case f{x) is not differentiable at x^ but f{x) is said to have 

* The letters E.T. indicate the Elementary Treatise on the Calculus. 

G.A.c. F 
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aty ‘‘ a derivative' on tlie right ” or ‘‘a progressive deriva- 
tive Zj and “ a derivative on the left ” or “a regressive 
derivative ” /g- Unless ^1-/2 function f{x) is not differenti- 
able at Xi ; if, however, is the extremity of an interval 
(a, b) the function /(a;) will be said to be differentiable in (a, b) 
if it is differentiable for every x between a and b and has a 
progressive derivative at a and a regressive at b. 

For example, let/(j:r) be defined as follows : 

f{^) ” 1 4 X if X ^ 2, but f{x) ~ f) - .r if x : 2. 

Here f{x) is differentiable for all values of x except for x~2. The 
quotient {/(x) /(x ~ 2) tends to -1 when x tends to 2 from 

above but to 4 - 1 when x tends to 2 from below. There is a j>rogressive 
derivative - 1 and a regressive derivative 4 1 for the value 2 of x, but 
/(x) is not differentiable for the value 2 of x. 

If f(x) does not tend to /(x^) when x tends to x^ the limit I of 
the quotient (p(x) does not exist and therefore f{x) is not 
differentiable at Xj^, Hence f{x) is not differentiable at Xi unless 
f{x) is continuous at x^ ; if f(x) is differentiable for the range 
it must be continuous for that range. 

The converse of this statement is, however, not true ; that is, it is 
possible for/(.y ) to be contin\io\is for n r l x h and yet not differentiable 
for any value of x in that range. See Hobson's FtnictioHs of a Real 
Variable, § 42;“) of First Edition. Non -differentiable functions of this 
character are outside our limits. 

Cases Irr -foe mid / - - cc . If f^x)->cc when x it’j the 
function is not continuous at x^ and therefore has no derivative 
for x-r-^x^. On the other hand, if f(x^) is a finite number and 
if tlie quotient (p(x) tends to +qo when x tends to (whether 
from above or from below) it is reasonable to say, especially 
in view of the geometrical interpretation of f'(xf} as a gradient, 
that f{x) has a derivative, but that the derivative is 4-00. 
Similarly, if (p(x) tends to ~ qo whether x tends to - 0 or 
to 4-0, the derivative of f(x) for x ~-::x^ is - qo . In all general 
theorems on derivatives, however, it is assumed that the limit I is 
finite ; each case of an infinite derivative must be considered 
l^y itself. 

If f{x)={x-'X^)^ the derivative of f{x) for x—x^^ is 4-00, but if 

f{x) ~(x ~Xi)^ it has no derivative for x:=x^ since (p(x) tends to 4- 00 
or to - 00 according as x tends to arj + 0 or to - 0. 
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Tlie student might with adv^antage read ])|). 104-108 of the 
Elementary Treatise where various considerations respecting 
the derivative are stated. It is useful to remember that/(a;) 
is strictly rnonotonic for the range a^x^b if for every value of 
X in that range f(x) is continuous and has a derivative f'{x) 
that is either always positive or else always negative when 
a<x<b. At a (or b) the derivative may be 0 or -f-oo or - cc . 

The Theorem of § 34, Ex. 4, should be noted. 

Ex. 1. If fix) —-X sin ^ and if fix) is assigned the value 0 when x — 0, 

show that f(x) is continuous for .r — () but has no derivative for x ■- 0. 

It is necessary to assign a value to fix) when x—0 because sin (Ifx) 
is undefined for ;r - 0. The derivative of f(x) for x~0y if it existed, 
would be the limit for x tending to 0 of f{x)lx, that is, of sin ( 1 /x), so that 
there is no derivative for .r - 0. 


Ex. 2. If /(.r) “ sin - and /(0)=:-0 show that /(a: ) is differentiable 
for all values of x^ on the understanding that x sin ( 1 jx) is 0 when x --0. 

Here f'ix)^-2x sin J - cos ^ if x is not zero, but f'ix) -=0 when 
since 

X" '►O x-^0 

The derivative /'(-t-) i« discontinuous and has a discontinuity of the 
second kind at a; 0 ; for we have 

£nc) --/'(2a- sm 1 -co.d) =: - /*cos 
x-~^0 x-M) x-*0 

and cos ( 1 jx) does not tend to a limit when x 0. 


Ex. 3. If/(.r) =.r tanh ^ and/(0) “0 show that/(a:) is not different!* 

able for a' - 0, but has both a progressive and a regressive derivative 
for X — 0. 


31. Elementary Functions. Function of a Function. The 

derivatives of .r”, when n is any real number, and of and logr 
have been considered in § 24 ; r in the case of e® may be any 
real number while it may be any positive real number in the 
cases* of and log x. 

It is possible to define sin x and cos x by infinite series 
without any assumption of the geometrical meaning of the 
functions and when x is complex the functions are in fact 
defined by series (§ 69). It does not, however, seem to be 
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desirable to depart at this stage from the usual delinitions, and 
it is not therefore necessary to reconsider the proofs of the 
derivatives of the direct trigonometric functions as these appear 
in the Elementary T' realise. 

TIk' theorems on Function of a Function and Inverse 
Functions may be noted ; the first of these will be considered 
in this article and the second in the following article. 
^Function of a Function. If y=f{x) and x-(p{u), where 
(p(u) is single -valued and continuous for a given range of u 
and f{x) single-valued and continuous for the corresponding 
range of x, then y is said to be a function of a f miction of u. 
If F{u) denote this function of u^ that is, F {u) —f\q}{u)\ it will 
first be proved that /'(ii) is a contimwus function of u. 

The function y or f{x) is continuous and therefore, e having 
the usual meaning, there is a positive number h such that 

\yi-y\^- l/(^i) -/(*) I < « < h. 

Again, q){u) being continuous, there is a positive number k 
such that 


I ^1 ~ I ' - 1 I if I 

Hence | F(;u f) - F{u) | v-- 1 - y | < e if | - u | > C k, 

and therefore F{u) is a continuous function of u. 

Next suppose that the derivatives f'{x) and (p'{u) exist, and 
let and y^ be the values of x and y corresponding to the 
value Ui of u so that -x = dx~ d(p(u) and y^ - y ~ dy ~ dF(u). 
Two cases have to be considered. 

( 1 ) If is not zero for any value of u^ in the neighbourhood 
of u we have the identity 

Sfix) d(p(u) ^ 

du dx du ’ 


and therefore, since /'(.r) and (p'(u) exist, 

F'{u) ^zf'{x)(p'(u). 

(2) Since x is a function of u and not an independent variable, 
it is possible that for one or more values of u^ the increment dx 
may be zero and for such values of x the identity (a) would not 
be valid. But, by the definition oi f'(x), 

dx 
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where a-^0 when and therefore 

dF(u) ^ dy^lS'ix) +a] dx^[J\x) ^a.]6cp{u), 

so that = 


67 

{“') 


When du-^ 0 so does a and the derivative (p'{'u) exists so that, 
letting du tend to zero, we get the same value of F'{u) as before. 

It should be noted that equation {a') is true even if dx~0 
because dy is then also zero and the derivative /'(a;) exists. If 
dx is zero for an infinite number of values of in the neighbour- 
hood of u so is dx/dUy that is d(p{u)ldUy and therefore since (p'(u) 
exists (p'{u) is zero. In this case F'{u) is also zero. 

32. Inverse Functions. Let f(x) be a continuous, strictly 
monotonic function of x for the range a^x^b, that is, 
> fi^i) when X 2 >Xi or else f(x 2 )<f(xi) when X 2 >x^; 
then, by Theorem II of § 28, f{x) takes every value between 
f{a) and f{b) as x varies continuously from a to 6, and can 
take each value only once since /(x^) and f(x 2 ) are unequal 
when x^ and X 2 are unequal. Hence the equation f{x)—y, 
where y lies between /(a) and /(?>), has one and only one 
solution, say x=^(p{y)y and therefore (p[y) is a single-valued 
function of y. The function <p is called the inverse of the 
function /, and the equations f[(p{y)] —y and (p[f{x)] are 
identities (E,T. p. 18). 

If f{a)=a' and f(b)=b' the function y?{y) either steadily 
increases [that is, (piy^'xpiyi) if y 2 >yi\ steadily decTeaise& 

[that is, (p(y 2 )< 9 ^(yi) ?/ 2 ^ 2 /i] y varies from a' to b'. Further, 

(p(y) is continuous. 

For, if yj, =:/(a;i) and if x lies in the interval (a:i -h, +A), 

y will, since /(a;) is continuous, lie in an interval ( 1/1 - A', y^ + A"), 
and therefore if A is the smaller of the two positive numbers A' 
and A" the difference \x -x^l will be less than h when 1 2/ - t/i | 
is less than A. Hence x-^x^, that is <p{y)~>(p{yi)y when y->yi, 
and therefore (p{y) is continuous. 

Now let y and y' be two unequal numbers in the (closed) 
interval {a\ b') and let x and x' be the corresponding values of a:, 
which are necessarily unequal ; we now have the identity 

, . /y'-y\ 
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-y) I (x' -x) tends to a limit that is not zero when x' 
tends to x, that is, if the derivative /' (a;) exists and is not zero, 
we deduce at once, since x'-^x when that the 

derivative dxjdy or (p'{y) exists and is given by the equation 

<p'(y) = iim- 

lff{x)>f{a) whena:>a the derivatives /'(a;) and (p'(y) are both 
positive ; hence if /'(^)“> 0 when a; ->a the derivative (p'{y) will 
tend to + OD when y tends to a'. Similar considerations apply 
\if'{x) is negative when x>a and tends to zero when x~>a, and 
the cases in which x~^b can be treated in like manner. 

The derivatives of the inverse trigonometric functions may 
be found as in the Elementary Treatise, § 64. There is one 
change, however, that seems to be desirable, namely, that the 

7Z TC 

range of cot”^ x should be from 0 to tt and not from - to ; 
with the new convention 

tan”^ X -(-eot“^ x—^. 

33, Bolle’s Theorem. A proof of this theorem will now be 
given in which the proposition (tacitly assumed E.T. p. 162) 
that a continuous function reaches, under certain conditions, 
its upper and lower bounds becomes one of the essential 
elements. The theorem may now be stated as follows : 

If F{x) is continuous in the closed interval (a, b) and has 
a derivative F'{x) for the range a<x<by that is, for the open 
interval (a, 6) ; if further F{a)=0 and F{b)=0, then F'(x) 
will be zero for at least one value f where a<i<b. 

Of course F{x) is continuous for those values for which 
F'(x) exists, but for the validity of the proof it is necessary 
that, when x tends to a or to 6 from within the interval, F{x) 
should tend to zero ; the particular form given to the enuncia- 
tion of the theorem secures this. 

If F(x) is constantly zero F'{x) is also zero for a<x<b. If 
F(x) is not constantly zero it must take either positive or 
negative values or both, and therefore, being a (xmtinuous 
function, must actually take for at least one value of x its upper 
bound, if F{x) is positive, and its lower bound if F{x) is negative. 
Suppose that F{x) takes positive values ; then, for at least 
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one value ^ such that a<i<b, F(x) is equal to M, its upper 
bound. If the positive number h is sufficiently small both 
F{i +h) and F{^~h) will be less than F{^), and of the two 
quotients 

and 

h -h ' 

the first will be negative and the second positive. Now the 
derivative F'{^) exists and is the limit for h tending to zero of 
either quotient; as the limit of the first quotient is 

negative if not zero, while as the limit of the second it is 
positive if not zero. The only possible conclusion is therefore 
that F\^) is zero, as was to be proved. The same conclusion 
follows if F{x) takes negative values, since it must be equal 
to its lower bound for at least one x such that a < x <b. 

The proof does not require that F'{x) should be finite, only 
that it should be definite ; geometrically, the graph of F{x) 
might have an inflexional tangent at [f, perpendicular 

to the a;-axis {a<^<b). But F{x) must be continuous. 

The following method of discussing the theorem depends on 
the use of the derivative as a test of an increasing or decreasing 
function. 

By the definition of the derivative 

F{x +h) ^ F{x)^h{F'{x) 

where A -> 0 when A -> 0 so that if \h\ is sufficiently small the 
sign of F'{x) -f A is that of F\x) provided F'{x) is not zero. 
Hence, so long as F'{x) is positive F{x) increases or decreases 
according as x increases or decreases, while so long as F\x) 
is negative F{x) decreases or increases according as x increases 
or decreases. Conversely, F'(x) not being zero, if, for example, 
F{x) increases as x increases by | A | the derivative F\x) must 
be positive, but if F(x) decreases when x increases by | A | the 
derivative F'{x) must be negative, | A | being sufficiently small. 

Now if F{x) takes positive values in the interval (a, b) it 
must, since F{a)~Q, F{h)~Q and F{x) is continuous, have 
an upper bound M which it reaches for a value ^ oi x between 
a and b. Hence F\x) is positive if ^-h<x<^ and negative 
if i<x<i +h when the positive number A is sufficiently small. 
If F'{^) is not zero F(x) will either increase from a value a 
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little less than F(^) to one a little greater than or else 

decrease from one that is greater than F{i) to one that is less 
as X increases from ^ - h to S +h. But there is no greater value 
than F{1) and therefore F'{S)~0. 

The same argument holds if F(x) takes negative values in 
the interval (a, b). 

Ex. 1. Suppose that /(rr) is continuous and has a derivative f'(x) for 
the range a^z:^b. If f'{a) and /'(6) are unequal and if k is any number 
between f'{a) and /'(6) there is a value ^ such that/^(^) = k where a<^ <b. 

Let (p(x) ~f(x) -kx ; then (p(x) is continuous and has a derivative 
g^\x), equal to f'(x) - k. Now q>'{a) and (p'{b) have opposite signs since k 
lies between f'(a) and f\b). Suppose ^\a) > 0 and (p'(b) < 0. Since 
is positive, increases as x increases from a, and since q)'{b) 

is negative (p{x) also increases as x decreases from b. Now q)(x) is 
continuous and therefore has an upper bound Q which it attains for a 
value, ^ say, between a and 6 ; but if 9 )(^) is the upper bound (p'{^) -= 0 and 
therefore /'(|) — k. Similarly it is seen that if <p'(a) < 0 there is a lower 
bound for 7 ?(a:) and therefore a value of x for whicli <p'(x) =0 or/'(.r) ^k. 

Ex. 2. If F(x) and F'{x) satisfy the conditions of Rolle’s Theorem 
for the interval (a, 6) and if <x and P are two values of a; in the interval 
such that F{(l) ■~F(P) and f/.< show that there is a value ^ such that 
F'(^) -0 where (i.< < p. 

Ex. 3. If < Oy < ... < and if F(x) and its derivatives up to 

and including the (a-l)th derivative are continuous for the range 
prove that when F(a^)y F{a.^)... , are each zero, 

Jfpfn- J)(a;) will vanisli for at least one value of x in the interval (a^, o„). 

34. Theorem of Mean Value. This theorem (F.T. pp. 162- 
165) is an immediate deduction from Rolle’s Theorem and may 
be stated as follows : If f(x) is continuous in the closed interval 
(a, b) and has a derivative f{x) for every value of x in the open 
interval (a, 6), then 

m=^f(a)+(b-a)f(il (1) 

where a<^<b. 

Take the function F(x) so that 

F(x) =f(x) -f{a) - {/(6) -/(a)}. 

F{x) satisfies the conditions of Rolle’s Theorem, and therefore 
there is at least one value | of a; such that F'(i)=0 and a<i<b ; 

thus m-{m-m}i{h-a)=o, 

f{b)-^f(a)+{b-a)f{$). 


that is, 
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An immediate deduction from this equation is that if f'{x) 
is zero when a<x<b the function /(a:) is constant for that range ; 
for if c and d are any two such values of x the theorem is 
applicable, and therefore, f being some number between c 
and d, +{d- c)f'(S) =/(c). 

Thus all the values of f{x) in question are the same. 

It follows at once that if f{x) and (p{x) have derivatives that 
are equal for every value of x in (a, b) the functions differ, if 
at all, by a constant ; for if F{x) ~-f{x) - (p{x) the derivative 
F'(x) is zero. 

The equation (1) may be put in different forms {E.T. § 73) ; 
a useful form is 

f{a -hh) ^f{a) +hf(a +eh), 0<d<l (2) 

The theorem in Ex. 4 should be noted. 


Ex. 1. If the functions /(x), q>(x), '^(x) are defined for the closed 
interval (a^ b) and have derivatives for the open interval (a, b) prove that 


/(a) 

<p(a) 

ir(a) 

fib) 

(p{b) 

f(b) ! =0, 

no 

no 

no i 


where a< |< 6, and deduce the theorem of E.T. p. 419. 

Let F{x) be the determinant formed from the given determinant by- 
putting /(a:), (p(x)y \lr(x) in place of /'(<$), ■^'(^) respectively ; F(x) 

will satisfy the conditions of Rolle’s Theorem and F'{^) is the given 
determinant. Next let f{x) = 1 ; then if yfr'ix) is not zero for a< x<b 

Ex. 2. If f{x) is continuous for the closed interval (a, b) and lias a 
derivative f'(x) which is bounded for the open interval (a, 6), say 
\f'(x) I < Ky then \f{x 2 ) ~f(Xi) | < iv | - .Tj | where and are any 
two values of x within the interval (a, 6). 

The Theorem of Mean Value is applicable under the c'onditions 
required by Rolle’s Theorem ; these conditions do not require that f'(x) 
should be finite but only that it should bo a definite number, finite or 
+ 00 or "00 . If, however, /'(.r) is boimded and if x^y x^ are any two 
numbers in (a, b) wo have 

or x,<f<ar,. 

and therefore 

\f(Xy) -/(x,) I = 1 (x, -Xi)/'(|) I < IC I X, -X, I 
“ if \f'{x) I < K when a<x<b. 
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A function f{x) which satisfies the condition 

1/(^2) 

when j.\ and are any two values of x in (a, b) is sometiincis said to 
satisfy “Lipschitz's Condition.*’ 

Ex, 3. lif(x) has a derivative /'(a;) in the interv^al (a, b) and if c is a 
point in (a, b) such that f'(x) tends to I when x tends to c then I —f'(c)» 
For, 

^ ^ 

Ex. <1. Theorem. If {\yi) is a coniiiiuous function of x for the range 
^ b the quotient {f (x +h) ~ f(x)}/h converges uniformly to f'(x) 

when h tends to zero. 

By the Mean Value Theorem 

f(x+h) ~f{.c)---~hr{x+oh) 

and therefore 

f(x +h)^-nx) ^ 

Now, since f'(x) is continuous it is uniformly continuous (§ 28, Th. Ill), 
and therefore, given e as usual, there is a positive number k such that 
\f'{x^-h) -f'(x) 1 < f, if \ h\ < k 

whatever value x may have in the interval. Hence, since | OA | < | /> |, 
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EXERCISES III. 


1 . The functions /(a*) and /'(a;) are continuous for the range a r_, x b. 

If f{a) and /(6) are zero but /'(a) and /'(6) not zero prove that, whatever 
number k may be,/(:r) for at least one value of x between a and b. 

2. Prove that - 1 is greater than (1 -\-x) log(l -bx) if x is positiv^e. 

3. If f{x) — e^{x^ -Qx + 12) - (x^ +Qx + 12) find f'{x)y /"(a:), /"^(.r), and 

sliow that f'{x) is positive when x is positive. Deduce that when x is 
positive 1 11a: 

ex_ 1-^ + 2'^ 12’ 

Show also that the expression on the left of this inequality is positive 
Avhen X is positive, and tends to zero when x tends to zero. 


4. If f{x)~e^{x^'-x^2)-{x^+x+2) prove that when x is positive 
f{x) increases as x increases. Deduce that if 

-2)+(a:+2) 

q>(x) tends to J when x tends to zero, and that <p(x) cannot be greater 
than J whatever value x may have. (Hermite.) 
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5. 11 a < X < b, prove tliat 

T/liero a < Xj^ < b. 

6. Show that if is not zero for a<x<h. 


yfr{h) -\l/{a) -{b -a) f'(a) yl/'ix^y 
7. Show that if is not zero for a< x< b 


a < Xj^ < b. 


f (pin) (x^) 


where 


f^fp(b) ~ <p{a) - 


a < x^< b. 


(?> - «)! 


(pir){a). 


r-1 

^^sp(b-ay 
y-1 


ylrir)[a). 


8. Determine tlio constants Cq, Cj, c.^ so that the quadratic function 
Q(x) where 

Q{x) =6*0 -ay) -1 C2(.r - ai)(.r -^2) 

may be ecpial to f{ayy /(a^) when .r is equal to a^ respec- 

tively, the numbers a^, Uo, a.^ being all different ; then prove that 

fM ^Q{x) +‘^ {x -ay(x -a^){x -a^). 


where .xq lies between the least and tlio greatest of CTj, Ug, x. 


[co=/{ai), 


. _ /(“i) , /(“s) 

Cj — ^ ^ 

Ctj Og Ug 


, ^ /(“,) I /(« ;) ^ /(a,), 

(Uj --a2)(U| - Ug) (ug “^ 3 ) '”®i)(®3 “®a) 

Next choose P so that 


fix) =(3(.x) 4-P(x ~Oi)(x -a 2 )(x -ag), 
and let F(z) -■^f{z)-[Q{z) -\-F{z -a^iz -ay)(z -Ug)]. 

The function F(z) is zero for the values a^, Ug, ag, x of s, and therefore 
F'"(z) vanishes for a value xq of z between the least and the greatest of 

Uj, Og, Ug, £C. But 

F"\z)=^f"iz)-l.2FSP, 

so that. P =/'"(.ri)/3! J 


9. Determine the constants Cq, Cj, ... c„_i so that the polynomial 
Q{x) where 

Q{x) ~Cq -i-Ciix -a^) +c,(x -ai){x - Ug) -f ... 

+ Cn.i(ir -ayix-a^) ... (x 



74 ADVANCED (CALCULUS [cil. III. 

shall be equal to /(a^), f{a^) ... ,/(«„) equal to a^, 02 , ...» a„ 

respectively, the numbers a^, rt 2 » ••• > different; then prove 

that 

Ill 


f(x) =-Q{x) - ai)(^ “«2) “®n)» 


Un. 


where lies between the least and the greatest of a^, < 12 * 
I^Cq =^/(aj) ; Cf depends only on %, Ug, ... and if 
95r4-l(^<^) ~a 2 ) ••• -«r+i)» 

The following notation is often used : 

Co ^/(aj), c, -/(Uj, a./), c., Ug, Ug) ... c^ -/(oi, U2» ••• 

and it may be proved that 


/(aj, a,, ... ar, 


/(Ui. Ug, ... a,._j, a^) -/(«!, a2» 


']• 


10 . If 


J(x+h) -/(*) =A/(J-) 
A/{j'+A)-A/(:e)=.-.A»/(x) 


A"-y(.c +/0 - A«-y(:»:) =A’y(-f) 

and if, in PIxampIe 9, - a, ar.|i —a H-rA, r = l, 2, ... , 

proA^e that /(.^’) is equal to 

/{a)+ ^ A/(o)+' 12 ) 1 ^ 'Ay(a) + ... 

(x -o)(x -a -A) ... [x -a - (n -2)/i.] > 

, (x -a)(x-a--h) ... [x -a -(n - , 

+ n!A«^ /' '(.T,). 

where x^ lies bot^^een tlie least and the greatest of the numbers a, 
a -f {n ”• l)7i, X. 

1 1. The equation * -x - 0 has no real roots if k < c, and never has 
more than 2 real roots for any real value of k. 

12, If 0< r^< 7r/2 and 0< x < 71 , the equation 

sin {x - ik) ~ m siri*.r 

where rn is positive, has (i) one real root if tan fx, > J, and (ii) one or three 
real roots if tan u. < | , There are three real roots if m lies between the 
minimum and the maximum values of the function sin {x -■ a.)/sin*:r. 

(Tisserand. ) 
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2/ -tan ^ a; - 


:\x* f I4:r'^ + 3' 


show that 


dy _ i 6x^( 3x^ 4- ] ) (x^ - 1 ) 
dx~ {l+x^){3x‘' f 14^:2 + 3?' 

and then prove that the equation y ^ 0 lias three real roots. (Tisserand.) 


35. Differentials. If y~f[x) ilie derivative /'(:*;) is the liinil 
for of dyjdx so that 

d!/-.f'(T)dx+A6x, 

where A-^0 when dx -0. 

When X is the independent Vftrinhle the part /'(:r)5:r of dy is 
called the differential of y orf{.v), and is denoted by dy or df{x). 
If dx is an infinitesimal (E,7\ p. 105) the differenee {dy - dy) 
is an infinitesimal of a higher order, because {dy - dy)jdx is 
equal to k and when 5.r -0. When in any calculation 

powers of dx higher than the first are to be n^jeeted dy may 
be substituted for dy. 

If a; is a function (p{i) of t tlien y is a function of /, say 
y =if[(p(t.)] —F{t) \ the independent variable is now t and 
therefore yy F'{t)dt f{x)q^'{f)dt. 

But X is now a function of t and dx ---(p'{f)dt, so that 
dy^-ff'{x)(p'{i)dt - f'(x)dx. 

Thus, when x is the independent variable dy~J\x)dx, but 
when t is the independent variable dy ^-f'{x)dx. The two 
expressions for dy will therefore have the same form, whether x 
is the independent variable or not, provided we take dx to 
mean the same thing as dx when x is the independent variable. 
There can be no objection to doing so, since dx ma}^ be any 
number )^hsbteYeT provided dy/dx is equal to f'{x) ; but, further, 
dx and dx are the same thing when the function f{x) is x itself 
because in that case/'(.T) — 1 and therefore df{x) ~-dx. 

No confusion therefore can arise if the increment dx of the 
independent variable be denoted by dx. Th(u*e is, besides, the 
notable advantage that dy has now the same form, 

dy^-f'{x)dx., (1) 

whether x be the independent variable or not ; it is this property 
of the differential that makes it so useful. 
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Thus the (litfereiitial d{iiv) of the product uv is given by the 
equation d{uv) ^ vdu +udv, 

because, if u and v are functions of Xy 

diuv) du dv 

' dT die ^ (ix 

d/fi (] 

and d {uv) -- v dx f u dx ~ vdu + udv. 


dx, whether x be independent or 


, du , T , dv 
since du = ~r dx and dv ■ - r 
, dx dx 

not. 

Jf 91 >1 the differential of the ?ith order c7"y, when y is a 
function of x, is defined by the equation 


d^y -- p^^^(;x){dx)^ ~f^^^^{x)dx^y (2) 

when X is the independent variable, if x be a function of t, 
say x~~ (p{t) so that y ~ J[(p{t)] —F{t)y then 


dhj “ F'\t)dt^ and d-x ~ (p'\t) dt^. 


Now 
so that 


F"{f)-^ 


F"{t)dt‘^ • 


dx^ 


d<p(t) 

dt 


df{x) ^<p{t) 

dx dt^ ’ 


d‘^f (x) I ' dcpit) , df{x) 


' dx^ 
d^f(x) 


dt 


LI 

+ -■ 


dx 


. df^ 


dx^ • ^ dx ^ ’ 


or, dhj ^f'{x)dx^ +f'ix)d^x, (3) 

and this is different from the form f"(x)dx^ which is the value 
of dhj when x is the independent variable unless d'^x — O. There 
is no longer the advantage of the same form for d'^y whether 
the variable x is or is not the independent variable, and the 
definition (2) is essentially confined to the case in which x is 
the independent variable, or, what is equivalent, to the 
assumption that dx is constant so that the differential of dxy 
that is, d{dx) or d’^Xy and all higher differentials of x are zero. 
When x~~(p{t) and t is the independent variable 
dx^=:^[(p\t)Ydt^ 

so that d{dx'^) ~n[(p' {t)\^'^^(p" {t) dt . dt^* 

= n[(p'(t) dt]^~^cp''{t) dt^ 
d {dx^) ^ n dx^~^ d^x. 


and therefore 
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If X is not independent we find by taking the differential 
of the produet f(x)dx that 

d[f'(x)dx] —dxd[f'(x)] +f'{x)d(dx) 

= dxf''{x)dx f'(x)d^x 
=f"{x)dx^ -hf'{x)d^x, 

so that the value of d^y in (3) may be found by taking the 
differential of dy^ that is, of f'{x)dx ; if a; is the independent 
variable dx is constant and d^x = i). 

In the same way 

d^y -~d(d^y) ~dx^dlf"(x)] f'(x)d[dx^] +d^^xdU''{x)] 

+f’(x)did^x] 

■ f '"(x)dx‘^ -f 3f"(x)dxd^x -hf'{x)d^x. 

Similarly d^y, dhj, ... may be found. 

Ex. A curve is given by the equations 

y=g{t), z--h(t ) ; 

find the equations of the tangent at the ])oint P(:t., y, z) and the equation 
of tlio })lano to which tho })lane through tl^e tangent at 1* and a })oint Q 
on the curve tends, as its limiting position, when Q tends along the 
curve to P. 

The direction cosines of the chord through P, “tJi<* point and P' 
“the point ^4-5^,” are proportional to 

f(t 4 ^>0 (j(t 4 dt) - g(t), hit -f dt) - hit), 

that is, to j'it) 4- Aj, g'it) 4- Ag, h'it) 4- A 3 

where A^, Ag, A 3 tend to zero when <5^ tends to zero. Hence, if r/, ( 
are current coordinates the equations of the tangent at P are 

f -Z 
f'(t) g'(l) /.'(O’ 

or, if differentials be used, 

dx dy dz 

Tho o(iuation of a plane through tho tangent at 7* is of the form 


-0 (ii) 

w l ie l e A dx 4 - Bdy 4 - Cdz =0 ( ii i ) 


If t i-dt is the parameter of tho point Q these two tK| nations must be 
satisfied when for x, y, z we put x 4 - <5x, y 4 - dy, z 4- dz, and since the 
limit for 0 is alone required we may simply take the differential of 
each equation ; therefore 

- Adx - Bdy ~ Cdz — 0 
A d^x 4 - Bd^y 4 - CdH — 0, 


(iv) 
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The first of these equations is merely (iii) ; elimination of B, C 
between (ii), (iii) and (iv) gives the required solution 

i~x rj-y (-Z 
dx dy dz = 0 . 
d^x d^y dH 

36, Higher Derivatives. An expression for the nth derivative 
of a function of x is, when the function is at all complicated, 
usually difficult to find, though the value for x~0 may some- 
times be easily obtained {E.T. p. 397). Some general methods 
have been elaborated and a statement of some of these will 
now be given ; for further information the student may consult 
the books named below * from which the following exposition 
is largely drawn. 

The nth derivative of y when y~-f{u) and u ~(p{x) is usually 
to be found by calculating a few^ successive derivatives ; by 
noting the form it may be observed whether any law is 
suggested, the suggestion being then tested by mathematical 
induction. In the present case we have 

% = <p'{x)f'iu), + [f'{x)]T(u ) ; 

and so on. It is at once suggested that the nth derivative 
will be an expression of the form 

( 1 ) 

where the coefficients do not depend on the function f(u) 
and will therefore be the same whatever fimction f(u) may be, 
so long as q?(x) is the same. 

Now put for f(u) successively n, n^, ... , n" in the equa- 
tion (!) ; then 

. u . . 

(ix" • 2M+-4n.2 ; 

d^ 

. 3m* + J „,2 • 3tt +A „^3 ; and ao on. 


* Sclildmilch, Compendium der fidheren Analysis, vol. 2, and Vhungshuch 
zum Studium der hoheren Analysis, vol. 1 ; Nielsen, Elemente der Funktionen- 
theorie ; Tisserand, Becueil compUmentaire d'Exercices sur le Calcullnfinitiaimal, 
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These equations give then An, 2 » then An, 3 , and 

finally A^ and the values obtained suggest the law 

(2) 

where the symbol is the usual binomial coefficient ^(7,, 

that is, r(r - l)(r - 2) ... (r -s -hl)/s\ 

To test (2), put -f 1 for n and (2) becomes 

^n + l.r -S ( - 1)’ (0 (2') 

r"o 

Now differentiate (1) ; then 

L [prjx 

on the understanding that v4„ o ^n.n+i a^re identically zero. 
If we have the relation 

r 4 du . 

^dx +^^".’• 1 ( 7 ^-^” +!-'•’ 


equation (3) will show the same law as equation (1), and there- 
fore the formula (2) will hold for every value of n. Now 

+ {2 

and the expression within the brackets is easily found to be 
“ ^ ( " 1)* o = - rAn,r^ 1, 

because l) the variable index 5 may be 


changed to 6^ +1. Hence 

■ +r 




dx 


and the relation (4) is established ; the formula (1) where .4,^ , 
is given by (2) is therefore proved. 
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The expression for niay bo put in another form which 
is frequently more convenient. Let it be first noted that if 
fp(x-\-Q) is a function of the sum of the independent 

variables x and g, we have 


d^(p{x +g) d^(p{x 


dx^ 


dg^ 


, so that 


d^(p(x) 

dx^ 


[x) ^ rd^( p(x + q)' 
:« 1 dg” . 


lp=0 


Now let -f^) - be expanded by the binomial 

theorem ; we get 


9" f 1 " 

apn|9’(^+P)-9’W) 


r 

-- V ( 






where the term for s=r disappears since it is independent of g. 


But 


" 9 " . [95(0; 4 -j))]'' 
dg'> 

and therefore 

■ 9" 


'] 

Jp- 0 


d” . 

'7Zx«~ 


d» . u'-‘ 
dx" ’ 


A, 


dg 


„^(p{x +g)-f{x)^ 


fi-i) 


.(5) 


d‘*^y 


Ex 1. \i y ~-f{u) and n ~(/.(x) — find 

In tho formula (I) put ?i~r for r; this choice of the variable of 
summation often gives a simpler form to the result ; then 


_ ’V' ^ w, n ~i 

dx^~^ A 




r-O 

Now {^(x q) ~ <7) (:r -(2xq -f ; 

tho only term in the expansion which does not vanish, when q is made 
zero after the differentiation with respect to o, is that whose index is n 
and the nth derivative of is n!. Thus we find 

An 


»-r)!~V r )(n-r)r ' 


n(n ~ 1 ) . , . (n - 2r +_1 ) 

" 1. 2 . ...r 


(2.t)«“ 


on the imderstanding that this expression is {2x)^ when r=0; and 
therefore when y~f(u) —f(x^) 


d^y - 1 ) ... (n - 2r -f 1). 

-Zj C2~r 


dx” 




.(«) 




where 7n is in or J(n - 1) according as n is even or odd. 
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~(1 and if in (6) we })ut n - T fur u we find 

. (1 ^ 


dx‘^~^ 


r -0 

where K ~ 1.3.5... (2n - 1). 

In ( 7 ) let X cos 6 where 0<0 <^ ; then 

<*' 

by using the expression for sin 7i0 

71 cos^*~^ 6 sin 0 - cob^~^ 0 sin^ 6 -t cos’^~'^ 0 sin'» 0 - ... . 


Formula (8) was first given by O. Rodrigues in 1815, but is usually 
attributed to Jacobi who, no doubt without knowledge of Rodrigues’ 
work, published it in 1826. (See Exercises IV, 14, for another 
solution.) 

Ex, 2. If y~f{u) and logic find 

The formula (1) is not suitable when log.c and it is better to 
start afresh, A little consideration will show that the form to be 
tested is the following : 


2 = i + C„. o/"' - ~\n) - . . . } 

= - 1)” Cn,r /<"-’■>(«). C„.o = l (9) 

r-0 • 

A further differentiation shows that the form is correct. 

Now Cn,r is independent of the form of f{u), and to determine these 
coefficients wo take f(u) equal to e-t^ where t is any constant. Thus 
y z=:e -tu —e - tlogx 

and therefore 

So that, by substituting those values in (9), we have the identity 

n- 1 

r=o 

By equating the coefficients of the value of Cn,r is found. When 
n is not a large integer the values of Cn,r can be picked out without 
much trouble, but there does not seem to be any convenient explicit 
formula. 
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37. other Methods for Higher Derivatives. The formula (1) 
of the last article is cumbrous, and other methods are available 
that often lead to interesting results apart from the particular 
formula for the derivative. The formula suggested by a few 
differentiations may have coefficients that can be more con- 
veniently dealt with than by the method used in the last 
article. 


I. Comparison of Expansions. 

y—f{x)=e^^\ This is a particular case of § 36, Example 1. 
Express /(a: -f-A) as a series in two different ways. 

(i) = 

n -0 "• 

Next we have f{x ■j~h)=f(x) . 
and if each of these two exponentials be expanded in powers 
of h and their product formed the coefficient, Un(x) say, of 
h'^jul will, when multiplied by f(x), be equal to in (i). 

Thus we have the second expansion, 

(11) fix +h) ^f{x) . 1 2 -- -I j • { L irr) 

^ '“n = 0 ^ 


where 




u„ix) = (2a;)"/" + - A.) (2x)"-*<"-» 


+ (2x)"-*/"-^ + (i) 

The last term is independent of x when n is even and contains 
the first power of x when n is odd. Hence 

fin ptx^ 

(2) 

If - l)=i this formula gives the derivatives of cos (a;^) 
and sin (a:^) since c^*=oos (a;^) H-i sin (a;^) and the real and 
imaginary parts on the two sides of (2) may be equated. 

We take the same example to illustrate another method. 

II. Use of a differential equation. 

The form of the nth derivative of c^* is easily seen to be 
the product of e^* and a polynomial n„(a;) ; the polynomial 
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is of the nth degree in x (or 2x), the exponents decrease by 2 
and the coefficient of (2x)^ is Thus we have, when y~e***, 


jyi:y--=e*^u„(x), (2') 

where 

Ur,[x) = Cq{2xY + Ci(2a;)~-2 + . . . + c^{2xY-^^ + (oc) 

and — ' 

We now find a differential equation for u^{x). Write the 
value of Dy in the form 

Dy = 2xty, (3) 


and differentiate this equation n times, using Leibniz's Theorem ; 
then D^^hj — 2xt D^y -j 2ni 

But ; 

therefore — 2x1 + 2nt (4) 

It would be possible to calculate from (4) if and 
were known ; now and ^2 are easily found so that Ug, ... 
could be calculated. It is better, however, to find a differential 
equation for ; the process is a little troublesome though not 
really hard if the principle be grasped. We have in fact to 
eliminate and and put in their place and ul 


where u,, = u'' 

Differentiate the equation (2') once ; therefore 

JJn+Xy — ^tx^ ^2xt . Un, 

so that Un+i —u'n +2xtUn (5) 

Elimination of between (5) and (4) gives 

u'^=z2ntUn-i (b) 

Differentiate (6) and for j put 2(7i - l)/u„_ 2 , the value 
obtained from (6) by changing n into n- \ \ then 

ul — 2nt .2(71- 1)< (^) 

Next in (4) put n ~ 1 for n ; therefore 

Un~2xtUn^^ -f 2(n - l)^Wn- 2 > 

and then the elimination of and between (4'), (6) 
and (7) gives the required differential equation 

Un + 2xt u'^ - 2ntUn = 0, (8) 


We now substitute in (8) the value of Un given by (rx) ; the 
equation must be then satisfied identically, and therefore the 
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coefficient of each power of x must be zero. The coefficient 
of is 


[ ~ 2nt-v2{n - 2r)^]c^ + 4(n - 2r -f-2)(?i - 2r + 
and as this coefficient must be zero we find 


_(w-2r + 2) (w-2r+ l) . „ 3 

c^_ c,_i, r-i, A J,... 

the coefficient of (2a:)" being identically zero. Thus, since 
Cq ~ we get 

^ _w(M-l)(n-2)...(n-2r+l) 

c^_ rr27::.r ' ’ 


and therefore Un(x) is the same as was found by the first method. 

When t is negative, say ^ = -1, the polynomial Un(x) has 
interesting properties. 


Ex. 1. When ^ — - 1 prove, by applying Rolle’s Theorem, that tlie 
roots of =0 are all real and different. 

Let n^{x) =Vy^{x) when ^ = - 1 ; then we take 

Now/(a;)=0 for a:= -oo and for a;= +oo ; therefore f'{x) vanishes 
for a value a. of x. But /'(a) = e - Vi(ot.) and, as e - is not zero, = 0. 
Again, f'{x)=0 for the values ~oo, a., +oo of a-, and thtsrofore the 
derivative of /'(x), that is, /''(x) vanishes for a value, p say, between 
- 00 and a and also for a value, y say, between a and -i- go . As before 
v^ix) =0 for x~p and x~y. Proceeding in this way it is readily seen 
that v^{x) is zero for n different values of x. It is besides clear from 
equation (8) that if v^(x) had two equal roots, each equal to A say, we 
should have v„(A)=0, Vn(A)=0, and therefore also h the 

equation be differentiated once it will be seen that wo should have 
Vn'( A) =0, and so on, so that every derivative of would vanish for 
ir = A which is impossible since v^{x) is not identically zero. 

Rodrigues’ Formula. The followiitg relation between deriva- 
tives, known as Rodrigues’ Formula, is of importance in the 
theory of Legendre’s Coefficients : 

d’' -' ■ - 1)" {V^-r)\ . » _ . , dn+r (^2 _ 

dx^~^ (n + r)!' ' 

The proof may be easily given by the method I. The 
function {2a: + ^H- where n is a positive integer, 
is not altered when {x^ - 1)/^"^ is substituted in place of h. Now 

{2x + h + {x^ - 1 ) A-i}" = {(a: - 1 )}", 
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and therefore by Taylor’s Theorem is equal to 

If for h we substitute {x^ - 1)A~^ the expansion becomes 
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2" (a;2 - . {x^ - 1)»* 

2j /r * 


dx^ 


Since the two expansions last written arc identical the co- 
eiiicient of is the same in both ; for the second expansion 
s = n -r and for the first s ~-n 4-r. Hence 

{x^ - !)-»■ d'^-^ . (:i;2 “ 1)’^ _ 1_ d^^^ . (x^ - 1)^ 

(n - r) ! ~ (n H-r) ! dx^-*'^ 

which at once gives the formula stated. 

r. « fi. / 1 . (x2 - 1)»» 

Ex. 2. If I n " ’ 

” ^ 2^ . n ! dx*^ 

prove that satisfies the differential equation 

or {I - x^)Dhj -2xDy +n(n l)y — 0. 

Lot ij —2*^ . niP^{x) ; then Rodrigues’ Formula (r - 1) gives 


i^y. 

'dx' 




d^+KJ^^ -ir 
dx^+^ 


— v{n + 1) 


. (x^ - 1)« 
dx^'‘^ ’ 


and therefore 
d 

dx 




EXERCISES IV. 

1. If and V are functions of x prove that 

vD”u=:D”(uv) - D’'-\uDv) + (g) D'^-^uD^v) - ... 

+ (-!)’•(”] n''-''(uD^v) + ...+(- l)"uD"r. 

2. If y =(rr2 -f and a; =a cot 6 prove that 

S 

and deduce that the ?ith derivative of tan“^(a;/a) is 
( “ l)”“^(n -1)! a“” sin” 0 sinn0. 

3. If y ~x{x^ +a®)~^ and x =a cot d show that 


dx'^ 


1)” ^j{sm 0)”+^ cos (n + I ) d. 
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4. If y “/(u) and u — ljx prove that 

I . (n - 1 ) ! ' /n\/(n -r)(u) 

^ dx^ Za (n-r -\)\\r x^»-r » 

r»0' ^ ' 

and show that 


d" . e«/* ^ e«/* (n - 1 ) ! /n\ (a\”~' 

dx” ' X” ^Tn-r-\y.[r)\x) ' 

f 3=0 ' ' 


5, 



dx^ 


= ("ir 


1 

^n+l* 


[CH. 


(Halphen.) 


6. If y—f(u) and u~^x prove either by the general formula or 
independently that 

^Js^' i - nr 

dx” ^4^ ^ ' r! (n -r - 1)! {2^x)”+^‘ 

and show that if i/ = ( 1 + as/x)^**~\ 

d^y_ 1.3. 6 ... (2n- 1) a / ^ _ l\”~i 
dx^^ 2” ’ \/a; ‘ \ X/ 

[8chlomilch gives the following proof, Compendiuiti 11, pp. 7, 8. 

Let and «; = s/(l + 0“lj then § 36, (5) gives 


Now (t-w)dwjdt~\w and therefore, multiplying by 

=Jwr->. 

r — 1 r 

Differentiate (n- 1) times as to t and then let i^O; thus we find the 
reduction -formula 


r 1 r(2n-r-l)r 

T(7r-iT-br 

put in place 


or, if 71 - r is put in place of r so as to obtain A 


'X-0 ' 


(n-r)(n + r- 

Now apply this formula till the index of w becomes unity and 
note that 


Fd-hi 1 -(-I)rl-3:5...(2r~2) 

iPt 2»-+i 

The verification of the value of d'^yjdx^ is simple.] 


7. If y ~f(u) and u~e^ prqve that 


where 


r«=l 
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8. If 2/ — (w + 1 )~^ and ti =e® prove that 

y / _ l)r, / 

dx” e*+l^j' ' '■\e* + l/’ 

where is given in Example 7. Show independently that 
( -l)"(e* + l)»+i + +a^e\ 


+ 


9. If i/=(l -x^) ^ show that 

dy_ u^(x) 

da;" (1 -x2)n-f-i* 

where u^(x) is a polynomial in x of the nth degree in which the coefficient 
of is n ! and the exponents of x decrease by 2. Establish the relations : 

(i) -(2n + l)a;n„-n2(l -- ^=0 ; 

(ii) (2n + 

(iii) (1 ~x^)Un 4- (2n -l)xUn =0, 

and find u^{x). (Compare § 37, II.) 

10. If y ~ {I deduce from example 9 or prove independently 

that ^_r_Un.. 

^ (l+a;a)n+!’ 

where ( 1 4- x^)Vn - (2n - 1 )xVn 4- 

Prove that the roots of t’„(a:) =0 are all real and different. 

11. Deduce from Example 10 the nth derivative of log {a; +(sy(l 4-a;^)}. 

12. If y ~(:r log a;)" show that 

^ ^ If a;)® + . . . + (log x)”, 

wliore is the sum of the products, r at a time, of the numbers 
1. 2, 3, ... , n. 


13. If u ~[/'(a:)]“^ and v ~J(oc)[f'{x)] ^ prove that 

1 d*n__ 1 d^v 
u dx^~~ V dx^* 


(Goursat.) 


14. If z~(l-x^f^ ^ and y 




prove that 


(i) (l-a;2)^-4-{2n-l)a:z=^0; 
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and that if .r =cc)s 0 the equation (ii) becomes 

^gj+ntz-u. 

Next ^^how that when x ~ 1 

y -"() and 2/(1 — ( - 1)"~1 1.3.5 

and deduce that ^ 


(2n-l). 


y~(~ 1)*^ ' sill nd. 


16. If 2 - (x^ - 1)»^ and y - 


1 d«.(x2-ir 


prove that 


(i) (x^~-\)~~2nxz^()^ 

(ii) (1 -.r“)2' - 2^'g +n(n + l)y-0. 

Show that 2/ = 1 when a- = 1 and y~-( - 1)^‘ when ;r — - 1 and deduce 
that t}}e roots of the equation ^—0 are all real and different and lie 
between - 1 and + 1. (See § 37, Ex. 1.) 


16. If P and Q are two rational integral functions of x (polynomials) 
such that n/( 1 - P'*) 1 - a:») 

prove tl.at _ 

wdiore ?i is an integer, 

[1 -P^ -x^) (i) 

so that, by differentiation. 

- 2PP' - 2 {QQ'i } ~x^)-xQ} (ii). 

From (i) Q is prime to P and therefore from (ii) Q is a factor of P ' ; 
then compare the coefficients of the highest powers in P^ and Q*, and 
also in P' and Q.] 

38. Derivative of a Determinant. The proof of the rule for 
forming the derivative of a determinant of the nth order whose 
elements are functions of a variable x will be understood by 
consideration of a determinant D of the third order, say 


Let da^ ..., dc^ and dD be the increments of and 

D corresponding to the increment dx of x ; the determinant 
D -h dD is ^ ^ ^ 

4" dhj “h “1" dh^ 

4* dc-y 4* do^ Cg “h dc^ 
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and may be expressed as the sum of 8 determinants, namely : 

(i) the determinant 1 ) ; 

(ii) 3 determinants, each containing one column of incre- 
ments, 


da^ 

^2 

^3 



^3 

«i 

«2 

d<i^ 

db^ 

b. 

^3 ) 


dK 

^3 > 


b% 

bh 

(5ci 

^2 

^3 

^1 

dc^ 

^3 

Cl 

^2 

bCs 


(iii) 3 determinants, each containing two columns of incre- 
ments, of the type 

( 5^2 ^3 • 

(iv) 1 determinant, containing increments alone. 

dD is the sum of the 7 determinants (ii), (iii) and (iv) ; when 
each of these determinants is divided by dx * and bx made to 
tend to zero, the determinants in (iii) will have each one column 
that tends to zero, and the determinant in (iv) two columns 
that tend to zero. Hence if accents indicate derivatives with 
respect to x we find 



Uj Gf/2 ^3 


Uj a'i 


aj a> 

X>' = 

6i 62 

Cf C2 Cg 

4 - 

bi b^ 63 

Cl c; C3 

+ ! 

^1 ^2 

Cl Cg c; 


If D were of the nth order the determinant (i) would be D 
while (ii) would contain n determinants each containing one 
column of increments, — the first column of the first deter- 
minant, the second column of the second determinant, ... , and 
the 71 th column of the ri-th determinant. All the remaining 
determinants, namely (2” - 1 - ti) determinants, would contain 
at least two columns of increments and would therefore tend 
to zero when dx tends to zero. Hence the rule : 

The derivative of a determinant of the 7ith order is the sum 
of n determinants which are obtained by substituting in turn 
in place of the elements in the 1st, 2nd, ... , nth columns the 
derivatives of the elements in the 1st, 2nd, ... , nth columns. 
Instead of “ columns '' the word “ rows ” may be used since 
a determinant is not altered by the interchange of rows and 
columns. 

♦ To divide one of these determinants by divide any one column of 
iixcreinents in it by bx. 
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Ex, 



a ~Xy h, g 
K h-x, f 
9* fy c-x 



-1 

0 

0 


a -X, h, g 


a-Xt h, g 



b -X, 

/ 

4 - 

0 -1 0 

+ 

hy b-Xy f 


< 7 . 

/. <• -X 


gy fy C~-X 

\ 

0 0-1 


■h2{a 4-6 +c)x - (be -hca -hab -P ~g^ - h^). 


39. Linear Dependence of Functions. Let /i, be 

n functions of x defined for a range a^x^b ; if there are n 
constants c^, C 2 , , c„, not all zero, such that 

^1/1 + ^2/ 2 + • • • + ^nf n = * • • ( i ) 

the functions /i,/ 2 , -.-j/n said to be linearly dependent] 
if there is no such set of constants the functions are said to be 
linearly independent. 

Obviously if c^, C 2 , ... , is one set of constants that satisfies 
(1) so is the set kc^, kc 2 , ... , kc^ where k is any constant that is 
not zero. Hence one of the constants may be taken to be ±1. 

The test now to be given for the linear dependence requires 
that each of the functions should have all the derivatives up 
to and including the {n - l)th. 


First. Suppose that /j, yfn ^'^e linearly dependent and 
that equation (1) therefore holds. The equation (1) may be 
differentiated (n - 1) times ; differentiate and let accents 
denote derivatives with respect to We thus find the 
following n equations, including equation (1) : 

(^ifl +^2/2 + • • • + ^n-l/n-l 

Ci/i +c,j,; = 0 , 

( 2 ) 

+ . . . + c,. + Qnfr^^ = o, 

+ . . . -f c„. jt-/) + - o. 

Now the coefficients c^, Cg, . . . , are not all zero and therefore 
the determinant W of the equations must be zero for every x 
such that a^x^b where 


fi A , 

/; /; 


y(n-2) 


^(n-2) 


fn -1 

fn~l 


fn 

fn 


f{n-2) fUi~2) 
J n~l J n 
f(n~\) /(n-I) 

J n~l Jn 


( 3 ) 
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W is called the Wronskian of the functions /i, /g, and 

is denoted more fully as IF(/i,/ 2 , •.•,/«). 

Hence the condition 1^=0 is a necessary condition for the 
linear dependence of/i, /g, and it is to be noted that W 

must be identically zero, that is, zero for every value of x in 
the interval {a, b). 


Second. The condition W — (i, which has been seen to be 
necessary, is also a sufficient condition for the linear dependence 
of/i>/ 2 > ••• ifnP'^ovided the Wronskian, say, of the (n - 1) 
functions /i,/ 2 , ,/n-i is not zero for a^x^b. 

Consider the system of (^ - 1) equations : 


^1/1 

+ ^2/2 

+ . 

. . + 1 

=fn. 


c./i 


+ . 

•• + ^n-l/n-l 

=fn, 


Ci/'i' 

+cj: 

+ . 




( 4 ) 

cifr 


•+. 

.. -r ^n-ljn-l 




The determinant of this system is the Wronskian TFj and 
is therefore not zero. Hence the system determines 
Cl, Cg, , Cn-i and these numbers will usually be functions of x ; 
it has to be shown that if W vanishes for every x in the interval 
(a, b) the numbers Cj, Cg, ... , c^_i will be constants and then the 
first of equations (4) proves the linear dependence of /i,/ 2 , ... , /„. 

Let it be first noted that if W = 0 we can add the following 
equation to (4), namely : 

(4') 


For in virtue of (4) we have 


A. 

f^y 

••• /n~l> 

0 

/ij 

A. 

••• /n~l> 

0 


Ar”' 

fin -2) 
••• J n-\ y 

0 


A"-*’ 

fin-1) 
•••Jn-l » 



= w, X (/;-) - c/r" - cj?-" - ... - c,._ jti") 

and W =0, so that equation (4') follows. 


^n-lj n -1 


Now differentiate the first equation in (4) ; therefore 
Ci7i+C^ 2 + — +C«-l/«-l 

+ C 1/1 + ... =/n> 
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which by the second (Hj[uaiion in ( 4 ) reduces to 
^j/i + C 2/2 + . . . 4- c' — 0, 

If the other equations in ( 4 ) be differentiated it will be seen 
in the same way that each equation reduces to an equation 
in cl, c^, ... , c^_i, the right-hand side being zero ; for the last 
equation in ( 4 ) this result follows from equation ( 4 '). Hence 
we have the set of - 1 ) homogeneous equations 


cji +c'f. 

H-. 


= 0, 

c[f' +c:f’ 


•• +K-lfn-l 

-0, 



■■ +<->/!r-7’ 

=:0. 


The determinant of the system is If ^ wliich is not zero and 
therefore each of the numbers c[, Co, ..., c'.j is zero, so that 
each of the numbers is constant. Hence, by (4), 

/n=^l/l + C 2 / 2 + *** +<^n~ifn^v 
and the functions ,fn are linearly dependent. 

Cor. If If and ]]\ are identically zero but Ifg, the Wron- 
skian of the (71 - 2 ) functions /i,/2, ••• ,/n-2» zero, then, by 
what has been proved, the (n - 1 ) functions /j, /g, ... ,/n-i are 
linearly dependent and the^re are therefore {71 ~l) constants 
C2, ... , c„_,, not all zero, such that 

Cifl +('2/2 + ••• -- 0 . 

The n functions /i, /2> ••• ,/n are therefore linearly dependent 
because ir^ ( 1 ) we may make zero and the 71 constants 
Cj, Cg, are not all zero. 

Similarly, there is linear dependence of the 71 functions if 
If, Ifi and Ifg are identically zero but Ifg, the Wronskian of 
the {n - 3 ) functions /j, /g, ... ,fn~3 not zero, and so on. 

Ex. 1. The functions e®, xe®, are linearly independent. 

Here, e®, xe®, x*e® 

W~ e®, (x + l)e®, (x2 + 2x)e® — 2e*®. 

e®, (x+2)e®, (x^-f4x+2)e® 

Ex. 2. The functions sin x, cos x, sin (x +o(.) are linearly dependent. 

Here, If = 0. sin x 4 - Cj cos x + sin (x + a) — 0 

if Cj = - cos a, c^~ ~ sin rx., C3 = 1 . 

Ex. 3. Show that the derivative of a Wronskian is obtained by 
differentiating each element of the last row. 
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Ex. 4. If 2/j, t/j, ... > functions of x and if x is a function of/ 

prove that 

^*(2/i> Vz* ••• * ~~y^) ?/2» ••• » ?/«)» 

where the suffixes x and t denote that tlie derivatives in the Wronskiaiis 
are derivatives with respect to x and t respectively. 

Ex, 5. If 2/, 2/i» 2 / 2 * ••• » Vn functions of x show that 

^xiyvv ?/?/ 2 » 2 /:'/ 3 * ••• » yyn) 2 / 2 ^ 2 / 3 * ••• » ?/«)• 


^a?. 6. If 2 / is a function of x prove that 

F(l, 22 /, 32/2, ...,'m/”"')=w!(n-l)!(H-2)! ... 2! 1. 





CHAPTER IV 


FUNCTIONS OF SEVERAL VARIABLES. DERIVATIVES. 

DIFFERENTIALS. CHANGE OF VARIABLES 

40. Functions of more than one Variable. The characteristic 
properties of a function of n independent variables may usually 
be understood by the study of a function of two or of three 
variables and unless some definite purpose is to be served the 
restriction to not more than three independent variables wiU 
be generally maintained ; this restriction has the considerable 
advantage of simplifying the formulae and reducing the mere 
mechanical labour. 

By extension of the usage of analytical geometry a set of 
values ag, , rtn of ^ variables will often be called “the 
point (Ui, ... , The set of values ... , x^ other 

than satisfy the conditions 

I ~ «1 I <Q^ I ^2 - ^2 I J I <Q> 

where q is an arbitrarily small positive number, is said to form 
a “neighbourhood” of the point ... , a„). The 

neighbourhood may, however, be specified in other, though 
equivalent, ways ; for example, the points inside the sphere 
^2 ^^2 _|_ 2 : 2™^2 jjjay be taken as the point (0,0,0) and its 
neighbourhood. 

The set of values of the variables for which a function is 
defined is called “ the region (or, domain) of definition of the 
function.” A function may be defined for integral values 
alone of its variables or for variables that vary continuously 
within given limits or that take all real values. The simplest 
type is the polynomial which is defined for all real values; 
next in simplicity is the quotient of two polynomials which 
is defined for all real values except such as make the divisor 

94 
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zero, la general, all the usual functions of a single variable 
reappear. 

The language and conceptions of geometry necessarily play an impor- 
tant part and certain assumptions are made that may be illustrated 
by considering a function /(.r, y) of two independent variables. The 
function may be defined for the whole plane or for a ]>art or parts of 
the plane that are bounded by closed curves. It is supposed that a 
closed curve C, without double pointSy divides the piano into two regions, 
an interior and an exterior, such that any two points in any one l egiori 
can be joined by a path that lies wholly within that region while every 
path that joins a point of one region to a point of the other cuts the 
curve C that separates the two regions. 

If x~(p{t)y y-y>(t)y whore 9? and are continuous functions of t, are 
the equations of a curve the curve is closed when (p and y) are periodic 
functions of t with j)eriod a>. In this case the points “ f ” and “ t -f /iw,” 
where n is any integer, are identical. If on the other hand t' and t" 
are two values of t which do not differ by co or a multiple of such that 
(p{t') —(p(f) and ^y)(t'') the point t' or f is a double point. 

A curve of the kind spoken of may be a circle or an ellipse or any 
** ordinary ” curve that does not intersect itself (like a lemniscate), 
but it may equally well be a rectangle or polygon, and the path s]')oken 
of as joining two points may be a “ curve ” in the ordinary sense or a 
“ broken line ” consisting, for example, of a set of segments that are 
alternately parallel to the coordinate axes. 

The functions (p{t) and y)(t) are supposed to be continuous but 
nothing is prescribed as to their derivatives ; it may be said at once, 
however, that it will be assumed that every curve may be divided into 
a finite number of parts such that for each part (p'{t) and y’\t) exist. 

When a function /(x, y) is defined for the region bounded 
by a closed curve C the region of definition is said to be closed 
if f(x, y) is defined for all points within and on the curve C, 
but open or unclosed when the function is defined for points 
within but not on the curve C. 

The extension to regions for functions of three variables 
is fairly simple, and while geometry fails for the ordinary 
mortal when he enters regions of n dimensions it is possible 
at least to understand what is meant when it is said that the 
region is that within the sphere x\ + xi-i- a:,; ^ c^. 

Limiting Points. If iS is an infinite set of points lying in a 
region A the point (a^, , a„) is called a limiting point or 

a point of condensation of the set when an infinite number of 
points of the set lie in every neighbourhood of (a^, Ug, , a„) ; 

G.4.0. H 
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tlie limiting j)oiiit itself may or may not bo a ])oint of the set 
(§17). 

If, for example, S consists of all the points inside a sphere, 
every point inside or on the surface of the sphere is a limiting 
point. The region A bounded by the sphere is “ open ” if it 
does not include the points on the surface — that is, if it does 
not include all its limiting points — but “ closed if it contains 
all its limiting points, because it then contains all points 
inside and on the surface of the sphere. 


41. Limits and Continuity. A function f(x^, , ^n) 

n independent variables a:j, arg, bs said to tend to a limit I 

when ... , x^ tend respectively to ... , if, given 

the arbitrarily small positive number e, there is a positive 
number 7] such that 

\f{x^y X,, ..., x^)-l\ <e 

when \y I ^2 “ ^^2 l> -**5 I ~ I ^^re each less than t/, 

the set of values x^~a^, X 2 =a 2 , ... , x^^ctn being excluded. 

The modifications required when one or more of the variables 
tend to infinity or when i is +oo or - oo may be left for the 
student to state ; with his previous work there should be no 
difficulty. 

It should be specially noted, however, what the above 
definition implies ; there must be no assumption of any relation 
between the variables as they tend to their respective limits. 
For example take/(.r, y) where 

/(.r, y)=r.2xyl(x^ 

If X ^0, y being constant, /(x, y) ->0 and if ?/— >0, x being 
constant, f(x, y)->0 so that these limits of f(Xy y) exist and 
are the same when x~> 0 and when On the other hand 

f{Xy y) has no limit when x and y tend independently to zero ; 
for if we put a:~rcos 0, y =rsin we see that /(:r, y) —sin 20, 
so that near (0, 0) f(x, y) may take any value between - 1 
and 1 and therefore has no limit. It has to be noticed that 0 
is not a value that x can take when y = 0 or that y can take 
when x=^0. The assumption that y is constant when x-> 0 is a 
violation of the conditions imposed by the definition, just as 
the assumption y^x or any other relation between x and y 
would be. 
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Continuity. The function f{x, y, z), the case of tliree 
variables being taken, is said to be continuous at the point 
(a, b, c) of a region for which it is defined if, given the 
arbitrarily small positive number e, there is a positive number 
fj such that \f(x, y, z) -f{a, b, c)l<£ when \x-a\, \ y-lC 
and I z - c I are each less than y. 

It is necessary, therefore, for the continuity of f{x, y, z) 
at (a, 6, c) that /(a:, y, z) should tend to a limit when x, y, z 
tend to a, h, c respectively, and also that that limit should be 
the value f{a, 6, r) which, by hypothesis, exists since (a, 6, c) 
is in the region for which f(x, y, z) is defined. If (a, e) is 
on the boundary of the region the values of x, y, z tliat satisfy 
the conditions \x~a\<rj,\y-b\<7j and \z -cl < must all, 
like /(a, 6, c) itself, be in the region of definition of the function. 

A point to be particularly noticed is that /(.r, y, z) may be a 
continuous function of each variable when the other two are 
constant and yet not a continuous function of x, y and 
This peculiarity (for it does at first sight seem peculiar) is 
illustrated by the function 2xyj{x^ 4-y‘^) just considered above. 
If f{x, y) is defined to have the value zero at (0, 0) it is defined 
for every neighbourhood of (0, 0) ; as has been seen, f{x, y) 
tends to its value 0 when x-> 0 and y is constant, or when y 0 
and X is constant, and is therefore continuous at (0, 0) when 
considered as a function of a single variable x or as one of a 
single variable y. On the other hand, f{x, y) tends to no 
limit when the independent variables x and y tend to zero, and 
is therefore not continuous at (0, 0). 

42. Sequence of Decreasing Regions. The conceptions of 
infinite sets and of upper and lower bounds have no special 
restriction to functions of one variable, but the method of the 
decreasing interval used in the proof of various theorems 
requires a little explanation when it is applied to regions of 
two or more dimensions. 

For definiteness, consider an area A bounded by a curve C ; 
the principle is obviously applicable to regions of three or 
higher dimensions and the description is greatly facilitated by 
restriction of the region to a plane area. 

The area will lie completely inside a rectangle R given by the equa- 
tions X —a, X >a and y=c,y=d>c. Let the rectangle R be divided 
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into four equal rectangles by the linos I 6), y ~\{c -\-d), and lot 

one of these four rectangles bo selected, it being understood in this 
and all subsequent choice of rectangles that the selected rectangle 
contains a continuous piece of the area A . If the sides of this rectangle, 
say, are given by x—a^i x—bi>a^ and y~-Ci, y~d-^>Ci then 
a^a^<b^ rl- h, c~Cy^<d^~d while — \(b - a), ~ c^~\{d - c). 

Next divide the rectangle into four equal rectangles by the lines 
x~ l («! 4- 6i), y -- I (ci 4-di) ; select one of these four and let it be called 
ii?2. The sides of will be given by .r— Og, x~b2>ci2 and y 
y ~d^> Cg, and the following relations will hold : 

a'Ea^ :-_;ao< 62^61^6, ~a), 

c C2<i d^ — d^ — d, d^ — Cg “22 ~ 

Proceeding in this way wo obtain a sequence of decreasing rectangles 
(Rn)‘ The sequences (a„) and (c^^) are increasing and the sequences 
and (f/„) decreasing sequences ; and while 

bn - - (b - a) 12 ^, d^ - {d - c)/2^ 

Plence the sequencfis (u^) and (6„) determine a number the soqnencos 
(c„) and {d,y^) a number and the point (^, ;y) is common to each 
rectangle each rectangle being closed (§16). 

If the region were three-dimensional it might first be included in a 
cuboid (or rectangular parallelepiped) K bounded by the planes 
X -~a, X ~a' ; y — 6 , y = 6 ' ; z =c, z =c' ; a' > a, b' > ?>, c' > c. 

The first step is to divide K into 8 cuboids by the planes 
x — \(a+a'), y — l(b+b')y z—A{c\-c')y 
and to select one of these (call it K^) ; its boundaries would be tlie planes 
X —a^f X =aj' >ai ; y y - b^ > 6^, z — Cj, z — Cj' > cq 
where a'^zai< b'^bi<hi'^h\ c~c^<c{^c' 

and a\ ~ % =-- 1 (a' - a), b\ - 61 = J(6' - h), c[ - Cj = ^ (c' - c). 

Operate on Ki in the same way and so on. The process determines 
a j)oint (if rjf () that is common to each cuboid 

Here, and above, if the regi<^)n is closed, the point found is a point of 
the region. 

Notation. If P is the point {x, y, z) it is often convenient 
to denote the value of f{x, y, z) at P by the symbol /(P). A 
point P'{x\ y\ z') is in a neighbourhood of P if 

0<\x' -x \ <Q, <^<\y' -y \<Q, (^<\z' ~z\<Qf 

or, if the length PP' is not zero but is less than q. (One 
or two but not all of the differences j a:' ~ a? | , \y' - y\ and 
\z' -z] may be zero.) 
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Theorems I and II of § 13 on the upper and lower bounds, 
M and m say, of a bounded set need no new proof, while 
Theorems I and II of § 15 on the limits of bounded monotonic 
functions are also valid for functions of several variables. 
Thus, if f(x, y, z) increases (or does not decrease) when each 
of the variables x, y, z increases but is always less than a fixed 
number Ic, then f{x, y^ z) tends to a limit which is not greater 
than k when x, y, z tend to infinity. 

Similarly Theorems I and II of § 17 need no new investiga- 
tion. The important theorem of § 27 for a function f{x, y, z) 
say, 7iamely that “if M is the upper bound of f{x, y, z) in a 
region R there is at least one point P(f, ?/, f) such that the 
upper bound is also M in a>ny neighbourhood of P,” may be 
proved at once by using a sequence of decreasing regions (P„) 
instead of a sequence of decreasing intervals. The method is 
the same whether the sequence be a sequence of intervals or 
a sequence of regions. 

The condition that f(x, y, z) or /(P) should tend to a limit 
when X, y, z tend respectively to I, r/, C is that there should 
be a neighbourhood of the point A (£, r/, C) such that 
|/(P')-/(P") I will be less than e (where e has the usual 
meaning) when P' and P" are any two admissible points 
{x' , y' y z') and (x", y'\ z") of that neighbourhood. [The point 
{x/y i/y z') is admissible when f{Xy t/, z) is defined for the values 
x'y y' y z'.] In other language, there must be a positive number 
Q such that I f{x', y', z') -/(.r", y\ z") | <e when each of the 
differences \ ^ - x' \ y\ ^ -x" \y\ri -y' \y\r} - if \y\^ - z'\y\I: -z'" \ 
lies between 0 and q. (Some but not all of these differences 
may be zero.) 

That the condition is necessary is obvious. To prove the 
sufficiency of the condition proceed as in § 21. When it 
is satisfied we have 

/(P")-£</(P')</(P")H-^, 

when P' and P" are any two admissible points of the neighbour- 
hood of A. The set of values /(P') is therefore bounded and 
has maximum and minimum limits 0 and and so on, the 
rest of the proof being, except for verbal changes, the same 
as in § 21. (The meaning of the terms “ upper limit of 
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indetermination ” and lower limit of indetermination ’’ needs 
no further explanation.) 

43. Theorems on Continuous Functions, The theorems of 
§ 28 for functions of one variable are easily extended to func- 
tions of several variables ; the theorems will now be stated, 
but the proofs will usually be indicated very briefly, if at all, 
since they are little more than repetitions of those for a function 
of one variable. 

Theorem I. If f{x^ y, z) is continuous at (a, 6, c) and if 
f{a, b, c) is not zero, then f{x, y, z) has the same sign as f(a, 6, c) 
at all 'points (x, y, z) in some neighbourhood of (a, b, c). 

Theorem II. If f(x, y, z) is continuous at all points of a 
closed region R and if {x\ y\ z') and (x", y'\ z") are two 
different points of the region at which f{Xy y, z) has two 
different values A and B thenf(x, y, z) takes in the region R 
all values between A and B. 

The method of § 28 may be adopted to prove tlie theorem, but the 
following method reduces the proof to that for a function of one variable. 
Assume, as will bo proved in § 44 from the definition of continuity, that 
if X y z where/i,/ 2,/3 are continuous functions of t, 

the function /(.T, y, z) becomes F(t) where F(l) is a (jontinuous function 
of /. If t' and t" give the points (x\ y\ z') and (x", y", z'") respectively, 
then F{t) takes all values between A and ^ as t varies from t' to f'; 
if A and B have opposite signs there is at least one point t or (^, r;, () 
at which the function /{;r, ?/, z) is zero. But, in general, there is an 
unlimited number of functions /i,/ 2 >/ 3 — or, in geometrical language, 
an unlimited number of paths from (x', y\ z') to (x", y", z") that lie 
in the region R — and therefore /(.r, y, z) takes every value between A 
and B infinitely often. 

The following theorem — ^the theorem of uniform continuity — 
will be proved for a function of two independent variables x 
and y but the method of proof is quite general. The method is 
not quite the same as that used in § 28 though not essentially 
different and the student might, as an exercise, apply the 
following method to the theorem of § 28. 

Theorem III. If f(x, y) is continuous at all points of a 
closed region A there is a positive number h suxh that, e having 
the usual meaning, | f{x\ y') -f(x", y"') \ <e where {x\ y') and 
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{x", y") are any two points in the region A, such that \ x' ~x" \ <h 
and \ y' ~y'' \ < h. 

The proof is in two parts ; the notation /(P) to denote the 
value of f{x, y) will be freely used. 

(1) If is any given arbitrarily small positive number the 
region A can be divided into Sb finite number of smaller regions 
{sub-regions they may be called) such that if P' and P" are any 
two points in any sub-region \f{P') -f{P") \ will be less thanes. 

If such a division of the region .4 is impossible there will be, 
whatever division be made, at least one sub -region in which 
two points P' and P" can be found such that | /(P') - f{P") | ; 

let such a sub-region be called, for convenience, special. It has 
now to be proved that A contains no special sub-region. 

Let the area A be enclosed in a rectangle P, and, as in § 42, 
proceed to form a sequence (P„) of rectangles. Of the four 
rectangles constructed at the first step one at least must 
contain a special sub-region, because if none of them did 
neither would A ; select the rectangle (or one of the rectangles) 
that contains a special sub-region and call it Pj. Operate 
on Pi in the same way and select a rectangle P 2 that contains 
a special sub-region, and so on. A sequence P^, P 2 , ... of 
rectangles is thus obtained ; the sequence determines a point 
Pq of A such that every region within which Pq lies contains a 
special sub-region. This conclusion will now be shown to be 
inconsistent with the continuity of /(x, y). 

Since /(x, y) is continuous at {^, t]) there is a region, g say, 
within which Pq{^, i]) lies, such that if P' and P" are any two 
points in a 

|/(Po) -f{P') I < -k,, |/(P„) -/(P") I < -kl, 
and therefore |/(^') I <^ 1 * 

Now n may be taken so large (but finite) that the rectangle P„ 
will contain Pq (either within or on its boundary) and lie 
wholly inside the region a; therefore this rectangle 11^ (a 
region that includes Pq) contains no special sub-region, since 
P' and P" may be any two points in P^. 

Hence the hypothesis that the region A cannot be divided 
into a finite number of sub-regions of the kind stated is 
inadmissible. 
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( 2 ) Theorem III now follows at once. Take ei — ^e and let 
the area A be covered by two sets of straight lines parallel to 
the axes of x and y, the distance h between two consecutive 
parallels being the same for each set. By ( 1 ) it is possible to 
choose h so that if P' and P" are any two points in, or on the 
boundary of, a sub -region or square of side h we shall have 
|/(P')-/(P')|<i£. 

Now any two points P'{x', y') and P"{x", y") for which 
I x' -x" \ <h and \y' -y" \<h must either lie in one and the 
same square in which case | f(P') -f(P") | < <€ or else lie in 

adjacent squares. In this case if P is a point on the side 
common to the two squares (or if P is a common vertex of the 
two squares) 

|/(P') -/(P") I := |/(P') -/(P)+/(P) -/(PO I 

^ i/(^^') -f(P) I + 1/(^^) -nn I < ore. 

Of course at the boundary of the region A the sub-regions 
will as a rule not be complete squares, but this makes no 
difference in the proof. Theorem III is therefore proved. 

It thus follows that every function which is a continuous 
function of its variables, when these assume any values in a 
closed region, is a uniformly continuous function of its variables. 

Theorem IV. If f{x, y, z) is continuous at all points of a 
closed region it is hounded in that region. 

Theorem V. If f{x, y, z) is continuous, and therefore 
bounded, at all points of a closed region there is at least mie 
point (I, ?y, C) of the region for which /(f, ry, the upper 

bound of f{x, y, z), and at least one point (f', C') for which 

f{S\ rf, the lower bound off{x, y, z). 

The proofs of these two theorems may be left to the student 
as little more than verbal changes are needed to adapt the 
proofs for a function of a single variable. 

44. Function of Functions. If F{x^, ••• > ^n) is a con- 
tinuous function of the n variables in a region D 

and if the variables ajg, ... , are continuous functions of 
m variables y^, 2/2> ••• ? 2 /m i^^ ^ region D' the function 
••• 5 when expressed as a function (p{yi, 2/2» ••• > J/m)> 
is a continuous function of ?/i, y^, , y^m the region Z>'. 
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Suppose n-3, m — 2 and let the two sets of variables be 
denoted by x, y, z and 5 , t where 

t), z^h{s, t) ; F{x, y, z)^(p{8,t) ; 
also let x'=:f{s\ f), y' ^g($\ t'), z' :=:}i{s\ V). 

Given e as usual it is possible, since f{x, y, z) is continuous, 
to choose ^^(>0) so that 

1 /( 0 ;', y', z')-f{x, y, z) |<£, 

when \x' -~x\, \y' -y \ and \z' ~z\ are each less than y. 
Again since x, y, z are continuous functions of s and t it is 
possible to choose f(>0) so that 

I t') f')\ <y, I g(s\ V) - gis, t) \ <y, 

I h(s\ V) -h{s, t) \ <y 

when I s' -s | and | ^'-^ | are each less than C- Hence 
I (p{s\ t') - 99 ( 5 , 0 1 < « when [ .s' - 5 | and \ f - t\ are each less 
than C and therefore (p{s, t) is continuous in the region D' . 

An important case of this theorem is that in which x, y, z 
are functions of a single variable t, so tliat the equations 
2/— can be taken as giving a curve; the 
function F{x, y, z) or (p{i) is therefore continuous for all points 
on the curve so long as the curve is within the region of definition. 
When X, y, z are functions of two variables the point {x, y, z) 
is restricted to a surface. 

45. Partial Derivatives. Mean Value Theorem. In Chapter 
XI of the Elementary Treatise partial derivatives have been 
defined and various theorems proved ; it seems desirable, 
however, to re-state briefly the fundamental equations and to 
present a more systematic treatment of the theory of differen- 
tials. The student is recommended to revise carefully 
§§ 92, 93 of that chapter which deal with the rate of variation 
in a given direction (important for its applications in mathe- 
matical physics) and with the interchangeability of the order 
of differentiation, the proof of which is often found difficult. 

Suppose /(x, y^ z) and its partial derivatives /^, /y, to be 
continuous ; the increment <5/ corresponding to increments 
h, k, I in X, y, z respectively is given by the equation 

<5/=/(a;-fA, y + k,z + l) --fix, y, z), 
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and this may be stated in the form 

df-U{x + h, y + k,z + l) -f(x, y + k, z + Z)] 

+ [/■(*. y + k,z + l) -fix, y,z + 1 )] + [f(x, y,z + l) -f{x, y, z)]. 
By the mean value theorem for a function of one variable 
these differences may be expressed in the form 
hf^(x 4- y-\-k,z + Z), kfy{x, y + djc, z lf,{x, y,z-h 0^1) 


where ^3 all lie between 0 and 1. Hence 

df — hf x{x 4- O^h, y k, z -\-l) + kfy(x, y 4- 62^’ ^ -\-l) 

+ y, z-h6^l), ( 1 ) 

or, since these derivatives are continuous and therefore tend 
to /a;, fy, respectively when A, k, I all tend to zero 
df=h(f jc 4- (Oi) 4- k(fy 4-CO2) 4- l(fg 4- (Oq) 

x~^^f V ^ 3 ) (2 ) 


where 0)3, (03 tend to zero when A, k, I all tend to zero. 

Suppose now that x, y and z are functions of other variables, 
say functions of the two independent variables 5 and t, and 
that these functions and their partial derivatives with respect 
to s and t are continuous ; the function f(x, y, z) is now a 
function of functions and its derivatives dffds and dfjdt may 
be obtained at once by applying ( 2 ). 

Let s alone vary and let the increments h or dx, k or dy^ 
I or dz and df correspond to the increment ds of 5 ; if each 
member of ( 2 ) is divided by ds and the limit taken for 
the last three terms in (2) will tend to zero because co^, Wg, ^3 
tend to zero while their coefficients are finite. We thus find 
dfjds and by a similar process dfjdty their expressions being as 
follows; df_df^ dfdy djdz 

ds ^dxds^ dy ds ^ dzds’ 

df dfdx dfdy dfdz ' ' 

dt~ dxdt'^dydJ'^ dzdf 

The method is obviously the same whatever be the number 
of variables in ( 2 ) or in ( 3 ) ; M x,y and z were functions of one 
variable only, say functions of if, the notation dxjdt^ ... instead 
of dxjdt ... would be used. 

The equation (1) can be expressed so that instead of three 
fractions 6^, 62, 0^ there shall be only one, and this alternative 
form is often useful ; it has in fact been already given in § 157 , 
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p. 409, of the Elementary Treatise for the case of two variables. 
Let F(t)=f{x + hty y + kty z + U); then by the mean value 
theorem for a function of t 

F(t) - F(0) ^tF\et) 0 < e < 1. 

It is proved in § 157 that 

y+kt, z+U), 

and if we now put 6t for t in this expression for F'(i) and make 
t equal to unity we find 

/(x-f A, y + k.z-jrl) -f(x, y, z)=hf^-\-kfy + If^, (4) 

where means the value of df{x, y, z)ldx when x + Oh, y + 6k 
and z 4 - 61 have been substituted in it for x, y and z respectively 
with similar meanings for This notation is not at all 

suggestive ; an alternative notation is f^{x ~\-6h, y 6k, z -h 61) 
which is suggestive but cumbrous. 

The equation (4) gives the Mean Value Theorem for functions 
of more than one variable. 


Note. The earlier examples in the Exercises at the end of 
the chapter should be worked at this stage. 

46. Differentials. The equation (2) of the last article has 
an important meaning in itself. For many purposes a valid 
approximation for the increment df is desirable, and such an 
approximation is deducible from (2) ; but the expression for 
the approximation has also very useful applications to the 
problem of differentiation and change of variables, so that it 
is very desirable that the student should have a thorough 
grasp of the meaning and working of the differential, as the 
expression for the above approximation is called. 

Let a principal infinitesimal (E.T. p. 195), q say, be chosen 
when dx, dy, 5z or h, k, I are infinitesimals ; for example, let 
Q + (Sy)^ + (&)2} or g = \ dx\-^ \ dy\ }-\ dz\ 

so that hlg, kjq and Ijg can not exceed unity (numerically). 
The part hco^ + ka )2 + of the increment of df is an infinitesimal 
of a higher order than q since its ratio to q is numerically less 
than the sum | Wi | + j | + 1 w, | 

which tends to zero when Ji, k, I tend to zero. The other part 
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of the increment df is called the differential of the function 
f{x, ^J, z) and is denoted by df{x, y, z) or df, so that 

df=S^^x+fydy+fJz ( 1 ) 

The differential df is a valid approximation for the increment df 
when each of the increments dx, dy, dz is small ” ; this 
approximation is of very frequent application. 

There is, however, another aspect in which the subject may 
be considered, namely, that in which the differential sums up 
a whole set of derivatives ; there is no question now of 
approximations but rather of useful rules of operation. 

If X, y, z are independent variables the part 

dz 

of the increment df is called the differential of f{x, y, z) and is 
denoted, as before, by df{x, y, z) or df simply. The termf^dx 
is a partial differential and may be denoted by (df)^, with 
similar meanings for {df)y and (df)^. The equation (1) is now 
considered simply as defining the differential when the variables 
x, y, z are independent. 

Sujipose now that x, y, z are not indej)endent but are 
functions, say, of two independent variables s,t\ the function 
f{x, y, z) is therefore a function, say F(s, t), of the independent 
variables .9, t. By definition 

df(x, y, z)=^dF{s, t) ^^F,ds +Ftdt (2) 


fr.dx-i fydy~\ f,dz, that is, + 


Now 


dx 


dy 




ds 


''ds^ 


.dx dy . dz 


while, since x, y, z are functions of the independent variables 
s, t, their differentials are given by the equations 


dx 




dy~,.,, dz ~ . 


Hence 


df=dF(s, + .)+/*(•••), 

SO that df —f.^, dx +fy dy f^ dz (3) 

The forms (1) and (3) for the differential df differ in nota- 
tion; in (3) the differentials dx, dy, dz take the place of the 
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increments dx, by, dz respectively. Now th(i increments arc 
arbitrary and no confusion can arise if they be expressed in the 
notation of differentials (see §35); in fact, if a function of a 
single variable f(x) be taken as a special case of a function 
f{x, y, z) of three variables we can take x itself as the function 
and then dx -^f^Sx -Sx. With this change of notation we now 

have the theorem df , df , df , 

+ 

whether the variables x, y, z are independent or not ; df is the. 
total differential of the function /(x, y, z). 


Note. If by any process the total differential df of a function 
of any number of inde])endent variables ts, t, u, ... has been 
expressed in the form 

df--^Fds-\-Qdt + Edu + (5) 


where the differentials ds, dt, du, ... of the independent 
variables alone appear and P,Q. R, ... do not contain the 
differentials, then 




9/ 

du’ ••• 


For, by definition, 

as at an 


r>') 


and the expressions (5) and (5') for df must be identical ; since 
the variables are independent we may suj)pos(,‘ oveuy increment 
except one, say ds, to be zero, and then we find P^dfjds. 
Similar reasoning leads to the stated values of Q, R, .... We 
thus see that an equation such as (4) or (5) sums up a whole set 
of partial derivatives. 


Ex. 1. If u- -(x^ + y^) and -sin ^ {v^) (ind dz. 

1 1 -i ... 1 


r du 


du — 
and therefore 


dz 1 • i ^ du ~ 

(J ^ 2'^ y{x^ 

(x^ +?/®) d{x^ -y^) ~ (x"^ -y^) d(x^ -\~y^) __4xy{ydx -xdy) 


_ ^^x(y dx - X dy) 

{x^-^y^)(x^ -y^)^ 

The coefficients of dx and dy are dzjdx and dzjdy respectively, and may 
therefore be written down at once. 
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Ex. 2. If z is given as a function of two independent variables ;t' and 
y, change the variables so that x becomes the function and and y the 
independent variables, and express dxjdz and dxjdy in terms of the 
derivatives of z with respect to x and y. 

When X and y are independent variables and z the dependent, a usual 
notation (which will be often employed) is 

dx~^^ dy~^* dx^~^* dxdy~^* dy^ 

First, express dz in terms of dx and dy ; we have 

dz^^^dx -h^dy=pdx+qdy (i) 

Next, when z and y are independent and x the function, we have 

j dx j dx , , . . . 

dx dz + . dy (n) 

cz cy 

Again, by solving (i) for dx we find 

dx dz - -dy (iii) 

V V 

Equations (ii) and (iii) must be identical by the above Notpy and 

therefore Tr-=-» 

dz p dy p 

See example of § 47 (Second Method) for a different treatment. 


Ex. 3. If u and v are determined as functions of .r, y, z by the 
equations (p(x^ y, 2 , w, r) —0 and tp(Xy y, 2 , w, v) = 0 , find the derivatives 
of u and v with respect to Xy z. 

In the solution, to secure brevity, we use the notation of Jacobians 
(§ 55), namely, 


<Pw Tv 
V) Tv 


^TuTv-TvTu 


and so on. 


t) 

d(v, x) 


Tv* Tx 
Tv* Tx 


First Method. Differentiate 9 ^ =0 and y)~0 with respect to x, keeping 
y and z constant ; thus 

du dv ^ du d\* _ 

If these equations be solved for dufdx and dvidx we get 
du_^d((pj y}) ^ d(y), ip) dv_d{(p, ip) ^ d{(py ip) 
dx''~ d{v,x) ' d(ti,v)* dx'^d{x,u) * d(u,v)’ 

In the same way the other derivatives may be found. 

Second Method. Use differentials. The total differentials d(p and dip 
are zero ; therefore 

(pg^dx -h(pydy + (pzdz ^(p^du-h <py dv = 0 , 
ipgc dx 4- ipy dy +^ 3 ^ 2 + ipy du + ipy dv = 0. 
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Solvo tliese equations for du and di’ ; ^\ o get 

du = dx + f ) d.. 


0(w, t’) 
d{u, i)) 


d(v, x) 


d(v,y) 


d(vy z) 


But 


du 
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= ?( dx + du + ’’’ ri d. 
d(x, u) ^(y,u) d(z,u) “■ 

du j du , du . , dv . 

dy ^ dz dx 


The equating of coefficients of dx, dy, dz gives 

du_d((p, tp) ^ ^{(p, xp) 
dx d(v,x) * d{u,v)* 

anci the other derivatives may similarly be written down at once. 


^ 47. Higher Differentials. For brevity suppose that / is a 
function of two variables x and y. The second differential of 
f{x, y) is the differential of df{x^ y), that is, d[df{x, y)] which 
is denoted by d‘^f{x, y) or simply Hence 

^ ^ d (fjx +fydy) - dx df^ -hfjidx) + dy dfy (dy ) , 

d^f - dx d/,. f dy dfy +fj^x ->rfyd^y ( 1 ) 

dfx ■-= I” + ^/y dy =f^/lx +f^„dy, 

dfv = dx + dy =f^^dx +fy^dy, 

dx df^ + dy df^ --=f„(dxf + 2f.^^dx dy +fyy(dyf 
^fxxdx^ + ^fxydx dy -i-f^^dy^, 

and therefore 

dV' + 2f^^dx dy +f,ydy^ +fyd^y (2) 

The question now arises “how is the distinction made between 
the case of x, y as independent variables and that of x, y as 
functions of other variables ” ? The answer that is found to 
be most convenient is that, when x and y are independent 
1 variables their differentials dx and dy are taken to be constant 
so that d^x and are zero. Hence when x and y are 
independent 

d^f{x, y) =dY=^f^^dx^-^2f^ydxdy-{-fyydy^, (3) 

while if X and y are not independent d^f(x, y) is given by (2), 

In the same way the third differential d{d^f) or d^f and higher 
differentials are defined ; when x and y are independent 


or 

Now 

and 
so that 
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d^x, dhi, ... and d^y, d}y, ... are aJl zero. Thus one part of f/*J/’is 
formed from the first term in the expression (3) for d-f and gives 

or Lxxd3:^+fxxydx^dy (4) 

and for the value of d^f when x and y arc hidependent we find 

dj=fxxxdx^ +^fxxydxHy +3f^yydxdy^ +/*«„%* (5) 

If X and y are not independent we must in finding dY take 
equation (2) and include the terms that arise from dx and dy 
which arc no longer constant. Thus to find d[f^^dx^] we must 
add to the expression (4) the term f^jcd{dx^) or 2f^^dx d^x since 
d{dx^) is 2dx d^x. 

The notation of differentials gives a compact form for 
Taylor’s expansion of f(x+h^y-\-k) when h-~-dx, k -^dy and 
A, k are constant ; the form is simply 

f{x + h,y-^]c)=f+d^+^+'^+ (6) 

and the series on the right is of the same form whatever be the 
number of independent variables x, y, 2 r, ... , it being noted that 

df{x, yyZ, ...) f^dx +fydy -j-f^dz + . . • . 

(See E,T. p. 508.) 

It must be specially noted, however, that when .r, y, z, ... 
are not independent the expressions for dy, ... have no 
longer the simple forms given by (3) or (5) but involve the 
higher differentials of dx, dy, dz, .... 


Ex. Tako Example 2, § 4G, and express the second derivatives of x 
with respect to z and y in terms of p, q, r, s, t. 

First Method. We have (i) 


■dz p’ dy' p 

From the first of these equations we find by taking the differentials 

or, dz - ^ 


d^x j d^x , dp 

dz^ dzdy ^ p® 


Now dp = ™ dx + dy —r dx + s dy, 

since p is given as a function of x and y. In this expression for dp put 
the value of dx in terms of dz and dy, namely {dz -qdy)lp, and the 
equation (ii) takes the form 


d^x , d^x , 
02 ® ^^dzdy 


p3 
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In lliis equation we liavo only the dilltTentialK of independent 
variables, and can therefore equate the coefficients of dz and dy respec- 
tively ; hence 

d^x _ r d^x _rq -sp 
dz^ " dzdy~ 


In the same way the second of equations (i) gives 
dzdy dif ~ - • 


dx + ^ dy ~ s dx -{ f dy, 
ox cy ' ^ 


and substituting as before for dx in dq and dp wo find 

d^x , d^x , rq - sp , 2pqs - tp^ - rq^ , 

^ 0P''2/=-V» " 


and therefore ^ ^ = — — y 

cy^ jr 

the value of d^x/dzdy being the same as before. 

d^x d^x f d'^x 

\dzdyj ~ p* 

Second Method, Suppose z =/(a% y) ; then 

dz . dz . 

If tile equation z --/(x, y) is solved for x in terms of z and y, giving 
X = (p{Zf y) say, then the partial derivatives with respect to z and y of 
any function y}(x, y) are given by 


\_0V’ 

dx 


J~d.c 

dz^ 

\Bij) 


Here »i^d are the total derivatives of fp with respect to z and y. 

The function y)(x, y) contains z, since x is now a function of z and y, 
and contains y explicitly as well as througli x, thus bringing in the 
additional term dyjfdy. The two values (dyd^y) and dy^/dy are quite 
different. 

Now differentiate the equation z —f(x, y) with respect to and y 
respectively ; we find 

dz /df{x,y)\ .... f dx , dx 1 I 

¥z={—Sz)’ so that : 

. . d^x ~l/dp\ -1 dp dx -r 

^ \^z)'~ p^ dx dz ~ p® ' 
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since f) is a fimcticji of j' and y. 


since 


d'^x _ " 1 f^p \ _ ' 1 r^p ~^p 

dzdy~~ j'P \dy)~' p- \_dx dy'^ dyj 

dif~~ ’ 

(^i\=,h ^*4..^^:- ... 1 

\dy) dx dy dy p 


The student shoiil<l note carefully the two different meanings of tlio 
symbol When x is indej)€>ndent of y there is no ambiguity, 

the derivative being as usual : but if .r contains y the derivatives is a 
total derivative (see E.T. p. 212 and p. 219). 

If the relation between .r, y and 2 : is given l)y an equation of the form 
P\Xy y, z) wo have, when z is considered as a function of x and vy, 


o 


y-’ ./r. 


and similarly q - FylF^- 

When F - () is taken as defining x as a function of z and y we find 


f^'z I 

/ y -f P rj. 


dz 

dx 

du 


- 0 , 


dx 




t'y- .. y 

^■x 'P' 


The rest of the work is as )>eforc. 


48, Change of Variables. If y is given as a function of and 
if the variables are changeMl by the substitutions ,r - e), 

y-^y){Uy v) so that v becomes a function of u, the problem of 
expressing the derivatives of y with respect to x in terms of 
u, V and the derivatives of v with respect to u has been briefly 
discussed {E.T, p. 234) for the sim])le but important case 
.T — V cos it, y r sin ?/-, The method is quite general and the 
studemt should have little difficulty in applying it to a given 
case. Thus 


dy 

dx 

dhj 

dx^ 


du 


dx 

( dv \ 

/ dv\ 

du 


4- 


\du dx) ' du' 


and the derivatives 



dx 

du 


are easily found. 


The problem of change of variables for functions of several 
variables is distinctly harder. A special but very important 
case has been worked out fully {E,T. pp. 237-240), and the 
principles that underlie the solution in that case will now be 



CHANGE OF VARIABLES 




lib 


illustrated in some detail, particularly for a function of two 
indejiendent variables. 

Problem la. If z is a funcMoyi f(x, y) of the imle/pendeni 
variables x, y and if x, y are changed to new independent variables 
u, V by the substitutions x — (p{u, v), y=y)(u, v) it is required to 
express the derivatives of z with respect to x, y in teryns of u, v arid 
the derivatives of z with respect jo u, v. 

The student must pay particular attention to the meaning of 
the symbols. Thus dz/dx means the partial derivative of z 
with respect to x when y is constant, while dzjdu is the partial 
derivative of with respect to u when v is constant, 2 : being now 
expressed in terms of u^ v. 

By § 45, (3), we find 

dz _ dz du dz dv dz __dz du dz dv 

dx du dx'^ dv dx' dy~ dudy^ dv dy ^ 

To obtain du/dx^ , dv/dy, differentiate the equations 
x~-::^(p(u, v) and y—y){u,v) with respect to x and y respec- 
tively ; thus, differentiating with respect to x, we get 
_ dw du do) dv ^ du dv 

^ ~ du dx dv dx ’ ^ dx dx ’ 


.. d w du dw dv 

0 — - 4 — - - or 

du dx^ dv dx^ ’ 


du 


dv 




and these equations give 

du __ y)^, dv __ yju 
dx J ' dx J 


(2a) 


.( 26 ) 


while, by differentiating with respect to y, we find 
du _ dv 

dy~ J ’ ~ J 

where J is the Jacobian (see §46, Ex. 3 or § 55) 

J - Wv S{u,v)~d (u] v) • 

The equations (1) now give the required values of dzjdx and 
dzjdy, namely, 

dz _ y)^ dz y)u dz dz __ dz dz 
dx J du J dv^ dy J du^ J dv' " 


(3) 


We may also proceed as follows. By § 45, (3) we have 
dz __dz dx^dz dy dz __dz dx^dz dy 

du~~ dx du^ dy du* dv~~ dx dv'^ dy dv* ^ 

and if these equations be solved for dz/dx and dz/dy in terms of dz/du 
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and dzjdv we find tlie values given })y cjquatioiis (3), it being observed 
that dxidu, , dy/dv mean the same thing as <pu^ ... <,Wv respectively. 


Equations (3) are of the form 

__ A 

dx" du^ dv' dy 


:Cf 

ou dv 


•( 4 ) 


where Ay B, C, Dy dzjdUy dzjdv are all functions of u, v and do 
not contain Xy y explicitly. We may therefore say that dzjdx 
and dzjdy are functions, F{Uy v) and 0(Uy v) say, of the new 
variables u, v. Hence, to find BHjdx^ we put F(n, v) in place 
of z in the first of equations (3) or (4) ; thus 

d^z d fdz\ d , , 9 ^^ ^dF 

dx^ ~'dx\dx) ^dx • du ''^d'v 

the function dzjdx of x and y being F[Uy v) when expressed in 
terms of u and v. In the same way we see that 


or 


d^z 

dy^ 

dh 

dxdy 

dh 

dxdy~ 


d /dz 
dyVdy 
d /dz 
dx\dy 

dy\dx) 


dy 

d 


. 0(u, v) ■■ 


du ' dv 


dO 




^ -B 


d' 

dy 


. F(u, V) 


dO 
dv' ' 
dF 


.(5a) 


+D 
du dv 


When the derivatives are expressed as in (4) we may say that 
the operators djdx and djdy, applied to any function w of x 
and yy are equivalent to the operators 


i ^ I? ^ 

du'^^dv 


and 


C ^ 4- D ^ 
dv dv' 


respectively, acting on where is the value of w expressed 
in terms of u and v. 

The value of dhjdx^ is thus seen to be 


d^ 

dx^ 


. / . 9^2: n 

\ du^ du dv du du du dv) 

n( A dBdz\ 

\ dudv'^ ' dv^ ^ dv du^ dv dv) 


du^ ^ dudv 


dv^^ 


[a 


du dv ) du 


( , dB dB\ dz 
'^\^du'^^dv)'dv’ 

and the values of dhjdy^ and dhfdx dy may be found in the same 
way. 
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The higher derivatives may be obtained by exactly the same 
method ; fortunately they are not often required. The 
algebra of the transformation is tedious but the method seems 
simple. 

Ex, 1. Ji X ~r cos 0, y ~r sin 6 show that 

dH a ‘ a t'.os® 0 - sin® 0 d'h cos 0 sin 0 dH 

Sx<H, ^ ® 0r=+ r'"- e,- 00 “ W 

_ COS 0 sin 6 dz c*os® 0 - sin® 0 dz 
r dr r® dd' 

See E.T. p. 236, equations (3) and (4). 

Problem I b. If the relatio7i between the old and the new vari- 
ables is given by tKe equations u~(p(x, y), v=y)(x, y), express the 
old derivatives in terms of the new. 

It is of course understood that the equations determine x 
and y as functions of u and v, or that they can be solved for x 
and y in terms of n and v. In this case the form of the solution 
is simple ; we have 

dz dz dz dz dz dz 

dx du dv dy ~ du ^ dv 

where the derivatives (p^, py, ipy must now be expressed in 
terms olus^ndv. The higher derivatives are then found as before. 

Problem I c. If the relation between the old and the new vari- 
ables is given by the equations q)(x, y, u, ?;)=0, \p{x^ y, u, v)==0, 
express the old derivatives in terms of the new. 

Assuming that the given equations define each pair of the 
variables in terms of the other pair we proceed as follows. 
The functions to be determined are the functions A, jS, O', D 
of equations (4). It may be possible in a given case to find 
the expressions for u, v in terms of x, y or for x, y in terms of 
u, and when these are found we can apply one of the two 
methods already given. If the expressions just mentioned 
cannot be found conveniently we calculate dujdx , , dv/dy as 
in § 46, Ex. 3 ; these values are 

dti __d{(p, y)) ^ d{(p, yj) dv _^d(ypy y)) d{(py yj) 
dx~~d(v, x) ' d(u, v)' dx'^d(x, u) ' d(u, v)' 


du _d{cp, y)) d{(p, xp) dv d{(p, yj) , d(( py yj) 
dy '~d(v, y) ' d(u, vf dy~~ d{y, u) ‘ dju, v)' 


( 6 ) 
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When these values of the derivatives of u and v are inserted 
in the equations (3) we have the formal expressions for dzjdx 
and dzjdy ; if in these expressions the values of x and y in terms 
of u and v are substituted we shall have equations (4) and can 
then find the higher derivatives as before. Even when x, y 
cannot be conveniently expressed in terms of u, v the values 
of dujdx , , dvjdy given by equations (6) are often useful, and 
the student should note carefully the method by which they 
are obtained. 


Ex. 2, Apply equations (6) to show that 

(i) V) . 9(1^, v) ^ d((p, tp ) ^ d(x, y) ^ 0(w,y) ^ , 

d(u, v) d{x, y) d(x^ y) ^ ' d{u, v) d(Xf y) 


Problem II. If z is a function F{x, y) of the independent 
variables x, y, and if all the variables are changed by the sub- 
stitution 

x:=:f{u, V, w), y=--g(u, v, w), z=.h{u, v, w), (7) 


it is required to express dzjdx and dzjdy in terms of Uy v and the 
derivatives divjdu and dwjdv of the new function iv with respect 
to the new indepejudent variables u, v. 

It is supposed that equations (7) determine u, iv as 
functions of x,y,z. The equation z~ F{Xyy) becomes an 
equation between Uy v, w which defines a function w of Uy v. 
Hence may be considered as a function of x, y where x, y are 
functions of a, v, Wy and w a function of u, v ; we may therefore 
find (dzjdu) and (dzjdv) in terms of dzjdx and dzjdy by the rule 
for ‘‘ function of a function.” The forms in brackets are meant 
to indicate that 2 is a function of u, v and another variable w 
which is also a function of Uy v. 

Thus when z~h(Uy Vy w) 


/ ^ 2 : \ dz dw -y y dw 

^ du) du^dwdu “ ^ du 


( 8 ) 


and there are analogous expressions for {dxjdu ), , (dyjdv). 


Now 


/dz\_^dz /dx\ dz f^y\ 

\ du) dx \du) dy V du) ' 


since z — F(Xy y) and x, y are functions of u, v, w. If we 
now insert the values of {dzjdu), {dxjdu) and (dyjdu) as given 
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by (8) and apply the same method to (dzjdv) we find the 
equations 





(9) 


Equations (9) when solved for dzjdx and dzjdy determine 
these derivatives in terms of dwjdu and dw/dv. As a rule, the 
coefficients in the expressions will involve all the variables, 
but as X, y, 2 , w arc all fuiuitions of u, v\ the solution is theoreti- 
call}^ complete though in practice the actual determination of 
the explicit forms in terms of a, v may be very laborious. The 
values given by (9) are, however, of great importance in many 
applications. 

Equations (9) may be found by using differentials, thus : 


dz 


dz 

dx 



dy 


j) dx "f q dy. 


Now express dx, dy, dz in terms of du, dv ; then 




Equating coefficients of dn and dr we find, using (8), th(‘ 
values given by (9). 


49. Special Cases, In problems involving change of variables 
it is frequently required to transform a particular expression 
involving a combination of derivatives, and the general methods 
given above can often be modified so as to reduce the algebraic 
work. The following example illustrates an ini})ortant case. 


Kx. 1. Transform the expression 
v), ij v) and show that 


dx^ dif" 


by 


the substitution 


dy- 'J\du^ dv^J* 


.. (A), where J - 



dx dy dx dy 
07/ ~ dv du' 


In this case it is much simpler to transform from derivative's in n, r to 
derivatives in x, y. No doubt, by this method tlie transformation is 
rather verified tlian ]iroved, but the method of verification is important ; 
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a straightforward application of the general method would bo tedious. 
We have, using the subscript notation to save space, 

/»=Ag+/v|| (ii) 

In finding/uM 1'^^® factors dxjdu and dyj du are obtained by different/iating 
with rospe< 3 t to u ; the values of dfjdu and dfyldu are foimd by 
substituting/^ and/j, respectively in place of / in (ii). 

f f ^fx ^fv 

hus 4 +/^ ; 

but, by (ii), 

f ^ f ?£',/■ 

?«. ■ &u du’ du ■ -'*» du du’ 

, f d^x , d‘y /dx\^. dxdy „ /dyV, 

SO that /uu - /a; g^2 +./* a«a+ \du)^** 

111 the same way we find 

=/. s- (S’/.. S g/-. - (1)4. 

Tlie expression /ittt +/.y.y involves some symmetrical combinations of 
the derivatives of x and y which in virtue of conditions (i) reduce the 
whole to a simple form. We have 

/ V 4. - (^yy 4 . V (^\ 

d(Uf v) du dv dvdu '\du/ \dvj [duj ‘^[dv/ ' 

d^x^ d dy _ d dy_^ d^x d'^x d^x 

du^ du dv dv du dv^* d’u'^'^ dv^ 

d^y d^y 

and in tlie same way d^^dv^ 


Also 


dx dy dx dy _ dx dx dx dx 
dndu'^ dv 'dv^ diidv’^dvdu 


(viii) 


If we now add corresponding sides of (hi) and (iv) and take account 
of (v) ... (viii) we find 

/mm ■i '/ vv ~^ifxx ■f'/yv)* 

Hence, if / satisfies the equation /g.^. -f fyy — 0 it also satisfies the 
equation +fvv~^ since J / 0. 

If X and y are interpreted as rectangular coordinates the equations 
x — (p(u,v), y -y){u, v) determine, by assigning constant values to u 
and letting v vary, a family of curves (w = constant), while if v is con- 
stant and w variable the equations determine another family of curves 
{v = constant). The equation (vhi) shows that the two families are 
orthogonal— rthat is, at each point where the two sets of curves intersect 
the tangent to the one curve is perpendicular to the tangent to the 
other. Whenever the curves are orthogonal the equation fxx'^ffv—^ 
becomes /^„ +/^^ =0, that is, does not alter its form. 
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It is not hard to prove that, when the equations (i) are satisfied, the 
equations (i), (vi), (vii) and (viii) will be satisfied if x and u are inter- 
changed and also y and v -that is, if x ay\d y become the independent 
variables and u and v functions of x and y ; the Jacobian J will become 
1 /J, (See § 48, Problem I. a). The proof of the relation (A. ) by applying 
the general method may then be carried out, as above. 

The student may, as an exorcise, work out the transformation when 
X — cosli u cos V, y — sinh u sin v ; the two families of curves are confocal 
ellipses and hyperbolas. 


Ex. 2. z is a function /(;i\ y) of the independent variables x, y, and 
if the variables are changed to the independent variables u, v and the 
fund ion tv where 

dz dz 

'' (i) 


find the first and second derivatives of w with respect to w, v. 
Apply the method of differentials. We have 


since 
so that 

But 


dw -~p dx k- X dp +qdy +y dq - dz - x dp -f y dq 

dz—pdx-\-q dy, 

dw ^xdp-\-ydq^xdu-\- y dv. 

j dw j dw , ^ dw dtv 

dw — ^ d u + — dv, so that 5 — ~~x, _ = y. 

du dv du dv 


If dtv/du E and dwj'dv =^Q we therefore have 


X ~ 


dw_ 
du ~ * 



z —Pu +Qv -w. 


(ii) 


Let R^dhvjdu^, jS -- d^wldu dv, T = d^wldv^, the symbols r, 3 , t 
denoting the corresponding derivatives of z as to a;, y (§ 46, Ex. 2). 

Take the differential of P ; thus 

dP = dw + ~ = i? dw + S dv. 

du dv 

Now, expressing these differentials in terms of dx and dy we get 
dP =dx, du —dp —rdx +8 dy, dv —dq^^sdx+t dy, 
so that dx — R(rdx +8 dy) ->rS(sdx+t dy), 

and therefore, e(j[uating coefheients of dx and dy, 

Rr + Ss = 1 , Rs + Rt — 0. 

Hence R—tKrt-s^), S — -sl(rt -s^), 

and, by a similar method, T =rl{rt ~s^). 

It is easily shown that RT ~S^ = ll(rt -s^) and therefore 

r:=^TI(RT ~S^), 5 = ~Sf{RT~S% t^RI{RT~S^). 

The transformation fails if rt 0 . 

The transformation is known as Legendre’s (see Forsyth, Diff. Eqns„ 
4th Ed., §§ 202, 203). 
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The following example illustrates a change of variables that 
sometimes causes difficulty through failure to notice the precise 
meaning of the symbols. 

Ex, 3. If 2 is a function (p{x, y, t) of three independent variables 
Xy y, ty and if two of the variables x, y are changed to two other indo- 
poiident variables Uy v by the substitution X'-f{Uy t)y y- g{tiy v, /), 
find dzjdt when z is expressed in terms of u, v, i. 

If (p{Xy yy t) becomes tp(Uy Vy t) when the substitution has been made, 
it is plain that, while z—<p—y)y the variable t occurs in y}{Uy Vy t) in (piite 
a different way from that in which it appears in (p{Xy y, t) ; hence 
though (p—yf it is not possible (in general) to have dq)/dt — dipldt. 

The simplest way of treating this and similar cases is to change all 
the variables ; the substitution Avill then be, if t - 




•( 2 ) 


x-/iu. v, «), y g(u, v, s), t ^ is (1) 

Now denote z by (p or by \p according as the differentiation refers to the 
old variables ;r, y, t or to the now Uy .s ; by the usual rule we now have 
dtp _ d<p dx dtp dy dtp dt 
ds ^ dxds'^ dy ds "** ~di ds' 

From (1) we get dxlds—f^y dyida-^g^, dtjds — X and therefore 

^p 

dt 

We might by finding dyyjdUy dyyjd'v complete the transformation in the 
usual way, but the difficulty to be noticed is that dzjdty when z is 
expressed in terms of Uy Vy ty is equal to the expression on the right of 
equatio7i (2) after i has been substituted hi it for s. Thus if x~f(Uy v, t), 
y=g(u, Vy t) the required value of dz(dt is 

^^^f dtp dtj dtp ^ 

dx dt dy dt ^ dt * 

and the expression is often, indeed usually, written as 

dz df dz dg dz 
dx dt dy dt^ dt' 

on the understandhig that z is tp(Xy y, t). 

If the required value of dzjdt be denoted by {dzjdt) we have 


\dt)'" 


dz dz df dz dg 
dt ^ dx dt^ dy dt ‘ 


In this simple case if the new value of dzjdt alone is required we may 
at once apply the rule for differentiating a function pf a function ; we 
thus find rdz\ dor. dr. d'lj dr. dr. df dr. dn dz 


S)= 


dz dx dz dy dz __dz ^ ^ zjl 
dx dt ^ dy dt"^ dt ~~ dx dt^ dy dt^ dt' 


50. Elimination of Functions. By the elimination of con- 
stants it is possible to form Ordinary Differential Equations 
{E,T. Chap. XX) ; we shall show by means of examples that 
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Partial Differential Equations may be derived by the elimina- 
tion of functions. The general theory is quite beyond our 
limits, and for it reference must be made to works on Differential 
Equations. The notation p, q, r, s, t for the partial derivatives 
of 2: with respect to x, y will often be used in the text and in the 
Exercises (§ 40, Ex. 2). 


Ex, 1. 


The equation 



where / denotes any function 


(an arbitrary function), represents a cone which has the i)oint (a, 6, c) as 
vertex and whose generators are the lines given by (.r -a)l{z -c) —f(t)y 
{y -c)=t. Show that the differential equation of the cone is 


z ~c~{x -a)p +( 2 / “ h)q. 


Differentiate the given equation with respect to x and y respectively ; 
thus, if df(t)ldt~f(t)y 


(z~c)-(x- a)'p = - (2/ - h)pf'{t) 

- (x - a)q = {(2 -c)-(y- b)q}f'(t). 


Eliminate f'{t) between these equations and we find, after a slight 
reduction, the equation stated. 

It will be noticed that the differential equation is independent of the 
jjarticular function denoted by the symbol / ; the function may be a 
polynomial or any other function so long as it is differentiable. 


Ex, 2. If z—J(x-\-ay) where a is constant and / is an arbitrary 
function show that q=ap. 

Let X -i ay -~t ; then p —f'(t) and q =^af'{t) so that q —ap. 

In this case we may prove the converse, namely : iiq~ap show that z 
is an arbitrary fmictioii of x-\~ay, (Change the variables by the sub- 
stitution u~x +ay, V ~x - ay 80 that u ami v art itideptrideiit. 


We find 






dz 


dz 


du ^dv* 


so that q—ap becomes 2a ^=0. Hence z is independent of v and is 
therefore any function of a or x -\^ay. 

Ex, 3. If z —x(p(^^ 

x^r -h 2xy s +yH~0y (i) 

and by changing the variables from x, y to u, v where x —u, y ==uv, prove 
that equation (i) becomes d^zjdu^ =0. 

Let ylx=v and denote by an accent derivatives with respect to v; 
then differentiating with respect to x, y w© find 

p=<p{v) -^<p'(v) - 




(ii) 


so that 
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Again, differentiate (ii) with respect to x, y ; thus 

SO that, by elimination of (p'(v), 

x^r + 2xyt^ tyH=0 (i) 

Next we have u =. t , v —y/x and therefore 



__dz 

dz 


1 

dz 






du 

u dv' 

q - 

u 

dv* 






_dp 

V dp 



V d^z 


d^z 

2v 

dz 

r 

~ du 

u dr> 

~~ dti'^ 


u du dv 

dv^^ u^ 

dv' 

8 

=^= 


V dq 

1 

d^-z V 

dH 

1 

dz 



dx 

‘ dn 1 

u dv~ 

u 

du dv 

aV 


dv* 



0 ^ 

dy ~u dv~ dv^ * 


Hence equation (i) becomes integral of 

whicli is z — A u + B where A , B are constants with respect to u but rnay be 
any functions of v; that is z ~-uq?{v) -hipiv). Thus equation (i) has 
z =x(p(yfx) +y>(y/x) as an integral where (p and tp are arbitrary functions. 

Ex. 4. Show that each of the functions defined by the equations 

z =ax~\-by +ab, (i) and s -2s/{xy) + 1, (ii) 

where a and b are any constants, are integrals of the differential equation 

Zzzzxp +yq +pq (hi) 

From (i), p—a, q —6, and elimination of a and b gives (hi). 

From (ii), p=sj(ylx), q—s/(^ly) and therefore 

xp j^yq +pq^sj{xy)+^(xy) 1- 1 =z, by (ii). 

The integral given by (ii) cannot bo obtained by assigning particular 
values to the constants a and 6. (Compare E.T. pr432. Ex. 2.) 

Note. When it is said that a function' is an integral of a 
partial differential equation all that is here meant is that the 
differential equation may be obtained from the integral by the 
elimination of functions, as infEx. 3, or of constants, as in 
Ex. 4, (i), or else that, as in Ex. 4, (ii), the differential equation 
is satisfied by the derivatives of the function, in combination 
with the expression for the function in terms of the independent 
variables. Whether, in any given case, more integrals than 
one exist and, if so, what is the character of the integrals is a 
subject discussed in works on Differential Equations, e.g. 
Forsyth's Differential Equations, Chapters IX and X. 
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EXERCISES V" 


I . If 20X2 + 2hyz + 02 * - k, ax ^hy +cz ~ R, prove that 


2. If 2 ^ + 3 (ax -\-hy)z -c®, prove that 


2xv 4- W 
0x2 ^dxdy^'^ dy- (ax \ by +z^)^' 

3. If ox* + 62 /* + Vi xyz ~k, show that 

02^ 

(hxy +C22)3 ^^^^^~hk{hxy cz^} -2{abc -\-h^)x^y^z. 

4. If u — log[{x + (x2 y^)^)l{x ~ (x2 - J, then 

du ~2{y dx ~ xdy)jy{x^ “2/^)^- 

6. If ?6=cos~^[(l -xvy)/(l +x2 -\-y^ ^x^y^)^]t then 
d^i ~dxl( \ ~l x2) 4-c/2//(l + 2 / 2 ). 

6 . If xw* 4 - 2yv - 4x\y - 10 , yv^ - 2xu + y^ = 15, prove that 


0a 

4:yv - 2u - u^o 

dv 

42/ + ^2 

0X~" 

2x{uv-\-\) 

’ 0x' 

~2y(ui^ + 1 )' 

du 

2y -v ^xv "V^ 

di) 

4x - 2yu - 2r - 

dy~~ 

2x{iw + 1 ) '* 


2y(uv h 1 ) 


7. If 2 —a tan“^ (2/A^') sliow that 

(i) (l+^2)^„2p^6' + (l+p2)t^0; 

(ii) (rf-.v2)/(l +p2+g*)2= - a2/(x2 -I- 2 /^ fa2)2. 

If 2 =« cosh~^[(x2 + 2 /^)^/a] show that equation (i) holds but that in (ii) 
(x2 + 2/^)2 must be put in place of (x2 +y^ 

8. If 9 ^(x, 2/> 2 ) =- 0 and \p{x, y, z) =0 show that, when these equations 
determine y and 2 as functions of x, 

~ y ) ^ v^) /^ ( 

dx 0 ( 2 , x) / 0 ( 2 /, 2 ) ’ dx 0(x, ;^) / 0 ( 2 /, 2 ) 

9. If <^= 2 /®+ 2 ~ 2 , if is function of 

X, 2 /, 2 prove that 


0 a du 


K/IA/ K/fA/ ^ I u c 

■>' ,iT. + ?/ >,7, 


Du . du 


a / 2^^ 

=n^ 9i 


9>? ‘■9f 


9| ^ 9r; 


10. If x=Oil+6p/, y (a^b^i ajb^), and ii f(x, y) become 

i^(^, //) when expressed in terms of y f>rove that 


?/■ 

0X ^ 0y 


. 01^ dF 


where ^ 1 , rji are the values of y w'hen Xj, 2/1 are tiie values of x, y. 
Extend the result to n variables Xj, Xg, ... , x^ and > fn* 
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1 1. y) is a polynomial of degree n in x and y and if 

yit)^(p(x, 2/, t) 

prove that x(p^ + y(py + ttpf — ntp^ 

and that, if /(a:, y) —0, 

+<¥’<]( ”1=0* or »/*+«/■» + [9’(]<=i=0- 

Deduce that the equation of the tangent at (x, y) on the curve 
/(x, 2 /) —0 is, X, Y being current coordinates, 

Ji7.+ i7v + [9»«]i=i-0- 

Find also the corresj)onding form of the equation of tlie tangent 
plane at (x, t/, z) on the surface /(x, y, z) ~0. 

12. If /(x, 2/) - j 4 . .. + where Ur is a polynomial in 

X, y that is homogeneous and of degree r (u^— const.), show that tlie 
equation of the tangent at (x, y) on the curve /(x, y) - 0 is 

Xf^ -f Yfy -f + 2 w„„ 2 + . . . + (n - 1 ) Wj f nuQ 0. 

If Uj —ox -^hy, prove that the polar of the origin is 
aX -hbY + hUq — 0. 

Find the corresponding equation of the tangent j)lane at (x, y, z) on 
the surface /(x, y, s) — 0, where is now a homogeneous polynomial of 
degree r in x, y, z. 


13. Change the variables x, y, z in the equation 


du du 
0x ^ ^ dy 


4- 


du 

dz 


- nu 


to rjt ( where ^--xjz, T} -~ylZy(—z and show that the equation 
becomes ^dujd^^nu. Deduce that u is of the form t]), i.e. 

z‘^F{xlz, yjz), and is therefore homogeneous. 


14. If is a function of the differences y~ z,z ~x, x y of the 
independent variables x, y, z, prove that 

du/dx + dujdy + dufdz --0 (i) 

Deduce ))y a suitable change of variables a form of ©(luation (i) which 
shows that w is a function of the differences of x, y, z. 


15. li z —f[(ny -mz)j(nx -Iz)'] where / is an arbitrary function, prove 
that (nx - lz)p + (ny - mz)q =0. 


16. If z -ax~f{z - by)f show that 

bp +aq ~ab, 

and give a geometrical interj>retation. 

17. If i/=logr + 0 where tanB—ylx and z—r<p{u), the 

function (p being arbitrary, show that 

(x-hy)p -(x -~y)q=z. . 


18. If ti =^f{v) where u, v are functions of .x, y, z, prove that 
d{u,j)) dz d(u, v) dz __ d(u, v) 
d(y, z) dx'^dj^ x) dy~~F(x, y)^ 
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IV. 1 


11>. If It ^(p(x -\-at) f - at), tp, yf arbitrary, show tliat 


dhi „ d^u 

072 0 x 2 * 


(i) 


Prove also that if the variables x, t are changed to y, z, where 
y—x-\-at, z~x-at equation (i) becomes d^ujdydz-^ 0, and deduce that 
'H—-f{y)+F{z), if, F arbitrary). 


20. If z is defined by the equation y ~xq){z) +y(z), wliere tp and yj are 
arbitrary functions, show that 

(i) p +q(p(z) ^0 ; (ii) q^r - 2pqs -^ 'pH “0. 


21. In the differential equation r-2s+/=0 change the independent 
variables to u and v, where x — u, x* 4-t/ —v, and prove that the equation 
becomes d^zjdu^ =0. 

Dedu(H) that z —xqj{x +y) +yf{x +y) is an integral of the given 
equation. 

22. If 2 --/{x + (p{y)], where / and (p are ar))itrary functions, prove that 

ps -- qr, 

23. If 2 is defined by the ocjuations, (p arbitrary, 

prove that pq-'-z, 

24. If {z - (p{€L)}^ =x\y^ - a.^) and {2 - 99 (a)} — ocx^, show that 

pq^xy. 


25. If z —ax -\-hy '\'C where o, 5, c are functions of a variable A that 
satisfy the equation 

da dh dc 


prove that rt - .v2 -rO. Give a geometrical interpretation. 


26. If z is a function of x, y and x —u +r, y —uv, ])rove 


(i) 


, ,02 02 02 


{u - r) 


dz 

dy 


(ii) 


g(x, ?y) ^ j 

0(w, v) ^Jx, y) “ 


02 

0'?’ 


02 
0 u ' 


27. liu and r are functions of x, y defined by the equations 
_dF(x,u) _ dF{x,u) 

„ g— , y- Q- . 

where F is an arbitrary function, prove that 

_ 1 

y) 
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28 . if / and y aro two fuiu'tions of y suc^Ji that 

y) 

dx dy ’ dy dx ’ 

prove that if x =r cos y^r sin 0, 

0r~ r dd* r dd~ dr ’ 


29. Chang© the variables x and y in the equation 
y 2 r _ xH —xp ~ yq 

to u and v where \i — x^ -y^> ^ =2.r^, and show tiiat the new equation is 

; dZ 


( d d\ 

dv duj 


dv 


r^O. 


30. If a: =:r cos 0, y —r sin 0, prove that the equation 
^ Vax* diflJ ' ■' ' dxdy 


difJ '■ '''dxdy' 

- dhi du 

becomes r ^ - ^a- ^ -- 0, 

. drdO dd 

and show that w=r(^(0)4- v(r), where (p and t/> are arbitrary functions. 


31. If X, Y denote respectively the operators 


^ d d 




evaluate X^C-r^'* //''), Y^{x'^y'^). 

If p — dzjdxt q ^dzfdy, sliow that 

X{x^p +y-q) Y{xp -V yq +z). 
Prove that, if r is any positive integer, 

FX^-(A^- i^y. 

32. Prove that if in the equation 


d^z dz dz 

I + 2 .ry 2 -I- 2(y/ - y ^) + xh/z = 0, 


dx^ 


the variables x, y are changed to w, where x^uv, y — ljv^ the new 
equation is obtained by writing u for x and v for y — that is, z is the same 
function of tt, v as of y. 

33. If the variables Xy y in the equation 

(x® 4- ) (r + 0 ^xy s -f 2xp -f- ^yq =0 *" 

are changed to w, v, where 2ir =e** fe^, 2y =e“ -e®, show that the new 
equation is 

dH dH _ 


34, The coordinates of a point F with respect to two sets of rectangular 
axes with a common origin are (x, p, z) and {^y 77 , 0 , and the direction 
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(cosines of the second sot of axes with respect to the first are /j, /Hj, ; 
/o, mj, nj ; Z3, m3, respectively. If is a function of .r, y, z, prove that 
du du j du j du 

with similar expressions for duldy and dii.jdz so that the operators 
dJdXy Bfdy^ djdz and 9/0|, djdrfy djd^ are changed by the same formulae 
ns the variables x, ;?/, 2: and rjy (. 

Deduce : 

... NTv f duY 'ST' /du\^ .... 'V' d'^u ^ d^u 


(i) S 

Xy VyZ 


• "STA /du\^ .. d'^u V' 


35. If ~x^ +1/2 4.22, and if the function/(r, z) satisfies the equation 

dHi d^u d‘^u d^u ^ 

^ ~ ~~ ^ ^ ~ ^ 

deduce from Example 34 that the function/(r, lx -vmy -\-7iz) also satisfies 
the equation, provided ~\ ni^ +n2 1. 


r sin 

6 cos 9?, 


r sin 

6 sin (py z — 

r cos 

By prove that 

0r __ 

sin 0 cos 


dr _ 

= sin 0 sin 


0r_ 

= cos 0 ; 

0a; ~ 




dz ~ 

00 __ 

cos 0 cos 

<p 

00^ 

cos 0 sin 


dO 

sin 0 , 

dx 

r 

~ 9 

dy~ 

r 


dz ' 

— — 9 

r 

d(p 

sin (p 


d<p 

cos (p 


d(p 

= 0. 

dx ~~ 

r sin O' 


'€y' 

~ r sin 0 ' 


~dz 



Find also the derivatives of y, z with respect to r, d, (p. 

37. If u is a function of the independent variables Xy y, 2, prove, using 
:he values in Example 36, that 

du , „ du cos 6 cos qp du sin w du 

dx ^ dr r dO r sin 0 d(p 

du • n • cos d sin w du cos o? du 

dy ^ dr r dO r sm 0 09? 

du f. du sin 0 du 

dz dr r dO 


fdu\^ /duY /I duY ( 
^Vr 

38. Using the abbreviations Py Q, Ry where 


_j du\ 

r sin 6 dq>/ 


P ' 2 a ^ sin 20 dhi cos^ 0 0w sin 20 du 

— sm 0^2+ ^2 002“^ r drdO'^ r dr r® 00' 

d^u cot 0 d^u 1 0w 

^ ~ r 07*09)^ r* 0009? r2 sin* 0 090' 

P ^1 0*ti 1 du cot 0 0w 

r* sin* 0 09?* r 0r ^ r* dO* 


O.A.O. 
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prove that 


— P cos* xp-Q sin 2<p + R sin* 


-2 —P sin* (p -f-Q 8in 2(p~hP cos* 9?, 


=cos« 6 +sm^ 0 {r^W+-rIF. 


) -sin 20 (1. 


9*^ 1 du\ 

dr86'^i^a§J 


and deduce that V*w (E.T. p. 238) is equal to 


d^u 2 du 1 d^u cot 0 ^ 1 d^u 

0r* ^ r dr r* 30 ^ r* sin* 6 3(p* 


1 / . d^ru) d^ru) ^ . 
=^{»'“-^r^+-aV+cot0 


6(rw) 1 3*(rw)'| 

30 ^sin* 0 39 ?* J 


39. In Example 38 let ru —kh) and rq =k^ —ccyfist, ; if the variable r 
is changed to q show that the expression (ii) in Example 38 for Vhi 
becomes 

Tc*\^ 90® 90 ^sin® 0 9^)® /' 

Hence show that if F(x, z) satisfies the equation V*w =0 so does 

1 T-Jk^x k^y kH\ /i^ i • v 

7*-. 7?} (Kelvin.) 

[If I = ^ sin 0 cos 9?, 9j — q sin 0 sin 9?, f ^ cos 0 the equation V*m =0 
becomes V^v = 0 where in V^t’ the variables are ?/, 

x=k’‘i/g^ y=kh]lQ’‘, z=^kmQ\ p® = ® + 1;® + f® and ' 




In V we may now put x, y, Zj r in place of ry, f, ().] 

40. If ^—k^xjr^, rj=k^ylr^, ^—kH/r^, r* =a:* +2/^ +z*, /:*=con8t., and 
if H is a summation as to x, y, z, show that : 

(ii) S(4)®=2(,;J®=S(f^)®=i*/r*; 

(iii) 2f J.J, = - 2f/r®, = - 2j;/r®, =■ - 2f/r®. 

If/(^’, y, 2 )=«p(^, f) ; 

(iv) xf^+yfy+zff = +Wi)+f?’f)- 

41. If z = F(x,y) is the equation of a surface and if x=!f{u, v), 
y —g(u, v), z =h(u, v) (See Bell, Coord. Oeom. of Three Dimensions, § 185), 
prove that 

dz _ ^ Jj ^ Jg 


1 - ^(y» g) T _ 

* 9(m, t»)’ ® 


3(2, a?) 


3(a:, y) 


d(u, vy * 3(w, vy 


where 
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^ dr” 


42. (p(Xt 2 /» ^ ; pi <ii ^‘) function of two sets of indcpendont variables 
Xf y, z and p, q, r, three in each set, and (p is homogeneous and of the 

second degree in p, q, r. The variables p, q, r are changed to rjt f 

by the transformation 

^~dp’ ^~dq’ 

if q){x, t/, z ; p, q, r) becomes y}{x, y, z ; f) prove that 

^ drj* 

dq) dtp dq> dtp d(p dtp 

dx~ dx* ^y~ dy' dz'"' dz 

j^By Euler’s Theorem, may write 

p^ ’\-qr} = 29 ? - 9 ) +tp. 

Now take the complete differential of each side and apply (i) : the 
results follow at once. 


V 


(i) 


.(ii) 


If there are two sets of n independent variables, ... 9 and 

Pv Pi* ••• » Pn* <P('h* ••• » J Pi ••• > J>ri) homogeneous and of the 

second degree in ... , p^ the transformation 

_dxp _ dtp “I 

dif* dXf.~ 


gives 
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IMPLICIT FUNCTIONS. JACOBIANS 

51, Implicit Functions, Throughout our work it has been 
assumed that an equation f(x, i/)~0 determines y eb8 a function 
of X ; y may be determined for all real values of x, or only for a 
limited range of x, and the equation may define more than one 
value of y. For example, the equation 

lOx^^ - ^xy “ 1 rrr 0 

gives ^ -,3a; -f.^/(l -x^) and -x^), 

and thus defines two functions, each of whicli exists for the 

range 

It is seldom, however, that it is possible to obtain, as in this 
simple case, the expression of y as an explicit function of x, 
and appeal is made to the representation of the equation by 
a curve as sufficient evidence for the existence of a function 
y that can be treated as if it were explicitly defined as a 
function of x. Exercise in the tracing of curves from their 
equations is from this point of view of special value as it 
produces what may be called a practical certainty that, at 
least in a very large number of cases, the equation does define y 
as a single- valued, or as a many- valued, function of x. It is 
desirable, however, that the advanced student should investi- 
gate the question more closely, and we now consider Existence 
TAeorcm.s— that is, theorems that specify conditions which 
guarantee that an equation does define a function, even though 
the actual determination of an analytical expression for the 
function may demand new processes or may be, from a practical 
standpoint, too laborious. For many purposes, however, it is 
the fact that an equation does define a function, rather than 
an expression for the function thus defined, that is of real 
importance ; hence the value of Existence Theorems. 
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In the following discussion the conditions imposed on the 
functions are more drastic than is absolutely necessary but 
they allow sufficient scope for the demands of ordinary analysis ; 
for an excellent treatment of the whole subject, with less 
drastic conditions, the student is referred to Goursat’s Cours 
iV Analyse^ Vol. I, Chap. III. 

In regard to the general character of the discussion it mav' 
be helpful to the student to note that the existence of a function 
is only established, in the first place, for a small range of each 
of the variables. Thus if f{x, y, z) is zero for the values a, 6, c 
of X, y, respectively it is shown that, under certain conditions, 
the equation f(;x, y, z) determines 2 as a function (p{x, y) of 
X and y where x, y, z differ but little (in general) from a, 6, r. 
In the language of geometry the point {x, y, z) is confined to 
a region {Ry) defined by such inequalities as 
\ X - a \ ^ li, I y - 6 I ^ A:, \ z - c | 


where A, A, I are positive and may be very “ small.” It may 
be possible afterwards to extend the range of the variables 
for which (p{x, y) exists, but the essential element of the dis- 
cussion is the proof of the existence of q?{x, y) for values of x, y 
that differ but little from a, b respectively. 


52. Existence Theorem I. Let /(.r, y) be a fmiction of the 
two variables x, y which satisfies the conditions : (i) /(.r, y) is 
zero for x^a, y~b; (ii) the partial derivatives /^, and fy exist 
and are coniinuous near (a^ b) ; (iii) the derivative fy is not 
zero for x^a, y ~b. When these conditions are fulfilled there, 
is one and only one functicni y of x, say y — (p{x), that satisfies 
the equation f{x, y)—0 for every x that is near r/,* and that 
is equal to b when x~a\ further cp{x) has a derivative qfx) 
and both cp{x) and q{x) are contimious. 

It may be noted first that f{x, y) is continuous near (a, b) 
since the derivatives f^^ and fy exist. 

Let the neighbourhood of (a, 6) for which conditions (ii) 
and (iii) hold be the region {Rf) defined by the inequalities 

\x-a\'^\, |y~6|:gyti (j^i) 

* This means that the equation /{a;, ^(a;)}“0 is an ideyitity if x is near a. 
A similar meaning is to be given to satisfying an equation in the corresponding 
statements in the other theorems. 
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If \h\ ^ Ajl and | ^^ | g we have by the Mean Value Theorem, 
§ 45, since /(a, 6)=:0, 

/(a +A, b +k)~hfgo{a +0A, b -\-0k) -hkfy{a +6A, 6 +0^) (1) 

where 0 < 0 < 1. 

Now fy is continuous near (a, b) and is not zero for x — a,y~b ; 
there is therefore a neighbourhood of (a, b) in which fy is not 
zero, and it will be assumed that and ki have been chosen 
so that/y is not zero in (Ri), In (jR^) the continuous function 
fy has therefore always the same sign as it has at (a, 6), and is 
numerically greater than some constant B, say \fy\>B. 
Again /a: is continuous and therefore \fg.\ is bounded in 
say I /a, \<A, a constant. 

Next let ^2 be the smaller of the two numbers and BkJA^ 
so that AAg S Bki, and let (i^g) be the region defined by the 
inequalities 

\x-a\^h^,\y-b\^ki 

In equation (1) suppose |A|^A 2 the second 

term on the right of (1) will then be numerically greater than 
Bk^ while the first term will be numerically less than 
so that the sign of the right side of (1), and therefore the sign 
of f(a +h, b -hk), will be that of the second term on the right 
of (1). Now fy has always the same sign and therefore if the 
second term is positive when k — k^ it is negative when k— - 
while if it is negative when k = k^ it is positive when k~ -k^. 
Hence if A, or x where x=a is kept constant ^he fimction 
f{x, y) changes sign as y varies from b ~k-^ to b -\-k^ and there- 
fore, since f(x, y) is a continuous function of y, it is zero for 
at least one value of y in the interval (6 - k-^, b -{-kf). Further, 
f(x, y) is not zero for more than one value of y in that interval ; 
for, if it were, fy would by Rolle’s Theorem vanish at least 
once in the interval and it does not. Thus for every value of 
X in the interval (a - Ag? ^ +^ 2 ) there is one and only one value 
of y that satisfies the equation f(x, y) = 0 ; since to each value 
of x there corresponds one and only one value of y we may 
denote this value of y by cp{x) and obviously y or f(x) is equal 
to b when x is equal to a, since a is an admissible value of x. 

Again, if y=z(p{x) and y -^k ~ (p{x both f{x,y) and 
f{x -f-A, y +A) are zero provided {x, y) and (x -f A, y +k) are 
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both in {R^, and equation (1) holds if for a we put x and for b 
we put y ; hence, since f{x +h, y +k) is zero, we have 

qi{x + h) - (p{x) k +0h, y +0k) 

h ~k~ Jy{x +6h, y + ok) 
so that (p'(x) = jTkjh ^ y)lfy(x, y). 

A ->0 

Since /a, and fy are continuous, and fy is not zero, <p'{x) exists 
and is continuous ; (p{x) is therefore also continuous. 

It is proved, therefore, that when the conditions of the 
theorem are fulfilled the equation /(a;, y)-0 determines y as a 
function (p{x) of x that exists at least for the range \ x - a \ 

The range of x for which q){x) has been proved to exist 
may, however, be greater than that just found. Suppose that 
(a', 6') is a point in (JSg) for which y — (p{x) ; near (a/, b') the 
derivatives /a; and/j, are continuous, is not zero and/(a', 6') 0 

so that the conditions of the theorem hold for a certain neigh- 
bourhood of {a\ b'), say for a region {R^ defined by the 
inequalities 

\x-a' \ ^h^,\y -b' \ (iJg) 

It may happen, and usually does, that the region (iJg) 
projects beyond the region (iJg) so as to contain points for which 
x is greater than a -f-Ag (or less than a - h^). Now in the region 
(JBg) the equation /(.r, y)=0 determines one and only one 
value of y, say y — y){x), for which b' ~ y)(a') and /(a;, y)=0 ; in 
the part common to (iJg) and (jBs), y — (p{x) and b'=(p{a') so 
that in the common part y){x) is the same function as q>(x). 
We may, therefore, in the part of (iJg) that x)rojects beyond 
(iZg), denote y){x) by (p(x ) ; in this way we see that the range 
for which the unique solution of f{x,y)—0 exists may be 
extended. By taking a suitable point (a", b") in (R^) it may be 
possible similarly to extend the range still further ; this 
procedure will only be stopped when it is impossible to find 
in the last region reached a point, (rx, fi) say, that j^rovides 
a new, region in which all the conditions of the theorem are 
fulfilled. 

The process thus briefly described is called Analytical 
Continuation, The Existence Theorem is quite independent 
of the process of continuation ; this process is mentioned 
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simply to show that the range for which cp[x) exists may be 
much wider than is given by the proof which has been developed 
above. A similar process of continuation is applicable in 
regard to the other Existence Theorems but will not be further 
referred to. 

53. Derivatives of Implicit Function. When it is known that 
the equation f{x, y) “ 0 defines y as a function of x that has a 
derivative dyjdx that derivative may of course be obtained 
simply by differentiating the equation with respect to a:, on 
the understanding that y is a function (p(x) of x. Thus we find 



if the higher partial derivatives of /(r, y) are continuous we 
obtain the higher derivatives of y or (p{x) by successive 
differentiations of ( I ), provided always that fy is not zero ; thus 



Provided fy is not zero this equation determines the second 
derivative, and in a similar way the third and higher derivatives 
may be found. 

54. Existence Theorem n. Let y) be a 

function of n +1 variables x^, x^, , x^, y which satisfies the 

cojiditions : (i) fix^, X2y , x^, y) is zero for x^ =a^, , 

y ; (ii) dll the partial derivatives fy 

e^ist and, are continuous near (a^, a^, 6); (iii) the 

derivative fy is not zero for x^—a^y ... , Xn — a^, y~b. 

When these conditions are fulfilled there is one and only one 
function y of x^, X2, •••, x„, say y^(p(x-^, X2, ... , x^)j that satisfies 
(he equation f(x-^^ X2, ... , x^, y)—^ for every point (.rj, Xg, ... ^xf) 
near (a^, ag, ... , af) and that is equal to b when x^^a^^ ... 
further y the derivatives 99^.^, ... , exist and are continuous 

so that (p is also continuous. 

The proof is essentially a repetition of that given for 
Theorem I, and may therefore be developed with less detail. 
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Let the neighbourhood of (a^, Ug, b) for which condi- 
tions (ii) and (iii) hold be the region (B^) defined by the 
inequalities 

|Xi ... ,|a;„-a„|gAi, | y-6 

where and are positive. As in the proof of Theorem I it 
may be assumed that and ky^ have been chosen so that in 
(B^) the derivative fy is numerically greater than B and each 
of the derivatives /a;.,..., numerically less than A 
where .4 and B are positive constants. It is also to be noted 
that fy does not change sign in (Bf). 

Next, in view of the application of the Mean Value Theorem, 
let be the smaller of the two numbers and Blcy^juA so that 
nAh.f^^Bky^ and let (Bf) be the region defined by the inequalities 

I Xy^ -- CZ-I I ^ ^2, I ^^2 — C?2 I ^ ^2> • • • > I | ^ I V ~ = • • • (-^ 2 ) 

Suppose now that | I ^2 ? 1 I ^ l^^i; 

we have by the Mean Value Theorem, since f {a y^, « 2 » • • • ? 

f(cii 4* ^ 1 , (I 2 +<^2, + (5n, b +k) 

~ ^ 1 / ri ^2fx2 + • • • + dnf ( 1 ) 

where the derivatives are all taken for the values 

Uj 4-4?(5 i, ^2 ••• > -^'Odn, b +()k {0<6<1). 

This equation ( 1 ) is treated as in the corresponding equation in 
the proof of Theorem 1. Let A; — ±^1 ; then the last term on 
the right of ( 1 ) is numerically greater than the numerical value 
of the sum of the first n terms on the right of (1). For 
ki I fy I is greater than ky^B, while 

I ^if ri + cw + . . . + Snf I < ^2 (A ~\~A f ... +A), 

that is, < nAli^, so that, by the value of the term kfy is 
numerically greater than the numerical value of the sum of the 
first n terms. 

Hence when ±/cq the sign of the right side of (1) and 
therefore the sign of f{a^ +dy^y , a^+dn, b +k) is that of the 
last term on th^ right of (1). As before, if 

Xr=ar+dry r = 1 , 2, . .. , 'W,, 

and if Xr is kept constant, we see that/(a;i, ... , x^, y) changes 
sign once and only once as y varies from b -ky^ to b -f and 
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therefore the equation rrg, ?/)”^ determines one 

and only one value of ?/ as a function of X2,--*y Xn, say 
^~(p(Xi, .Tg , , xj ; further when 

••• ^ ^n=^n 

since a^, a^, ... , a„ are admissible values of x. 

Again, if 

y <p{X-^, .Tg, . . . , ^n)? y 't~ ^ 9 ^(^i ^15 ^2 ^2) • ' • > "b ^«) 

where (ajj, 0:2 , x^, y), (x^ + ^1, -f- * • • . H- V +*) lie in 

(JRg), the Mean Value Theorem gives the equation 

0 + ^2/ic.j + ••• H- 

where the derivatives are taken for the values 

x^ i OS ^, ... , Xn + 6 dn, y + 0 k (O<0<1). 

Hence if each ( 5 , except < 5 ^, is zero we find 

• • . > Xf j- •• • i X>n) ~ ( p{X-^^ . . . , X^ . .. , Xf^) Jc 

dr dr fy 

so that dcpjdXr -f^rlfv 

Since fy is not zero and the partial derivatives of / are 
continuous, the function 9? has continuous derivatives with 
respect to x^^, x ^, ... , a:„ ; 9? is itself continuous since each of its 
partial derivatives is continuous. 

The higher derivatives of (p may be obtained as before by 
differentiating the equation f ~0 when the derivatives of / 
satisfy the usual conditions ; it should be specially noted that 
fy must not be zero. 

The range of the variables Xg, . . . , a;„ for which the function 
9? has been shown to exist may usually be extended by the 
process of analytical continuation sketched in connection with 
Theorem I. 

In the proof of Theorem III the determinant called the 
Jacobian plays an important part ; we therefore define it 
and prove one or two of its properties before taking up 
Theorem III. 

55 . The Jacobian, Let yr~fMi, ... , xf), r = l, 2, ... , n, 
be n functions of the variables x^^ , x^, and let each of 
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the partial derivatives dy^ldx^ be a continuous function of 
Xi, , Xn- The determinant J 

^ % 

dx^' *** 

djh ^2 ^2 

where J = 5a;i ’ 


92/« 

dx^ ’ ^a^g’ * ” '9a:^ 
is called the Jacobian or the Functional Determinant of the 
functions 2 / 1 , i^g, ... , t/n with respect to x^, a: 2 , ... , and is 
denoted by 

% i,y 2,-- - .yn) d{yi,y^,.. . ,y„) 

,x„} d{x^,xz,... ,x„) 


or yj, ... , y„). 


For n~l the determinant is simply dyijdxj^y the derivative 
of yi with respect to x-^ ; the first of the notations given for J 
is suggested by a certain analogy between the properties of the 
Jacobian and the derivative, as shown by the following theorem. 

If Si, ^ig, . . . , 2n are functions of t/j, 2 / 2 ^ • • • . 2/n cind 2 / 2 , • • • , ^5/n 
are functions of a^^, ojg, ... , then 

d jz^y Z 2 , , gn) _ a(gi, Z 2 , , 2n) . ( 1 ) 

d(Xj, a^g, ... , a:J %i, i/g, ... , t/J a(a:i, a; 2 , ... , y^,) ^ 

If n = l this is the usual relation ~ ^ . The proof is 

dx^ dy^ dx^ ^ 

simply a theorem in the multiplication of determinants combined 
with the rule for the derivative of a function of a function. 

Find the product of the two determinants on the right of (1) 
by the row by column ’’ rule ; that is, to find the element 
in the rth row and the 5th column of the product, multiply 
the elements in the rth row of the first determinant by the 
corresponding elements in the 5th column of the second and 
add the products. We have 


rth row 


dZr dZr ^ 

Wl 


5th column 


dy^ 


^2 

dx; 
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SO that the element in the rth row and the 6'th column of the 
product is 

dy^ dZr ^2 OZr 

dyi dx, dy^ dx, dy,, dx,' 

and this is equal to dz^jdxg which is the eleinent in the rth row 
and the tsth column of the Jacobian of z^y z^^ ... , 

If we suppose z^ — Xr, r — I, 2, , 7^., and assume that the 

equations which define 2/i> ^2? • ” ? Vn functions of rr2, . . . , x^ 

determine, conversely, x^y x^y ... , as functions of y^y y y„, 
we find 

9(yi>:V2> - > . 3(^1, ^2^ . .. ,^n ) ^ 

d{x^y x^y,., y x^) d(y^y ?/2, , Vn) 

bee ause - - “ ' ! “ 1 > since dx^ldx^ 0 unless r - - s , in 

d{Xly 3'*2, . . . , Xj.J 

which case it is equal to 1.,, 

The theorem expressed in (1) is a particular form of the 
following: If ?/i, 2/2? ••• > determined as functions of 

x^y x.^y y Xn by the equations (p^ix^, .Tg, ... , x^y y^ 2/n) ==0, 

r - 1, 2, , n, then 

d{cp^y V)2, ^ 2 ^ -\l 9 ^ . l]fn)_ /3X 

a(u:i,;r2» ••• .^^a) ^ ^2^ ••• > 2/n) dix^^yX^y ... ^ 

Differentiation of the equation 9?,. 0 with respect to .r , gives 

depr ^ d^_r dy^ ^ 9^2 ^ ^ 9 ?/« ^ q 

dx^ dy^ dx, dy^ dx, dy„ dx/ ’ 

so that the element in the rth row and the ^th column of the 
determinant which is the product of the two determinants on 
the right of (3) is - d^j^ldx^ from which the result follows. 

Again, if 2/^+1 j ym+2 ^ Vn S'l’e constant with respect to 
x^y 0^2, ... , x^y or if ^1, y2» ••• > ?/m constant with respect to 
^w+2» ’ ^ni then 

Hyy ^yn) ^Hyv ... , %) . %m+l ••• , 2/n) 

d{Xly ... Xyy^y XJy.^.^Jy ... , X „) d{Xly ... , X d{Xjfl^l ... , X 

and in particular 

, f n) ^ - > 2/m) 

a(a:i . . . . . . , a:„) . . . , a:^,) 


( 5 ) 
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To prove, note that dy,/dx^- 0 if //,. is eoustaut with res})eet 
to X.,, 

Kx, If >y aro fiiiKiiioiis of tlio tJiroe variablos x, y, z and .r. //. 
are functions of the tM'o independent variables u, v, prove that 

?/) . ^y) d(L ii) d(^ x) 

d{u, r) d(Xy y) d(u, ?;) 0(//, z) d(u, r)"^ d{z, x) d(u, v) * 

56 . Existence Theorem m. Letfr{x,, x„„ y^, y ^, . . . , yj, 

where r takes the values 1 , 2 , ... ,n, be 7 i functions of the m -i-vi 
variables , x^, ... , "^rihich satisfy the following 

conditio 7 is : (i) each of the n fimcfions f^, f^, ... , /„ is zero for 

that is, at the point (a^, ... , 6^, ... , 6„) ; (ii) all the first 

partial derivatives of the functions /i,/2, ... - fn respect to 

••• , i/o ••• . Vn 

exist and are contirmons near {a^ a,,„, ... , h,) ; (iii) the 

Jacobian J of the functions /i, /^i ••• > /// '^f^dh respect to 

Vv 2/2. ••• . 2/n '»ot at (aj, ... , a,„, b„). 

When these conditions are fulfilled there, is one. and only one 
system of functions 2/2> > Vn variables x^, .To, ... , 

say 

III •^2> ••• ' ^m), = -^’2’ ••• ' ••• 

Vn .^2 xj, 

such that, for all 2)oints (x'j, a’g, ... , near (rt^, ag, ... , they 
satisfy the n equations f^~ 0 , f.^— 0 , ... ,f^- 0 and become equal 
to 6j, 62, ... , respectively when x^, x.,, ... , are equal 
respectively to a2, ... , / further, all the first partial 

derivatives of cp-^, cp^, ... , fn '^^^ith respect to x^, x.^, ... , exist 
ami are continuous so that ip^, 9^2? **• > ^dso continuous 

If 7z = l, that is, if there is only one function, Theorem III 
is simply Theorem II, so that it is true when there is only one 
function. It will be proved to hold for n functions by showing 
that if it holds for {n - l)fimction 8 , say the functions/2, /g,... ,/n, 
it will hold for the n functions f^J ^, ... ,/n- It will thus be 
assumed that the equations /2 = 0,/3":0, ... ,/„-=0 determine 
J/2» 2/3 ’ Vn terms of x^, x^, ... x^ and these functions of 

0^1, ... x^„ 2/1 satisfying all the conditions respecting initial 
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values, derivatives and continuity stated in TJieorciii 111 ; the 
proof for n functions will then be developed. 

The Jacobian J is 


^ ^ Ml Ml 

' ^Vn 

Ml M2 Ml M2 

M2 Ms ' Mn 


dfn dfj, df^ dj^ 

Ml M 2 Ms ' Mn 

Since J is not zero at (a^, ... , the co-factors of 
the elements in the first column cannot all be zero ; it will be 
assumed that the notation has been chosen so that the co-factor, 
say, of dfi/dyi is not zero. is the Jacobian of the functions 
As fs’ • • • , fn with respect to y^y Vs^ , yn ^ot zero at 

{o^y ... , ^my ^1? 5 ^n)* 

The conditions of Theorem III are fulfilled by the functions 
/2,/3, ...,/n and determine y2, ^3, as fimctions of 

Xj^, x^, , x„,y y^ because the h|rpothesis is that the theorem 

holds for (71 -1) functions. (It is to be noted that at this 
stage yi is associated with x^^, x^, , x^^ and the solutions for 

1/2, ••• , yn involve y^ as welf^as x^y , x^). Hence we have 

Mr=^Wr(^ly r = 2y 3 , ... Tly ( 1 ) 

where » V’n satisfy /g^^O, ... ,/„=0, take the 

values 62, 63, ... , 6„ respectively at (%, ... , a^, bj) and are, as 
well as their first partial derivatives, continuous near 

(aj, ... , bi). 

Let y)r be substituted for yr in /j and let 

fli^v ••• y^m, Vv ••• > Wn)^F^(x^y Vl) ( 2 ) 

It will now be shown that =0 determines y^ as a function 
of a?!, ...,x^. Of the conditions required by Theorem II 
the first is fulfilled since ... , a,„, 6j) is equal to 

fli^V ■* ^mi ^ 1 ? ••• y ^n) 

and is therefore zero. Again the partial derivatives of 
satisfy the second condition ; for, by the rule for differ- 
entiating a function of a function, we have, since 
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F,^fx{x„ ... 


. //l, .V 2 . • 

.. ,y„) where 

7 / 2 , 7 / 3 , ... , ?/„ arc 

the 

functions tpzi 

. 

... , y>n 




11 

^ 4 

^Vx 

. ¥a ^1% . 
^Vx 

^Vz^Vx 

¥i 

^Vn Syi 

..(3) 

dx^ 

JA. 

dx^ 

, A 

3^2 dx. 

^2/3 ^Vn dx. 

. m, 


and all the derivatives on the right are continuous. 

Lastly, the third condition that dFJdy-^ is not zero at 
b^) is also fulfilled, as will now be shown. 

When the values of ijr given by equation (1) are sub- 
stituted in / 2 ,/ 3 , •*. ,/n these functions vanish ideMfically (that 
is, for all values of X 2 , ... , x^^, y^) near (a^, .... h^) and 

therefore their derivatives with respect to y^ are zero. Hence 

0 ^ .JA 4 . + A 

(4) 


0 = ^V’2 3/b 3^3 ^ h^n 

^Vx' ^y-i^vx ^'ih^ix ^yn^Vx' 

Now multiply the 2nd column of J by dtp^ldy^, the 3rd by 
dyjjdvi, , the ^ith by dip^ldy^ and add to the first column ; 
this transformation makes no change in the value of J. The 
first element in the first column of J as thus transformed is 
dF^jdy^, by the first of equations (3), while all the other elements 
of the first column are zero, as shown by equations (4) ; hence 
the transformed determinant is equal to the product of dFJdy^ 
and the co-factor of dfjdy^ in J so that 


J 


dF, 

^ 3yx 


II is 


and as J and are both different from zero at .. 
fci, ... , 6 „) so is dF^/dy^. Condition (hi) of Theorem 
therefore satisfied. 

Thus the equation F^ — 0 gives 

2/1 ••• » ^ m )> 

and if now in equation ( 1 ) this value of y-^ is substituted we find 
yr^y>r(Xl, (Pl) = (Pr{i^V ^ 3, ... , U. 

At («!, .... a^) the functions (p^, (P 2 ) ^ 9n are equal to 

62 * ••• J respectively, while near (aj, the first partial 
derivatives of the functions are continuous. 
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It has therefore been x)roved that if Tlu'oroin 111 is true 
for {n ~ 1 ) functions it is true for 71 functions ; since the theorem 
is true for one function it is therefore true in general. 

Ex. Inversion. Let the functions /ij/o, ... J'n iiiclo])eiulont 

variables a'j, and also all the first partial dcri\atives of the 

functions be continuous; prove that if th(^ Jacobian J of ... ,fn 

with respect to .Tj, :rg, ... , a;„ is not identically zero the 11 o(j nations 


2/r -to* ••• » r -],2, ...n (1) 

determine, inversely, x.,, as functions of v/p 


Let F r{Xif .Tg, ‘^ 2 ’ ••• » ^n) ~yr ^uid WO liave a case of 

Theorem IIT. The Jacobian of ... , F^ with respect to a’p ... , is 
the same as that of /j, f.,^ ... , with respect to ^ x^ (the notation 

differs froiri that of Theorem Til hy tlio in t ere liarige of x ajid y). 

I^y hypothesis the Jacobian of with rospeij, to Uj, ... , x^^^ 

which is independent of yj, ... , y^,, is not idtaitically zero, and tiiercJore, 
there is a set of values — r/p x.^ - , x^^ for which it is not zero. 

For these values of x ^, ... , let y,. , a,^) r 1,2,..., )i. 

The functions F^. satisfy the conditions of Tlieorein 111. h’or, (i) 
F.f~^0 at (Uj, 6p ... , 6^^) ; (ii) dFrlcXf, and is therefore 

continuous while dF^idifg - I if r -s but 0 if r:y^,s ; (iii) J is n()1 zt'ro 
near (etp 6^, ... , 6,/). Ffeuee tlie cqndfioHs Fj. . 0, that is, 

?/r -fri-^v » ^w)» system 

^^'r = (Priyiy ••• » Vj ' b 2, ... , n. 

This example is the problem of J overs ion ; the func^tions x^, 
are inverse to the functions y,, ... , y^p 

The values Ug* ••• » and ^p b.,, ^ are often called the “ initial 

values” of the variables .Tj, Xg, and //p y.j, ... , y^^ res])ectively. 

57. Dependence of Functions. Let/p/^, ... J,, bo ?i functions 
of fu independent variables x^, .x ^. , r,,,. The functions are 
said to be dependent if they satisfy one or pioro equations in 
which the variables do not appear explicitly -- 

equations therefore which are satisfied whatever be tlie values 
of ••• 5 ; the fimctions are said to bo independent if they 

do not satisfy any equation of the kind just mentioned, that 
is, an equation in which x-y, do not ap})ear explicitly. 

Again, it may be said that the functions are independent if 
it is impossible to express one of them in terms of the others. 
For example, if /j, /g, /g are the functions 

-f y.y ^ y 

respectively they are dependent since -l-2/o : /g^, an equation 
in which x, y, do not appear explicitly ; here - 2/,, 
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SO that one function may be expressed in terms of the rest. 
Of course the functions would still be dependent if one could 
be expressed in terms of some (not necessarily all) of the others. 

In the following discussion we give the method of Goursat, 
Gouts (T Analyse, Vol. I, Chap. Ill, to which the student is 
referred for fuller information ; the treatment by Bateman, 
Differential Equations, Chap. VI is also instructive. 

Theorem. Let the n functions • • • ? /n ^ indepeudejit 
variables x^, X 2 , ... , Xn and also all their first partial derivatives 
be continuous ; the ‘necessary and sufficient condition that the 
functions should be dependent is that their Jacobiari with respect 
to x^, X 2 , , Xn should be identically zero. 

(i) The condition is necessary. Let J be the Jacobian and 

Vr X„), r : ] , 2, . . . , U. 

If J is not identically zero it is possible (§ 56, example) to 
determine arg, ... , so that 

, yn). 2 , ... , U 

where 2 / 1 , y 2 y ^ yn have any values near their respective 
initial values b-^, ••• > Since the values of yj, 2 / 2 > •** » 

are quite arbitrary, it is impossible that they can satisfy an 
equation 2 / 2 ’ ••• > 2/n) which the coefficients are 

constants, that is, independent of x^, , x^. If, therefore, 

J is not identically zero the functions are independent. 

(ii) The condition is sufficient. It will secure brevity and at 
the same time show quite plainly the lines of the proof for n 
variables to take n - A ; the notation will also be simplified. 

Let the independent variables be x, y, z, t, and the functions 
u, V, w, s where 

u-=fi{x,y,z,t),v^^f 2 ix,... ,t),w=fs{x,... ,t),s=f^(x,... ,t); ...(1) 
the Jacobian J will be 


dfi dj, df, df, 
dz’ dy' dz’ dt 

% % % 

dx' By’ dz' dt 

dx' dy' dz' dt 
% a/, df, df, 
dx' dy' h' dt 


O.A.O. 
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It is now assumed that J is identically zero ; different cases 
arise, dependent on the minors of J. 

I. Suppose that the first minors of J are not all zero ; we 
may suppose that the notation has been so chosen that the 
minor, say, obtained by deleting the 4 th row and the 4 th 
column of J is not zero. This minor is the Jacobian of /j, /g, /jj 
with respect to x, y, z \ 

^ d(x, y, z) 

Now, since is not zero, the first three of equations (1) may, 
by Existence Theorem III, be solved for x, y, z in terms of 
u, v, w, t \ let the solutions be 

X V, IV y t), y = (p2iu, ^V, /), z^(p^(u, V, w, t), ...( 2 ) 

When these values are substituted in the fourth of equations ( 1 ) 
we get 

V, w, t) ( 3 ) 

It is to be noted that u, v, w, t are independent variables and 
that the first three of equations (1) become identities when 
9?!, (p2, <^3 are substituted for x^ y, z respectively. 

It will now be shown that dFjdt is zero, so that F does not 
contain t explicitly. We have, by differentiating F{u, v, w, t) 
that is, f^{x, y, z, t) where x, y, z are the functions 9^^, 9^3 

respectively 

4. % ? 5 P 2 4. ^ 4. /A\ 

dt dx dt dy dt dz di 

Again, by differentiating the first three of equations (1) which 
are identities when (p-^, <Pz are put in place of x, y, z 
respectively 

dx di dy di dz di di 

0-^2 ^<Pl Jh j.3/2 ^J>z Jh 
"dx'dt '^ 'dy~dt '^dz dt dt ^ ^ 

0—^1? 4.4^ ^^2 , 

dx dt dy dt dz dt ^ dt 

Equations ( 5 ) determine the /-derivatives of (p^, (p2, ) but 

it is not necessary actually to solve them since the /-derivatives 
eliminated by transforming J, thus : 
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Multiply the 1st column of J by d<pjdl, the 2nd by d(f) 2 lSl, the 
3rd by add to the 4th ; the elements in the 1st, 2nd 

and 3rd rows of the 4th column will now be zero, by equations 
(5), while the element in the 4th row is dFjdt, by equation (4). 
We thus find, since the value of J is not changed, 


and therefore dFjdt — O since J~0, Ji4 0, so that F does not 
contain t explicitly. Hence equation (3) gives s — F{u, v, w), 
an equation that does not contain x, y, z, t explicitly ; thus 
the functions u, v, w, s are dependent. 

It may be observed that there cannot be a second relation, 
say s~F^{u, v, w), that is distinct from s~F{u, v, w ) ; if there 
were there would be an equation F ~F^ connecting u, v, w, and 
therefore would be zero, contrary to the hypothesis. 

II. Suppose all the first but not all the second minors of J 
to be zero ; we may assume that a non-zero second minor is 
that obtained by deleting the 3rd and 4th rows and the 3rd 
and 4th columns of J. This minor, say, is the Jacobian 
of /i ,/2 with respect to x,y \ since the first two of 

equations (1) may be solved for x, y, giving, say, 

y}y{Uy V, z, t), y^ 2 ;, t). 

When these values are substituted in the last two of equa- 
tions ( 1 ) we find 

t)^F^{u, V, 2 , t), 

W 2 ^ t)^F 2 {u, V, z, t). 

It may be shown as before that neither z not t occurs explicitly 
in Fj or in F^. For example, 

dz dx dz ^ dy dz ^ dz ' 

further, by differentiating the first two of equations (1), which 
are identities when x, y are replaced by y >2 respectively, 
we find 

dx dz ^ dy dz ^ dz ' 
dx dz ^ dy dz ^ dz ' 
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By now treating the determinant r/^ on the same lines as was 
done in the case of J and dFjdt we see that 

J 1 ^ J 2 =--- 0 since J, - 0, 0. 

To evaluate dF^jdt and dFjdt take, not J, but, the minor of J which 
is obtained by deleting the 4t]i row and the 3rd column of J ; this 
minor is also zero, by hypothesis. 

We thus obtain two relations 'W^i\{u, v), s— F^iu, v) when 
the first minors of J are zero but not all the second minors. 

111 . Suppose all the second (and therefore all the first) 
minors of J to be zero but not all the third minors. When 
there are four functions the third minors are simply the elements 
of J. If we suppose df^/dx not zero we deduce x — y, z, 1 ) 
and it is then proved as before that when 99 is substituted for x 
in the other three of equations (1) the variables ?/, / do not 

occur explicitly so that now there are three relations between 
the functions. 

The procedure is clearly general. When there ar(^ n functions 
there is one relation when the first minors of J are not all zero, 
two relations when the first minors are all zero, but the second 
minors not all zero, and so on. 

If J is zero merely because one or more of the functions 
/i./g, ••• . fn zero (or constant), it does not follow that the 
functions are dependent. It must be specially noticed that 
the proofs assume that J is identically zero. The follpwing 
simple example is usually given. 

Let u — 1 , ~ .T cos a -by sin a ~ 1 , where a is constant. 

Here f/~2(.r sin ol - y cos a) and is therefore not identically 
zero. But it is easily seen that 

and J — 0 if w -- 0 and v~ 0 \ u and v are, however, independent 
and the relation w =0 is not a consequence of v~0. 

Of course, if the Jacobian of /i,/2> •••>/« with respect to 

x^, , Xn is identically zero, and if these functions contain 
other variables, say ,,, , these variables Zj^,..,,Zm 

will appear (usually) in the equation or equations that connect 
/i>/2j - • ^fn I what the theorem just proved guarantees is only 
that do not appear in these equations. 
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58. The Hessian. An important Jacobian is that in wiiich 
the functions the first partial derivatives 

dfidxi, df/dx 2 , , dfjdXn of a function f(x^, iTg, ... , x^) of the 
n independent variables Xg, ... , ; this Jacobian is called 

the Hessian of the function /(x^, , x„) and may be denoted 
by the symbol Hf, The element in tlic rth row and .sth 
column of the determinant Hf is 


a 

dx^ 


.?/ 

dXr 


that is, 


dxjdx^ ■ 


Kx. 1. Jf / is the quadratic form 

+ ... +«nn^n^ t + ... f 

the Hessian of / is a numerical multiple of the discriminant of / ; it does 
not contain any of the variables. 

Kx. 2. If /(r, //, z) is a polynomial that is homogeneous and of the 
nth degree in .r, ;y, 2 , ])rove that tho Hessian is homogeneous and of 
degree 3('/< - 2), 


EXERCISES VI. 


sin 0, 


1. If .r--r cos 0, y~r.sin 0, prove - r, and if 

d(r, y) 

X '= r sin 0 cos cp, y z=zr sin 0 sin (/», z - r cos 0, 
d{ry 0, v) 

2 . Jf .r 4-2 42 « — w.’w’, 

a(M, w, w) • 

If ;r, +;(,j + ... +.r„ =yi, +*, +• ... +.r„ =1/0^, ... 

Xr t "I ••• 2/r. ‘^’n ■~2/i?y2 

.T^ 2> •• • > ‘^'n) „ ,.n-loyn-2 ,..2 

3(2/1. 2/2. - 2/.-2.'y„-i- 


:yn» 


3. Jf — cos :i 4 , 1/2 — sin cos .Tg, = sin sin .Cg cos Xg, 


?/ 2 i Vs) 


— {“!)* sin®^! sin*.r 2 sin Xg, 


a(x’i, .Tg, .Tg) ' 

extend tlie theorem to the case of n. functions. 


4, If X -o cosh ^ cos ?y, ?/ n sinh ^ sin 
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5. If a; =8m 6(1 ~c*sin2 <p)^, y —cos 0 cos 9?, 

y ) _ -sin y{(l - c®) oos®6 + cos*9p} 

^6, (p)~ (j _c»sinV)* 

6. If M=a;/(1 -r^)^, V —y/{l w=zl{l -r®)^ where r® =a:® +?/* +z*, 

show that 

d(Ut V, w)_ 1 

d(x,yTz)~ (I 

Extend to the case of w functions y^, y^, , y„ whero 

r2=:a;i‘'+a;/ + ... +a"2. 

7. Prove that the functions ^x+2y-Zf x-2y+z and x{x-\-2y~z) 
are not independent and find the equation that connects them. 

8. The functions u, v, w of .r, y, z become fiinctions U, F, W of 
I, rjy ( when x, y, z are changed to f by the substittition 

X =1^^ +in^rj + nif, y +m^ri ^ » 

if M is the determinant | li mg | of the coefficients of the substitution, 
show that 

djU y V y W)_ , - d(l ly ‘l\ W ) 

n* 0 " 2/>^) * 

Ext-end to the case of n functions of n variables. 


9. li f(Xy y, 2) becomes E(^, y, f) when the variaides are changed as 
in Example 8, jDrove that 

where Jif and are the Hessians of / and F ros])©c^tivoly. 

Show that the theorem holds for any number of variables. 


10. If /(.T, y, f) is homogeneous, of the ?dli degree, in a?, y, t so that 
/(x, y, t) -t^Axjt, yjty 1), prove that 


Hr- 


f xx^ fxy* •/ 

J 'XV* f vv* ^ 
fxU fin* fit 




f XX* f XV* f X 
f XV* f yy* f V 
fx* fv* 


1 ) 


If y—yjt and /(I, y, l)~<p (^, ?/), show that 




^rpi* 


n 

7i(pl(n “ 1) 


11. If u, V are two polynomials in x, y f hat are homogeneous and of 
the nth degree, prove that 

udv -vdu (a ? dy -y dx), 

n d(x, yy ^ ^ 
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12. If = UffUy r =-- 1, 2, ... , n, and if u and u^. are functions of the n 
independent variables .Tj, ...» prove that 

du du du 

’ dXi * dx2 ’ ’ dx„ 

dUi dui dUi 

dXi* dx2*”’dx^ 

0?/2 0^2 0^2 

dXj^ ’ dxQ ' ‘ ■ 0.r„ 


du^ du^ du^ 

0r;’ r1x2"*-0:r,, 

If ii^vjt and —Vri't'f show that tlie value of the Jacobian is obtained 
by substituting i\ h)r n, Uj. in the expression on the right and state 
how the determinants in u and v are connected. 


0(.rj,^2> ••• *^n) 


/1 3. If ky fly V are the roots of the e(|uation in 
xl(a 4-A:) -^yl(b+k) ~\-zl{c +k) = 1, 


prove tiiat 

-- _ (/^ - y)(y - A )( A - y) 
0( A, fly v) (b -c)(c -aj(a ~ b) 


14. Given that .r -/(a, r, ic), y =g(u, Vy w)y z ~h{Uy v, t/>) and that J is 

not zero, where J — ) ; if, when a;, ?/, :: are taken as the coordin- 

(y{u,v,w) 

ates of a point referred to rectangular axes, the three surfaces 
u exm at . , V - const . , w ^vonat.y 
intersect orthogonally, sliow that J =±PiP2p3 "^here 


Pi 


=fu />! —ft + <7? 4- h^y 


pi —ft + yfc 4" 


[Note that the direction cosines of the normals to the three surfaces 
are proportional respectively to 

Ju* ' f 9 v^ ’ f W* ffwy 

Also, since w— const, and ?;=: const, intersect orthogonally, 
fJ'v^Uu9v+K^v^^'^ 

similarly 4- ... 4- ... =0, f^fu 4 ... 4- ... =0. 

The square of the determinant J is Pi®p 2 V 3 **] 


16. If tty Vy w are fimctions of Xy y, Zy prove that the rate of variation 
of per unit of length along the line of iutei*8ection of the surfaces 
V =cor^7., w — const, is the quotient of the Jacobian of m, Vy tv with respect 
to Xy t/, 2 by 

{vl + vl + v-^^{wl-\-wl'k-w^^^ mn B 

where B is the angle at which the surfaces v— const, and tv— const. 
intersect at {Xy y, 2 ). 
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10, If tlio tiacobian of n functions of n independent- variables is not 
.. identically zero, show that the notation of functions and variables may 
be so chosen that the functions may be represented by 

yr==fr{^l^ ^2* 2, ... , n. 

w hile none of the Jacobians 


1,2, ... ,?/, 


Jr) 

a(.ri,X 2 , ... ,.r,.) ’ 
is identically zero. Then prove that w(^ may write 

J/l ?/2 ~ 9^2(?/i» ‘^2’ ’^3’ '*• » ‘^n)’ 

2/3==7^3(;yn ?/2» ••• » ••• » yn^^fniVv ?/2» » 2/r»-n '^'n)> 

and deduce that 


d{yi, yo . , yn) ^^<Pi ^2 ^^2 
F{xja\. a.Ti 0:r2 ^‘**3 *“ ’ 


17. Provo that if the functions i\,) and / 2 (.x'p .^ 2 , ... , x^) 

are to be connected by an equation in wdiich none of the ^'a^iables 
Xj, appears explicitly, it is necessary and sutlicieut tliat the 

corresponding partial derivatives and dfjdx^, r - 1, 2, ... , 

should be proy>ortional. 


/1 8. The roots of the equation in A 

(;._„)3+(A-v)3+{;.-i/,)3=o 

are .v, ?y, 2 ; prove that 

d(x, y, z) 2 (v~tv) (w - %i){u - v) 
d(u.v,w) \y 
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CHAPTJ^R VI 

INFJNITE SERIES. COMPLEX FUNCTIONS OF A 
REAL VARIABLE 

59. Infinite Series. It is necessary, in view of applications 
in later chapters, to supplement the sketch of Infinite Series 
givciii in the ElcvieMtary Treatise and to discuss briefly the 
th(H)ry of Infinite Products. An excellent treatment both of 
Series and of Products will be found in Bromwich’s Treatise 
on Ivfinite Series, and the student should consult that book for 
f u rt h er de vel opin cuts , 

Derarujement of Terms. The sum of a finite number of terms 
is the same in whatever order the terms be taken in calculating 
the sum, but the word “ sum ” as applied to the “ sum of an 
infinite series ” is not a ‘‘ sum ” in the same sense as that of 
the “ sum of a finite number of terms ” ; it is the limit of a 
sum of a finit(? number of terms and in the case of infinite 
series the commutative law of addition is not true unless under 
certain restrictions. 

Let and be two infinite series ; if every term that 
occurs in one series occurs once and only once in the other, the 
one series is said to be formed from the other by a derangement 
of the terms of the other series or, simply, to be a derangement 
of the other series. The following theorem, usually called 
Dirichlet’s Theorem, will now be proved. 

Dirichlet’s Theorem. The sum of an absolutely convergent 
series is the same in whatever order the terms are taken ; the 
sum of a series that is not absolutely convergent may be changed 
by a change of the order in which the terms are taken. 

(1 ) Let the terms be all positive and let be a derangement 
of i;a„. If I u,,, ••• if 

Sn^^s when // ->oo it has to bo proved that a^-^s when a ->00 . 

151 
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8ince every term of occurs in 2a„ it is possible to take 
n so large that every term in is a term in and therefore 
a^^Sn so that a fixed number. Hence a,,y^ (or a,,) tends 

to a limit that cannot exceed s ; in other words, is con- 
vergent and its sum, a say, is less than or equal to s. 

We may now reverse the process, is known to be 

convergent, with a sum a ; is a derangement of and 
therefore is convergent and has a sum not less than cr. But the 
sum of is s so that, from the two parts, we have a g s and 
sS. o and therefore 

(2) Suppose there is an infinite number both of positive and 
of negative terms in (If there were only a finite number 

of terms of the one kind these could be neglected so far as the 
question of convergence is concerned (E,2\ p. 380, Note) 
and the series would fall under case (1)). Let be the sum 
of the positive terms and -Q,, the sum of the negative 
terms in ; then /< + r -- n and when n tends to infinity so 
do [I and v. 

Now is absolutely convergent and 

t 1 -f I ('^2 I + . . . -r j tlfi I P^ ~^Qv) ‘^'n — “"Qv) 

so that both P^ and Q^, tend to limits, P and Q say, when [i 
and V tend to infinity, and if 6* is the sum of then s P -Q, 
But the series ZP^ and are series of positive terms and no 
derangement of their terms alters their sum. Hem^e s, the 
sum of Za„, is not altered by any derangement of the terms 
of Za„. 

If Za„ is convergent but not absolutely convergent both of 
the series ZP^ and ZQ,, are divergent. For, if , 9 =:Za„, (P^ -Q,) 
tends to s while (P^ -fQ,,) tends to h-qo when . If we 

supjiose that, for example, P^ tends to a limit P when ?i~>oo 
then Q^, which is equal to P^ -6*„ would also tend to a limit, 
namely P -s, and this is impossible since P^ tends to 
infinity. Hence 

5 “-: ^Za„=: {P^"Qv)i 

n— >00 ??— >00 

but s is not equal to P^ - ^ ; 

, /i~>Q 0 r — >00 

the difference is oo - co , a meaningless expression. 
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Of course it has not been proved, nor is it tlie case, that every 
derangement of terms produces an alteration in the sum of a 
coruUtionally convergent series, as a non-absolutely convergent 
series is often called, the reason for the name condi- 
tionally convergent ” being now obvious. The typical example 
of a series whose sum may be changed by derangement of its 
terms is the usual series for log 2 ; see Exercises II. Exs. 10 
and 11. On the general theory see Bromwich, Infinite Series 
(2nd Ed.), pp. 74-77. 

60. Tests of Convergence. The following, known as 
Kummer’s Test, is of wide application, the terms of being 
'positive. 

Hummer's Test. Let 'Lan be a series of positive terms and 
{dj^) a sequence of positive numbers such that the series S(l/d„) 
is divergent ; further, let g^ be defined by the eqmition 

g.=d„^ 

^n+1 

The series converges if there is an integer m such that 

> oc> 0 when n'^m, but diverges if there is an integer m such 
that - a < 0 when n'^m (ol a positive constant). 

Suppose first that > a > 0 if 7t^m ; then since > 0 

dn^n ■“ + 1 ^n-fl ^ 

In this inequality put w -f 1, ?i-}- 2, , {n-{-p-l) successively 
in place of n and add corresponding members of the p inequali- 
ties ; then 

dn(tn - dn+p +an+2 ^ ^ 

The expression on the right side of this inequality is positive ; 
therefore the expression on the left side is also positive and, 
further, it is less than Hence, putting m in place of n 

we find that, whatever integer p may be, 

-^ ^m +2 + * * * < d^a^joL, a constant independent of p. 

The sum +^^+ 2 increases as p increases, but 
is always less than the constant d^^a^^lix . ; this sum therefore 
tends to a limit when p tends to oo and therefore the series 
is convergent. 
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Suppose next that < - <x, < 0 if rri. In this case 
<dn+i 1 S therefore 


^m+p 

^ ^m+2 ^m+p 


^m+p-l 



dm.+2 


SO that 

^m+p ^ T 

"> ‘1 

... 

. . 


Now is indej)endent of p and the series X(l/r/„) diverges ; 
hence also the series Sa„ diverges. 

Note 1 . If Qn tends to a limit I which is not zero, the sign of 
for sufficiently large values of n wdll be that of Z, and therefore 
2a„ will converge or diverge according as I is positive or 
negative. Or again if the minirnmn limit of g^ is positive Sa„ 
will converge, while if the maximum limit of g^i is negative 
Sa„ will diverge. 

Note 2 . The proof for divergence shows that if a^+ilci'n is greater 
than bn+Jl^n for n ^ m, the series diverges if diverges. 
It may be proved in the same way that if is less than 

Z>n+i/^n series converges if converges. 

When an+ijan tends to unity the Test Ratio fails ; Kummer's 
Theorem leads to a test for this case, usually called Raabe’s 
Test, the terms being all positive, 

Raabe’s Test. The series will converge or diverge 

according as 

n(-~” -l)> l+fjc> 1 or n(-^-l) < 1-m.< 1, 

when n'^m, a fixed integer (or, according as the limit for n tending 
to infinity of this expression is greater than 1 or less than 1). 

In Rummer’s Test let d^ — n \ the series ^(Ijn) diverges and 
therefore we have for convergence or divergence (rx. > 0) 

n — — (7^ + 1 ) > a or < - rx ; 

^n+l 

that is, m f— - - l)>l+(x>l or <l-a<l. 

Gauss’s Test, Suppose that cxin be expressed in the form. 

2 -f- ~ 4- J ^ ^ I 

^n +1 ~ ’ U I < ^ constant for every n. 

The series will converge if // >! but will diverge if /x:gl, 
the terms being all positive. 
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llaabe’s Test proves the thcorcin for //; 1 and for /y : 1. 

For the ease -- 1, let ~n log n ; the series 2( !/</„) diverges 
(Ex. 2 below). Now 


But 


Qn - 4+1 (w + 1) log 


n 

n -f 1 


An log n 


A— 1 


25, Ex. C) 


and 


£{n + l) log ^ ^ =/'(«+ 1) log (l - ^ - 1, 


and therefore is negative when n is sufficiently large so that 
2a„ diverges when fx — \. 

The test in Ex. 1 is often useful ; the test in Ex. 4 is theoreti- 
cally important. 


Ea\ 1. Cauchy s Condensaiio'u Test. If '^f{n) is a series of positive 
terms and if /(n)>/(n4l), show that '^f{n) converges or diverges 
a(*(iording as the series 22^^/(2^) converges or diverges. 

Of course the inequality /(n) >/(n + 1) need only begin when n is 
greater than some intc^ger tUy but there is no loss of generality in suppos- 
ing it to hol^ from 1. Proceed as in the case of the series i'(l/n^), 
{E.T. pp. 380, 381) and take the terms in groups of 2, 2^, 2®, ... , 2”, .... 

If 2” ^ < 2”+^ we have 

S /(n) = [/(2) 4-/(3)] 4- [/(2“) -h/(5) +/(6) 4/(7)] 
n=2 

+ um -i-/(9) ... +/(15)] + ... + [/{2«) +/(2^ + 1) -f ... 4-/(/x)] 

<2/(2) 4-22/(22) -f 22/(23) -I ... +2^(2”). 

When 7i->oo so does //, and therefore converges if l'2”/(2’^') 

converges. 

l^y grouping as follows 

[/(3) +/(22)] 4- [/(6) 4- ... 4-/(22)] 4- [/(9) -f ... +/(2*)] + ... 
we see that these groups of terms are respectively greater than 
i.2V(22), ^ 23/(28), A.2V(2*), 

so that !S/(n) diverges if ^2”/(2”) diverges. 

It is easy to prove that w/(n) converges or diverges according as 
converges or diverges where fx is any integer not less than 2. 

In § 148, Ex. 6, it is proved that y, may be taken to be e. (See Chry.stal’s 
Algebra, Part IT. p. 124.) 
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Ex. 2. The series ■**>•> converges or diverges according 

as a > 1 or oL ^ 1 . 

Here ’ 2"/(2") = 3 n^^g 2 ff)a=„a(iog 2)»‘ 

But (E,T, pp. 380, 381) converges or diverges according as 

« > 1 or a ^ 1 ; so therefore does the given series. 


Ex. 3. The Hypergeometric series. The following series 


, OL . /3 
1 + -j ^ X f 

1 . y 


•> . ^ iilKt ?) l1( PaULP ^ 2) . 
l . 2 . 3 .>"(y +'l)(r4-2r"' 


+ ... f- 


1.2. 7(y + 1) 

(oL+n- 1) . + 


1 ) 


O’” + . . . 


1 . 2 . . y(y + 1) ... (y + /i 

is called the Hypergeometric Series and is usually denoted by the 
sjunbol F{oLy (it y, x). The ninnbors fjc, /i. y, x are called the elements 
of the series and x alone is hero consitlcred as a variable, the elements 
a, /?, y being taken to be constants. , 

The series is symmetric in ix and /I so that F{a., p, y, x) ~F(p, a., y, rr), 
and if either a. or p is a negative integer, the series termiiiates. The 
element y must not be a negative integer because, after a certain stage, 
eiich term of the series would have a zero denominator*. 

Take the term in cr” as a„ ; then 

^n+i ((^+n){p + n) , 

(n + l)(y + n) 

so that the series converges absolutely if | a; | < 1 and diverges if | :r | > 1. 
Tf :r* 1 we find that 


- = i+Lt^ 


I* o 


where ^ + rx^ + ^* - ( y + 1 )(</. + ^) 4- y when oo . When n is 
large all the terms are of the same sign since differs little from 1 

for large values of n. Gauss’s Test may therefore be ajrplied since | ^4^ | 
is finite for every value of Hence the Hypergeometric Series, when 
x = lf converges if l-fy~ a. - /?>!, that is, if y > a. 4 p and diverges 
if y ^ a 4“ p. 

The student should study this example carefully as tlie Hyper- 
geometric Series is of very great importance. 


Ex, 4. The series of positive terms converges or diverges 
according as the maximum limit G of is less than or greater than 
unity. 

(i) Suppose 0<r<l, There is therefore at most a fliiite number of 

values of which exceed r ; let all such values of a^/” be included 
in the first m values. Hence ^ r, that is, if n > m, and 

therefore the series converges. 

(ii) Suppose 0'>r>l. There is therefore in this case an infinite 
number of values of greater than r” so that the series must diverge. 
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This tost is often called Cauchy's Test and, though not ho u.soful 
in ordinary applications m the Ratio Test (which is often called 
d'Alembert's Test), is of groat theorot-ical inif>ortance. See Bromwich, 
Inf. Ser. (2nd Kd.), p. 32* 

Ex. 6. Show that the ]M>wer series converges or diverges 

according as | x |<A* or | x | >R where 1/A is the maximum limit 

of I an I 

61, Tests of Abel and Dirichlet. An inequality that is very 
useful in the discussion of (convergence is given in the Lemma 
{E.T. p. 451), known as AbeFs Inequality, namely: if is 
a decreasing sequence of positive numbers and if, for r g n, 

A ^ “h “h • • . “f~ ^ B 

where A and B are constants 
C^A > +^2^2 

If A > 0 and B—~A the inequality may be expressed as 

I ^ + Cn'Un | < C^iA. 

In the following tests the terms of need not be all of the 
same sign. 

AbeFs Test. A convergent {not necessarily absolutely con- 
vergent) series remains convergent if each of its terms 
7^2 , ^ 3 , ... is multiplied by a factor a^, Ug, ... provided^ 
the sequence {af) is monotonic and> | a„ | is less than a cmisfani k 
for every n. 

The sequence (a„), being monotonic and bounded, converges 
to a limit, a say. Let c„ — a if (a„) is an increasing sequence 
but c^—a^-a if (a,^) is a decreasing sequence ; the sequence 
(c„) is therefore a decreasing sequence of positive numbers 
which has zero as its limit. 

Now aniin—aUn-CnUn OT a^Un — du^ ^c^u^ accordiug as 
c^^a-a^ or c^~a^-a ; since converges it is sufficient to 
prove that converges. 

Let j,Rn = c„+iUn+i +c„+ 2 '«'n +2 + • • * The sei'ies 'LUn 

is convergent and therefore there are constants A and B such 
that 

p==l,2, 3, ... . 

Hence, by AbeFs Inequality, 

^ p^n ^ 

But c^+i’->0 when n—yoo and therefore when 
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whatever integer p may be so that and therefore also 

is convergent. (For the notation see E.T. p. 379.) 
Dirichlet's Test. 7/ the series oscillates finitely and if 
(c„) is a decreasing sequence of positive mint hers wh ich ha s zero 
as its limit, the series ^c^Un is convergent. 

Let 7)7? 77, — "f" • • • p ? 

then, since oscillates finitely, there are ccjnstants A and B 
such that A > ^,11^ >B for every value of 7i and p. If the rest 
of the notation is the same as in the j^roof of Abel’s Test we have 

v^n"^n+l^n+l "^^n+2^w+2 + • • • Cj^^pUjj^p. 

A(^/7_^i ^ 7)7? ,7 Bcp^^^, 

and therefore p7?,7-“vO when n~ >cc for every integra] value of /) 
since Cn+i-^0 when n ~>cc . Hence TiC^u^ converges. 


Ex. 1. If 0 is neither zero nor a innlti|)le of 2 .t the series 


cos nO 


sin nO 
4^ n 


are convergent. (The second series is zero if 0~O, ±n, ±277., . 


Ex. 2. Discuss the convergence of the series 

( .. i)« -1 ^ ^ ■ 

62. Uniform Convergence. When the terms of a series arc 
functions of a variable x, each term Un(^) being delined for the 
range a^x^b, that is, for the closed interval {a, b), the sum 
of the series when convergent will be a function S[x) of x. 
For any given, or fixed, value of x in the interval (a, b) the 
condition for convergence is, if plin(^) denote the partial 
remainder after n terms (E.T. p. 379) and S^fx) the sum of the 
first n terms, 

\pRn{x) \-=\Sn+^(x)-Sn(x) I <6 if m, 2, 3, ...(1) 

When X changes so, as a rule, will the integer m ; if m is 
such that the inequality ( 1 ) is true whatever value x may hav^ 
in -the closed interval (ay b) the series is said to converge 
uniformly with respect to x in the closed interval. 

Instead of the partial remainder j,Rn(x) we may take the 
complete remainder 7?„(a;) ; the two forms of the condition 
are equivalent, that is, given one of the conditions the other 
may be deduced from it. 
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If I B^{x) I < e when n - m and at. b, then, j> — I, 2, «J, ... 

I I ^ I ^n(^) “ ^n+p(^) I Lj: I I + I ^^n+p(^) I 

If I pR^(x) I < e when n ^ m, p ~ 1, 2, 3, . . , and a i" a: 6, then 
\Rn(=^)\^£\^R„(x)\^e<2e. 


On pages 385, 386 of the Elementary Treatise some important 
theorems are proved. Theorem III, on p. 386, may in substance 
be stated in the following form and this test of uniform con- 
vergence is frequently cited as the ‘‘ Jf-Test ” or Weierstrass’s 
if -Test.” 

The M-Test. 7/ each term of the series is defined for 

the range a^x^b and if, for each term, | u^^ix) |< if„, a number 
independent of x, the series YtUn{x) converges uniformly for the 
range a'^x^b provided the series 2if„ is convergent. 

Obviously 

\n~m 

and if the second sum is less than e the choice of m that makes 
it so does not depend upon x so that the inequality ( 1 ) is satisfied 
for the range a<x^b. 

The Tests of Abel and Dirichlet are easily adapted so as to 
be fiests for uniform convergence ; the following statements 
are from Bromwich {l.c. p. 125). 

Abel’s Test. The series converges uniformly in 

the closed interval {a, b) if the following conditions are fulfilled : 
(i) Ihunix) converges uniformly in (a, 6) ; (ii) a^ix) is, for a fixed 
value of X in (a, b), positive and does not increase as n increases ; 
and (iii) af^x) <k, a constant, for the range a^x^b. 

By condition (i) if a ^ ^ b, 

I '^n+iix) 4- Ur,+ 2 {x) + . . . + Un+p(x) \<eifn^m, 

«,nd therefore, by Abel’s Inequality, with A —e, B~ -s, 


p 


n+p 

2 ar(x)Ur(x) 
r^n + 1 


< ^^n+i{x) <elc if n^m, a^x^b, 


since ^ a^{x) and a^{x) < k. Hence converges 

uniformly in (a, 6). 

Special cases of this theorem arise if a„(a;) is independent of x 
or if Un(x) is independent of x. 
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Dirichlet^s Test. The iSeries converges uniformly 

in the closed interval (a, b) if the following conditions are f ulfilled : 

(i) HUffx) oscillates, its values lying between - k and h, where 
k is a fixed constant ; (ii) a^fx) is, for a fixed value of x, positive 
and does not increase as n increases ; and (iii) aj^{x), when n-~>(x>, 
tends uniformly to zero for all values of x in the closed interval 
{a, b). 

By condition (i) if a^x^b, 

n+j) (^) I < 2k 

and by condition (iii) m can be chosen so that an(x)<eif n^m 
and a^x^b. Hence by Abel’s Inequality 


n-} p 

'y, ar(x)Ur{x) 


r - n -f 1 


< 2ek if n ^ nt, ar^x^b. 


Particular cases arise if u,^(x) is independent of x while 
either converges or oscillates finitely or if a^fx) is independent 
of x. 


Ex. 1 . The series ! (converges uniformly in the interval { a), 

where a is arbitraril}^ large. 

Let a bo any positive number, however large, and let 3/^^ 

The 3f -Test shows that the given series converges uniformly if | | a. 
The series is often said to converge uniformly for every value of x, or 
“ for every .r.” 


Ex. 2. The series and 2:.'{log 7i) . converge uniformly if 

X ; ' 1 + A; > 1 . 

For the first series let = l/n^+* and the Af-Test applies. 

The second series is obtained by differentiating the first. Now 
(log ?a) , 0 when n-~>QO if a. > 0. Therefore there is an integer 

m such that 0 < (log n) . < C, a constant, if n -- ?n. Now let a = {Jc, 

and we have, ii I + k > \, 


log 71 
n® 


log 71 

jii+k ^ 


C 


1 


m. 


If M^~C the M-Test applies. 

Ex. 3. If converges the series '^{ejn^) converges uniformly in 
the closed interval (0, 1). 

In Abel’s Test, let a^(x) —n~^ and ~c„, independent of x. 


TP A cos ru: v'' r 1 i- 

Ex. 4. Ihe senes ^ ^ converge uniformly for every 

X if a > 1, but if 0<^x.^l they converge uniformly for the range 
0<d^x^27i - 6. 

If a. > 1 apply the M-Test ; if 0< a.^1 apply Dirichlet’s Test, taking 
u„(x) equal to cos nx and to sin nx respectively. 
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63. Tannery’s Theorem. The following theorem, stated by 
Tannery in his Fonctions d*une Variable, 2nd Ed., § 183, and 
called by Bromwich “ 'tannery’s Theorem,” is closely related 
to the Jf-Test for uniform convergence and is, in fact, proved 
by Tannery as a particular case of that test. 

A' 

Let F(n)r=z^Ur(n) (1) 

r=0 

where Ur{n) is a function of n, and N is also a function of n that 

tends to infinity with n. If Ur(n), when r is fixed, tends to a 

00 

limit, V, say, when will the sum F{n) tend to when 


An example is given by taking F{n) equal to (1 + \jn)^ and deducing 
the value of e as a series ( E,T , § 48). The problem occurs with sufficient 
frequency to justify the statement of a general theorem that will save 
repetitions. 

Tannery’s Theorem. Suppose that the following conditimis are 
satisfied : 

(i) jrurin)=Vr, when r is fixed ; 

n 00 

(ii) \Ur{n)\^ Mr , tvhere Mr is indepeiident of n ; 

00 

(iii) is convergent. 

0 00 

When these conditions are satisfied when n->oo . 

0 

By (i) and (ii) I I ^ and therefore by (iii) converges. 

Again, since n and therefore N is to tend to infinity we may 
always suppose that N is larger than m, whatever integer m 
may be, and we may therefore express F(n) - llvr in the form 


F{n) - '£^v, = '^[Ur(n) 


V 


■Vr] + 

r^m 


Ur(n) 


C^) 


_ _ _ 2 

f 0 r^m ! 1 r=w + l 

Now converges and therefore m may be chosen so that 


2 


2 


2 '^An) 

-W I 1 


g 2 ^r<e 


.1(3) 


where e has the usual meaning. 

The value of m in the equalities (3) depends only on the 
series and is therefore independent of n ; when m has been 
chosen so as to satisfy the inequalities (3) let it be kept fast. 
The first sum on the right of equation (2) contains a finite 
number of terms and therefore by condition (i) the number 
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can be chosen so that, if n>ni, the first sum on the right of (2) 
will be numerically less than e. Hence if n>ni 


F{n) - 

f =a0 


that is, 
and therefore 


\'^[Ur(n)-Vr] 


lf=-0 



.V 


ao 

+ 

2 


2 *’r 


f=w + l 




F{n) - 


r-0 


< 3e if n > 


£ F(n)==±v,. 


r=0 


Ex, If F{n) —i 1 +- j show that the limit of F{n) when n tends to 
infinity is the series 

h * 


r=0 


\T nyf 

iV — n, ^r — ^ — 

where a is any fixed positive number. 


64. Abells Theorem, When the interval of convergence 
(E.T, p. 384) of a power series is ( - i?, R) the interval may be 
changed to ( - 1, 1) by substituting x/B for x ; we therefore 
suppose that in this and the next article each power series 
converges for | a; | < 1 and diverges for | a: | > 1. The behaviour 
of the series when or when x-^ - 1 from within the interval 
will now be considered ; for definiteness x will be supposed to 
tend to +1. 

<» 

Let f(x) =2 «niC", +«X +••• +“n. 

n=«0 

the series for /(a;) converging for | a; | <1. 

Abel’s Theorem, (i) If {a finite number) when n~>x 
the function f{x)-^s when a;~>l ; (ii) if Sn->^ (or to -cc) when 
n->-x the function f{x)--^<x> (or to-oo) when x~>l. 

If 0<a:<l, ll{l--x)=^^x^, 

0 

and therefore, if the series forf(x) and 1/(1 - a:) are multiplied, 

/(*)/( l-*) = S^n«” = S««*"+ 2 •»»*" 

n«=0 n«0 + l 

where the series converges for \ x\<l. 
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(i) Let 6n s. It is then possible to choose rn so that, given e, 
s - e<Sn<s +€ if 

and when m is thus chosen it is to be kept fixed. Next let 

m m 00 

n»=0 

and therefore f{x) = ( 1 - x)fj(x) + (1 - x)F^(x) ; 

then/^{a:) is finite if a; -^1 so that (1 -a;)/„(a:)->0 if a:->l. 

00 00 
Again, FJx) < (s +e)^ x" but > (« 

m-{ 1 m-\ i 

that is, F„{x)<(s +e)a:”*+^/(l -x) but> (s - e)^”*+^/( 1 -*), 
and therefore f(x) < ( 1 - x)f^{x) + (5 +e)x”'*'^ 

but f{x) > ( 1 - x)f^(x) +($- £)a;“+i. 

Hence ^ s +e but ^s-e. 

r->l 

and as e is arbitrarily small /(x)-^.s when x~->l ; therefore 


£itaA-i,a^~-±(£aA. 

'n— 0 ' n— 0 n-oXa;— >1 ‘ 


(ii) Let 5 „->oo so that the series Sa„ is divergent ; if 5 ,,-^ - oo 
the sign of every term in may be changed so that there is 

no loss of generality in this restriction on the limit of 

Let O be any given arbitrarily large positive number ; m 
may be chosen so that s^'> Q' > O \i n'^m. In this case, x 
being positive and less than unity, 

Fmi^) - S ^'* = G''a;™+V( 1 - 35 ) . 

+ l w + 1 


and therefore, since (I -x)f^(x) ->0 when x->ly f^{l) being 
finite, 

£f{x)^G’>Q. 

*->l 

As 0 is arbitrarily large,/(a:)-->Qo when x-^l. 


Ex, 1. lo^ (1 +a;) —x - +\x* -\x^ 4- , \ x\ < 1. 

The series converges for x = l ; the series for log 2 is therefore 
obtained by putting ic~l. The series diverges for x=~l and 
log (1 -00 when x-^ - 1. 
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Ex. 2. If the series and 'Eb^x*^ converge when • .r I < 1 their 

product is (E.T. p. 388) Ec^x^ where 

Cn =CtoK + ^iK-l + 4- . . . + a„6o- 

Show that if the series Sc„ converges the product of the convergent 
series Ea^ and EbJ^ is whether Ea„ and Eb^ converge absolutely or 
conditionally. 

The statement follows at once from Abel’s Theorem because the series 
tend to Eb^ and 2c„ respectively when x-^1. 


65. Cesiro’s Theorem. This theorem deals with the limit 
for x->l of the ratio of two power series which diverge when 
x->l. 

Let f{x)—EanX^, g{x)~EibnX*^ where the series and 
are both divergent ; we suppose that each diverges to + qo , 
as in case (ii) of Abel’s Theorem, and that the coefficients 
are all positive for n'>n\ some given number. 

There are two cases. 

(i) // the quotient a^/bn tends to a (finite) limit I when 
the quotient f{x) I g(x) will tend to I whe7i 

We can choose m so that I -e <ajbri<l ■\-e ii n'^m and 
therefore, since 6n > ^ ^tnd x^> 0, 


{l-e) V ^ a„a;"<(/+e) ^ M"- 

n-=-'m + 1 n-^m - 1 n^-m + l 


Let 


m 

2 ana;’‘ = 9’m(^). 


n— 0 


00 



«~m + l 






7n QO 

^ 6„x«= vv(x), 2 ; 

n— 0 m I 1 

then {I - £)'F„(x) < #>„(x) < {I +e)-4"„(x). 

Next _ _/(^) . 1 - 

g{x) - f„{x) g{x) 1 - f„,{x)lg(x) ’ 


SO that 


/(^) . 1 - y>v,{^ )lgix) 

gix) ^„(x) 1 -95„.(x)//(x)‘ 


When x->l both f(x) and g(x) tend to +oo (by Abel’s 
Theorem) while (pm(x) and being each the sum of a finite 

number of terms, remain finite ; the fraction 


{1 - y>m{x)lg(x)}^{i - <p„(x)lf{x)} 
therefore tends to 1 when x-^1. Again the fraction $„(x)/’t^„(x) 
cannot when x ~>l fall outside the interval (l-e, I +e). Hence 
since e is arbitrarily small, /(a;)/gr(a;)-“> I when 
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(ii) If Ike quotient ajh^ tends to oo when n->oo , the quotient 
f(x)/g{x) will tend to qo when x~>\. 

We can choose m so that anlhn>0'>G for n m, where G is 
any given arbitrarily large positive number, and therefore 
As before, the limit of f{x)lg{x) when 
x->l is seen to be greater than G and therefore f{x)lg{x) tends 
to Qo when x~^\. 

For the proof compare that of Theorem II, p. 420, of the 
Elementary Treatise. 


Ex. 1 . 1 “ x)^{x + x^ -f- f . . . 4- -f- . . . ) ~ \sj7i. 

ar-> J 

The symbol [s/m] is used to denote the greatest integer contained 
ill >^n. For example, 


hot 

and 

then 

Now 


[sj2]^l; [v'4]-2; [v7] =.2 ; [^29] =5, .. 

-f -f . . . -f + ... 

/(x)~[s/l]x -f [s/2]a;* + ... -f [Vn].r^ -f ; 


(1 -x)f{x) = <p(x) ; (1 , • 

(1 -xr> 

- V 3-5.7_...(2n+_lJ 


{i-xr3=2 


n-0 


2.4.6... (27^) 


b^x\ 


and the series ior f(x) and (1 - x) * diverge when x-^ 
Ces^ro’s Theorem, 


say, 

1 . Hence, by 


t, .fi 

provided the limit for ->x exists. 

P>om Exercises II. 29, hj^—-(2n-^\)ajsjn where when 

7i->ao and therefore, 

n — 00 


The above proof is that of Cesaro ; for another jiroof see Bromwich, 
Infinite Series (2nd Ed.), p. 150, Ex. 4. 


Ex, 2. If I{x)—lia^x^t +a 2 + ... + a„, and if 

(^0 +^2 + ••• +®n)/(^ F f ) 


tends to I when ti->Q 0 , prove that f(x) also tends to I when a;->l. 

(Frobeniiifi.) 

Let 8q 4- -f + ... +s^ ~tn* th (see the proof of Abel’s Theorem 

(i)). 


/(x) ='S.a„x” 


^s„x" 
(1 -x)-i 


i;«„x" 2<„x" 

(1 -■x)--»“2(n + l)x’*’ 
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and therefore, by CesAro’s Theorem, 

*-*■1 n -^00 

If s^-^l the mean tj(n + l) also tends to I, by Cauchy’s Theorem 
(§ 20, Ex. 3) and in this case Frobenius’s Theorem gives no more 
information than Abel’s ; but it is quite possible that the mean may 
tend to a limit though does not, and Frobenius’s Theo^rem does then 
give new information about the behaviour of f{x) when 

The process may obviously be carried further. Suppose that 
neither nor the mean tj{n + 1) tends to a limit and take a second 
mean, namely (r„/J(n + l)(n4-2) where 

+ l)5o +(n - l)5j + ... 

— -f 

If this means tends to I when n->oo then f(x)~^l when x->\. For 
00 00 

f(x)( 1 - ^ o-„a;" ; ( 1 - x)-» = J (»i + 1 )(n + 2)a-", 

0 , 0 

and therefore f(x) • 

80 that £ m = £ 2 ) =«■ 

X -* I n 00 

by Cesltro’s Theorem. 

66. Derangement of a Series. It has been seen (§ 59) that 
when a series Sa„ is absolutely convergent no derangement 
of its terms affects its sum. Suppose now that is a 

convergent series whose sum is 8 and that each term is 


itself an infinite series, say 

00 

+ + ( 1 ) 

n—l 

where m~l, 2, 3, ..., and therefore 

[±a^A ( 2 ) 

tn—l m— 1 \ n=l / 


If summation is made first with respect to w, so that for 


n = l, 2, 3, ... we find 

00 

-Bn = "+«!!,»+••• +«m.«+ (3) 

m— 1 

and then, the new sum being denoted by 8 \ 

= (4) 

n«l n«l \ m«l / 


will the new series be convergent and, if so, will 8 and S' be 
equal ? 
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The following are sufficient (not necessary) conditions that 
the series (4) should be convergent and have the same sum as 
the series (2) : 

(i) the series (1) converges absolutely for every m say 

~ I 1 I + I »m, 2 I + . . . + I 

(ii) the series is convergent, its sum being o’, say. 

When these conditions are satisfied the series (4) is con- 
vergent, =S and the series (3) is absolutely convergent for 
every n. 

The proof follows from the theorem of § 59 ; because the 
terms of the series (2), which may be called a double 

series, as containing a “ doubly infinite ” number of terms, may 
be arranged so to form a single series -f 62 + 63 + . . . . The 
arrangement may be effected in many ways, but there are Jbwo 
ways of special importance. 

Let the tonns be arranged 

in tabular form (T) so that in any 
one row rn is constant and in any 
one column n is constant. is 

the sum of the mth row while is 
the sum of the nth column. 

Arrangement by diagonals . Take the terms for which {m+7t) is 
constant, taking successively the terms for which (w+n) is equal to 
2, 3, 4, ... and, for each group in which (m+n) has the same value, 
arrange the terms in descending order with respect to m. We thus find 

1 i 1. 2 I <^3, 1» 2, ^1, 3 I ®4, 1, ®3, 2> 3, 4 I • • * 

Each group lies on a “ diagonal ” of the array (T). 

Arrangement by squares. The terms common to the first m rows and 
the first m columns form a square array. In the arrangement by 
“ squares ” the terms are taken from the mth row and the mth column 
of the square array, beginning with the term going on to the term 
^ and ending with the term Uj, Thus we find the successive 
groups ^ I ^ ^ ^ I ^ ^ 8f 3 I • •• • 

It is clear that both methods give a single series in which each term 
occurs once, and only once, in the table (T), while each term in the table 
appears once, and only once, in the single series. 

Now let Tj,=b^ + b 2 + ... +b^ and (Sp= | 6, ] + | 6, | + ... + 1 6, | 
so that Sp is the sum of the moduli of the terms of T„. It 
is possible to choose in so large that all the terms of the sum 
Sp occur in the sum a, + a 2 + ...+a.„ which is less than a-, 


If 

2f 

3. 

“l,4 

^2. n 

2. 

®2. 3» 

“j.4 

"3,1, 

^3. 2f 

®3. 3f ®3» 4 

^4. 1, 

"2, 

®4. 3, 

»4,4. 
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therefore which increases as p increases but is less than a 
for every value of p^ tends to a limit when p->cc so that the 
series is absolutely convergent. But, by hypothesis^, to 
every term bj, there corresponds one and only one term 
and conversely to every term there corresponds one, 

and only one, term 6 ,,, so that the series (2) and (4) are both 
derangements of 26,, and therefore both converge and 

Further, if = I «i, n | + | <^ 2 , n i + ••• + I n I the sum 
is less than 2 | 6 ^ |, and therefore, by the usual reasoning, the 
series (3) is absolutely convergent. 

Again, if „ is the sum of the terms common to the first m 
rows and the first n columns of the array (T) the sum jS„^^ is 
the sum if p—m^, when the terms of the array are arranged 
in squares ; ^ is the sum when there are m terms in the 

side ” of a square and 8^^^ tbe sum when there are n terms 
in a side, and both 8^^^ ^ and 8n,n tend to 8 when m and 71 tend 
respectively to infinity. Now 8,,^^ ^ bes between and 8^^ ^ 
in the sense that the difference between 8^^^ and either 8^^^ ^ 
or 8n,n is a sum of terms 6 ,., 65 ^ 6 ^ ... ; but the sum 
I I "+■ I I H - 1 I + • • • tends to zero when m and n tend to 
infinity, and therefore when in and n tend in any way to 
infinity 8^^^ ^ also tends to 8. 

We thus have the result that when conditions (i) and (ii) are 
satisfied 8^^ tends to the same limit when m and ii tend to 
infinity in the following three ways : 

{O') £ { £ n) =-■ ^ " 

»i~>-oo\w->oo / m— ln=«l 

(b) £ ( £ s„,„)=± ±a^,„ 

w — 00 \m->oo / n«==l?»=l 

(^) ^ ^m, n — ^ ^w, n 

w, n 00 w, w 00 

where in (c) m and n tend independenthj to oo , that is, the only 
restriction on m and n is that each becomes and remains larger 
than any given integer N. 

The series in {a) and (6) are said to be formed by repeated 
summation ” ; one of the numbers m, n tends first to infinity 
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and then the other and the two repeated summations give the 
same sum. In case^^c) the '' double series ’’ Satn, n is said to 
converge. 

It is possible, when conditions (i) and (ii) are not satisfied, 
that the limit given by (c) may exist and yet the series 
and Bn may not converge, but into such cases we do not enter. 
See Bromwich, Infinite Series, Chapter V. 

Cor, Multiplication of Series. If if the 

series and ECn are absolutely convergent with sums B 
and C respectively the terms in the mth row of the array (T) 
will be j therefore 

and = 

m l \ 1 / 

becauvse conditions (i) and (ii) are satisfied. If now the terms 
in (T) are arranged by diagonals we find 

B(J — S b^C-j^ 4- ( 62^1 4’^>2^'2 4'^^iC 3) -f ... 

which is the usual rule for the multiplication of two absolutely 
convergent series. 

It would be more symmetrical to take a:'" . 

and to let m, n take the values 0, 1, 2, ; by this notation 

we should get the form given on p. 388 of the Elementary 
Treatise. 

The following examples 1-4 are from Bromwich, p. 86. 

Ex, 1. Jf Ow, where the numbers are positive, the double 

series „ converges if converges (say to (7). 

6',„. = (Ci + Cj -i . . . + c^f < C\ 

SO that Sjn, ni and therefore also „ tends to a limit. 

Ex, 2, If m ~hn=p and if n—^p/P* terms being all positive, 
the double series „ converges if converges (say to C), 

Here, if we take the arrangement by diagonals, we have for the single 
series \ 

K +2(Jc 3) +3(Jc,) + ... -f ip - 1)(^ j 4 ... < C, 

and the result follows. It may be seen similarly that if n ~^vlp ^-nd 
if diverges so does 

Ex, 3 . The double series i'(m +n)~® converges if a > 2 and diverges 
if 0 ,“ 2 , while converges if a. > 1 , /? > 1 . 
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Ex, 4. If a, c are positive (and ac> 6* if 6 <0) the series 
(am® + 2hmn + cn®) “ ^ 

converges if A > 1 and diverges if A ^ 1 . , 

When A is the greatest of the three numbers a, c, | 6 |, we have 
A (m + n)® > owi® + 2hmn + cn^ > 2 [6 + \/(ac)] mn 
and the result follows from Ex. 3. 

Ex. C). Show that, if | a; | — \y\~r) and +ry* < 1, 

{\-2xy+ = 1 + f;; P„{x)y^ 

n—1 

where Pn{x) is a polynomial in x of the nth degree. 

If \y {2x ~y) \ < 1 the Binomial Expansion gives 

(1 -2xy +y^)-^ = 1 + 2 -y)« (1) 

Let I X I and \ y \~r} ; then, if 2^7] +rj* < 1, 

(1 -2^n =1 + e\y(2nr 

Now the series in (2) is what the series in (1) becomes when every 
term in it is made positive ^ and as the series in (1) when thus treated is 
convergent (by (2) ) its terms may be deranged 6ind rearranged in 
powers of y. When so rearranged the coefficient of is Pn(x)^ the 
polynomial of the nth degree, 

1.3.5...(2n-l) I ^ n(n~l) n(n- l)(n- 2)(n- 3) ^ ) 

1.2.3...n I 2(2n-l) ^2 . 4 . (2n- l)(2n- 3) *'7* 

Now 2^»; 'f»/®< 1 if Tj<{l and this inequality is satisfied if 

f ^ 1 and r]<s/2 - I = 0*414. Hence the series 

00 

1 + '^P„{x)y” 

n*=l 

converges absolutely and uniformly with respect to x and absolutely 
and uniformly with respect to y for the ranges 

I r I ^ 1 and | y | ^c<<s/2 - 1. 

The polynomials P„(r) are called Legendre's Polynomials of degree n 
or Legendre's Coefficients of degree n or Zonal Harmonics of degree n. 
(See, for example, MacRobert’s Spherical Harmonics, Chapters IV, V.) 

Ex. 6. Show that P„( ~r) =( ~ l)^P^(x). 

From the value of P„(r) in Ex. 5 it is obvious that P„(r) contains only 
even powers of x when n is even and only odd powers of x when n is odd ; 
the result then follows. The relation may, however, be proved inde- 
pendently by expressing (1 +2xy +y®ri in the two forms 
[1 -2( -a;)y +y»]“i and [1 -2a;( -y) +( 
which give the identical equation 

00 00 

, 1 + -x)y“=i + -yr 

n" 


and therefore 



§ 66] legendbb’s noErrinc^TENTs 171 


Ex, 7. Prove the following values wliercs for syiuiiietry, Py(;r)^l. 

P^(x)=x; P^(x)^^x*-%xi 


EXERCISES VII. 


1. Prove the conditions (E.T, p. 395) for the convergence or diver- 
gence of the Binomial Expansion of (1 + xy'^ when x ~ ±}. 

2. If u^=(n\yx*^j{2n)\ the series converges or diverges according 
as I a; I is less than 4 or greater than 4. 

3. If = 1 . 3 . 5 ... (2n - l)/2 . 4 . 6 ... 2n the series diverges. 

. .a a(a + l) a(a + l)(a4-2) 

4. The series + + ‘liverges 

according as b ~a (or the real part of b - a) is greater than 1 or not 
greater than 1 . 


5. If 0 < X rSi- c < 1 the remainder after terms of tlie series 
Pa;+2^;r2^3»'a:» -f ... 

is less than (n + l)^a;^ ~ (1 + l/n)0:] . 

State any restrictions on n and r. 


6. If u^ — 


1 


1 


^ X -\-2n - I X 2n a; + n' 


> 


~l 0, tlien ^ — log 2. 


7. If Unix) =x^x^ +2®)(a;2 +42) ... [x^ +(2n -•2)2]/(2n)! the series 

1 

converges uniformly for every x. 

8. If u^{x) = l/(n® +n^a;2) the series converges uniformly for 

every x. 


1 

9. If !Sa„ is convergent the series 

-a’) 


^ 2nxtn^*^(l -x) 


^ Va ^ ' V ZTiU nX-^ 1 

Zj ZJ ”l+x2«’ l-x^ * ^ 1 - 

converge uniformly for 0 ~£ x 'S, I . (Hardy.) 


10. If the series is convergent and if c is neither zero nor a 
negative integer show that the series 

^ c(c+ 1) ... (c + n- 1) 

^^x(x + ir.7. r» + n - 1) 

is uniformly convergent ifa;-c^^>0 and x neither zero nor a negative 
integer. (If c and x are complex, then the real part of a? - c will be 
greater than d,) 
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11. If converges uniformly for (i<^,v<b ami if eaclji of the 

functions u^{x) tends to a„ when x toads to a from within the interval 
{a, b), show (i) that the series converges, say to A, and (ii) that 

jT ':iu„(x)=A =i; jT u„{x). 
x—^a x—^a 

(Note that the value of for x—a is not in question ; Uj^{x) may 

or may not be defined for so long as ii^ix) tends to a limit wlien 

x-^a.) 

[With the usual notation, m can be chosen because of the uniform 
convergence so that, for every x such that a<x<h, and for n'£= m, 

1 I < e, and therefore, if n and p bo kept constant while a?-va, 

1 pl^nx^) I =«> that is, I a„+, +a„+a -I ••• +“n+ii I 

x-A-a 

Thus is convergent. Now take the (tom})lete remainders Bm{x) 
and in the series I.u^{x) and respectively, and write 

00 QO W 

1 1 I 

we can choose rn so that both | E^J^x) | and | | arc less than e 

(a<x<h) and then, m being kept fixed, h may be chosen so that 
m 

{n^{x) ~ a„} < f if .r - a < h, 

1 

00 oc 

and therefore ^ ^n(^) ~ 2 if x - a< h, 

1 1 

that is, if x-^a. 

Of course a like theorem holds for 

12. (x-s^+xO-x'^ + .-.j^^i. 

[If f{x) -"X -X* -h ... the coefficient a.^j of x^ in /(x)( 1 - x)~^ is 1 or 0 accord- 
ing as the greatest integer in s/n is odd or even. If [s/n] — A ^ greatest 
integer in ^/n, then 

a,+a, + ...+a„=i{l - ( - + 1) + |{ - 1)'^;.(A + ]). 

r /(^) ( ^ f* 1 1 

A> (i J>a n -f 1 "-d 

a:->l n~*cc 


tJC x^ 

13. Lambert’s Series is ~ -t- ~ ^8 + ... ; prove that it con- 

verges if | a; j < 1 . Express it as a double series and show that it may 
be transformed into the series (Clausen’s iSeries) 
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14. Prove that Lambert's Series may bo expressed in the form 

xd{l) +x^e(2) H-a:®0(3) f- ... \ f ... 

where 0(n) is the number of (Jivisors of n, including I and n. 

15. If I 07 1 < 1 , show that 


X x* 

, 1 , - - 1 - 1 

a: 07* 


• 1 -X 1 -X*^ 1 -*6 • 

16. If 1 a? 1 < 1, show that 


X 07* a:'* 

X X* 

1 +07*'^ 1 +07**^ 1 +07^” ^ 

""" I - ^* ~ r~ “ * * ' * 

17. If 1 1 < 1 , show that 


07 2X^ 307* 

07 37* X* 

1 -}- 1 + 37^ 1 -f X* 

( iT7-)“' " ( *’ (T+F*)''* “ • • ■ ■ 

oo 

QO 

18. If f(x) -- <j(x) ~ 

= both series converging for 

n - 1 

n - 1 

a; 1 < 1 , show that 


re 

x> 


= V On!?(»'")- (Knopp.) 

n 1 

n - 1 


67. Series of Complex Terms. If b and c are real numbers 
and i is the imaginary unit ^ (-1),” the number a where 
a~b-\-ci is called a complex number. The student will be 
supposed to be familiar with the usual nomenclature and with 
the method of representing complex numbers on the Argand 
Diagram, as well as with the laws of operation. 

For definiteness, it may be noted that when h and c are given and the 
numbers r and 0 are determined by the equations 
r cos 0 --=5, r sin 0 =0 

subject to the conditions that r is positive and the 

number r is called tlie modulus of a or 5+ic and is denoted by |a| 
or |5 4-fc|, being equal to the positive value of (6^ c*)^, while 0 is 
called the amplitude of a. If 0 is one solution of the equations so is 
B + 2n7i where n is any positive or negative integer ; the value of 0 as 
above restricted is called the principal value of the amplitude of a. 
Again, the principal value is often taken to satisfy the condition 
O^0< 271 but, unless otherwise specified, the principal value will bo 
supposed to be such that ~ 7i, 

If bn and c„ are real numbers and an~bn series 

Sa.„ or i:(6„ +tc„) 

is called a series of complex terms or a complex series. It is 
plain that if the series S6n and are both convergent the 
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number S(6„ -f io„) or is a definite number and iu this case 

the series Sa„ is said to converge. If either or is not 
convergent the number 2(6^ +ic„) is not a definite number 
and is said to be not convergent. The convergence of 
may therefore be tested by seeing whether 26^ and 2c„ are 
both convergent. 

The most important t^^e is the absolutely convergent series. 
The series 2a„ or 2(6„ is said to be absolutely convergent 
if each of the series 26„ and 2c„ is absolutely convergent, and 
it is easily proved that 2a„ is absolutely convergent if, and only 
if, 2| is convergent. For 

and therefore 2 | I converges if both 2 | 6^ | and 2 | c„ | 
converge. 

Again, | | g {bl +clf =--\a„\, | c„ | ^ 1 a„ | 

SO that both 2 | 6^ | and 2 | | converge if 2 | | converges. . 

The convergence of 2 | | may be tested by the rules fo^* 

series of positive terms. 


For example, the series where x is oornplex, converges absolutely 
if jx I <1 because | 1 “ | | = | a; |. 

The series ^x^/n! converges absolutely for every x ; because 

I ^n+l I _ 1 ^n-hl 

l«nl I «n 


’n + 1 


->0 if n-^ac . 


When can be expressed in the form 

_ 1 , +*-®n 

1 'n 

ttn+l ^ ^ 

where | ^„ | and | | are bounded, we have 


*n+l 


j 


n n 




= 1+-+— " I (7„ I bounded, 


and therefore (§60) 2a^ will converge absolutely if a>l but 
2|a„| will diverge if oc^l. Instead of (^„4- we 
might have (An+ A>1. 


Ex, If y, X are complex, a. =0.1 +ioLa, y -Ti + 

the hypergeometric series will converge absolutely when x = l if 
(yi -0,1 - ^1), that is, if the Real Part of ( y - cx - is positive. 
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Tannery^ js Theortm^ § 63, holds for complex terms as for 
real ; the proof needs no change when the terms of 'Lur(n) 
are complex, 

Derangement of Series, Here too no change is required ; 
when the conditions (i) and (ii) of § 66 are satisfied the proof is 
the same as when the terms are real. 


68. The Exponential Function. Let F(n) = (l -\-zlnY where 
n is a positive integer and z is complex, z=:x -\-iy, x and y being 
real ; it will be proved that, when n tends to infinity, F{n) 
tends to the limit expressed by the series 

z^ z^ 

1+ ^ + (^) 


which converges absolutely for every z. 

Expand (1 -\-z\nY by the binomial theorem, which is appli- 
cable when n is a positive integer, and express the coefficients 
as in § 48 of the Elementary Treatise ; thus 



)(>-!)■ 


n- 


t 

: 


n Jr\ 
- 1 \ 2 :” 


+ ... 


n 




Let Ur{n) be the term of the expansion that contains z'\ and 
let \ z \ -- a \ then we have 

(i) jT Ur(n) ~z''lr\, when r is fixed ; 

n—^ao 


(ii) \Ur{n)\ ^ a^/rl ; (iii) Sa^'/r! is convergent. 
The conditions of Tannery’s Theorem, § 63, are therefore 
satisfied and ^ 

(3) 

n— voo r—O * ’ 


and this series converges absolutely for every z. 

The limit may, however, be expressed in another form, 

namely ^ 

/ jP(w)=e®(cos2/ + isiny). 

n— >Q0 

For, if 1 + xjn =r cos 6 and yjn =r sin ^ ‘(w a positive integer) 
BO that 1 +2/m=(l +xjn) + iyjn—r{ooB 6 +i sin d), 
r cos 6 will, for large values of n,'be positive while r sin 0 will 

O.A.O. » 
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have tlie name algebraic sign as y ; hence i) may be chosen so 
that it lies between 7zj2 and 7 r/ 2 . By Be Moivre’s Theorem 

(1 -f — r''(cos 6 -f i sin 0)"* :^-rr"*(cos nd -i-i sin nO). 

Now, 

nj /H( 

But ny^K'ti ^0 when - -oc and therefore by §25, Kx. 2, 

n 

(1 +y^lin -1 when n — oo , 

so that r” - ^c**’ when v->cc . 

Again, tan ^ +.r) and therefore 0-^0 when n , 

Also, 

„ d ny 0 y , 

nO ^ ^ ^ - ■ V -V when 7i - >oo 

tan 0 n + x tan 6^ I -f .r//< 

if we assume the usual theorem that 0/tanf)--l when 0 -0. 

Hence - f’^(cos // -+ ^ sin y) (4) 

and therefore 


H 


/( 


1 + - 


n 


- 

e"'(co8 y -f i sin V)"^ ~f 


^{z). 


When z is real, z-^x. the series is equal to ef ; the definition 
of the exponential function is now extended to comph'X 
vahies by saying that means the series ^z''/rl or q^(z) or the 
furfetion e^(cos?/ +f siny) when z - x 


69. Trigonometric and Hyperbolic Functions. If and 

are any two complex numbers the power satisfies the index 
law ^ 

as may be verified either by finding the product (p{Zj) x (piz^), 
which is easily seen to be <p{Zi H- Z 2 ). or by taking the product of 
and when these are expressed in the form 

(cos y^ 4 i sin y^) and e^«(co8 y^ + i sin yg)- 

If n is any positive or negative integer but when 

n is not integral or not real the function is no longer single- 
valued. (See § 72.) 
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Suppose .V- <) ; the series for then gives, by equating 
real and imaginary parts, 

, 


sin 


y^y 


If "^5! 7! 


+ ... 


which are the usual power series for cos y and sin y ; by 
equation (4), § 68, y is the number of radians of angle. 

In the equation ==cos y 4-^ sin put - y for y \ the 

equations - cos y sin y, e"**' — cos y - i sin y 

give cosy=:' , nmy^---^. (1) 


which are known as Euler's expressions for cos y and sin y. 

The direct trigonometric functions of a complex number 2 ; 
which, as yet, have no existence, are now introduced by 
definitions suggested by equations (1), namely, 

fizip-iz piz _ p-tz 

cosz: ^ sin^r , 

2 2i 


while the other functions tan ;3, cot 2 :, cosec sec 2 : are defined 
by the equations tan 2 : -sin zjcos 2 :, ... sec 2 : — 1/cos 2 :, which 
hold for real angles. 

/ piZ __ p~iz-.2 /piZyp-iz 2 

Again, sin^ 2 4 - cos^ 2 ( — 2T~~) \ — 2 " ^ ’ 

tlie fundamental identity for real angles. Similarly it is seen 
1 4“tan2 2 ~sec^ 2 , 1 4 - cot^s ~cosec“ 2 , 
and it is also verified very easily that the Addition Theorems 
for cos( 2 i:i: 22 ) and sin( 2 ii:^ 2 ) hold also for complex values. 

It should be noted, however, that, when 2 is complex, the 
familiar relations | sin 2 | ^ 1, | cos 2 | < 1 are no longer true 
in general. 

Periodicity of The function e* is periodic, with the pure 
imaginary period 2m ; for if n is any positive or negative 
integer, 

— 6® X “e®(coR 2n7t + i sin 2n7z) 

The trigonometric functions have, however, the same real 
periods as when the angles are real ; for 

g4t‘(2 4 « . 2»r) ^ g i w ^ p \ 2nvri ^ ^412*^ 



178 


APVANCED (^AJAUTLTTS 


[CH. Vi. 

SO that an increase or decrease of the argument z in sin or 
cos z by 271 makes no change in the value of sin z or cos z. 

The zeros of the trigonometric functions are the same as 
when the angles are real. For example, if z~~x -^iy and 
sin 2 : = 0 we must have 

or — e^*^~co8 2x +i sin 2x, 

This equation requires, since x and y are real, 1 or y = 0 
and cos2a:-=l, sin2a:; = 0 so that a: = n:7r, ~0, hi, [2,..., 

The Hyperbolic Functions. The definitions are the same as 
when 2 : is real {E.T. p. 140) ; for example, 

cosh z~^{e‘‘ sinh z-\{e'' -e'^). 

The relations 

cos iz = cosh 2 , sin iz ~ i sinh z, sinh iz = i sin z 
should be noted as they are often useiul. 


Ex. 1. Show that, x and y being real, 

(i) cos (a: ± it/) "COS x cosh yTi sin x sinh y ; 

(ii) sin {x±iy) =:sin x cosh y±i cos x sinh y ; 


(iii) tan 


sill 2a; ± i sinh 2 y 


COB 2 x -f cosh 2 y 


Ex. 2 . Tf X and y are real prove that 

(i) I sin {x±iy | =(sin* x +sinh® y)^ = cosh y but r:= sinh 1 1/ 1 . 

(ii) I cos {x ± iy | = (cos^ x 4 - sinh® y)^ ^ cosh y but sinh | y | . 

Ex. 3 . Tf x -riy =tan (u -i-iv) where x, ?/, u, v are all real, show that 

(i) x^ +2/* =(cosh 2 v - cos 2?i)/(cosh 2 v -I- cos 2u) ; 

(ii) tan 2 u = — — 2 J (iii) tanh 2c — . ; 

l-x^~y^ ' ' l+x^+y** 

(iv) --{a;® ^-{y + l)*}/{ir® 4 (?/ - 1)*}. 

Ex. 4 . If z is complex, |e*~l|<|z|(l+i|2|e**'). 

Let \z \ ~r ; then | e* - 1 | is less than or equal to 

r + Jr«{l +^^ + 3?^ +... 

<r + Jr»|l +r + |^ + ...+^+...)=r[n-ire’-J. 


70. Logarithms. If where w and z are complex, w 

is defined to be a logarithm of z ; when z is real there is only one 
real logarithm of z, but when z is complex new considerations 
come into play. 
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Let z==:x -\-iy ~r{cofi 0 +i sin 0), where ~ ti < 0 ^ 7t, and let 
w^u 4-iv, where u and v like x and y are real ; then 

j^iy~r(coB 0 +i sin 0), 
or e“(cos v +i sin v) =r(cos 0 f i sin fl), 

and therefore e'* =r, v==6 ~\-2n7t, n=:0, ±1, ±2, ... . 

Hence, since r is positive, z4=log r, a real number, and 

w +tV==log r ^-^(0 +271.71:) (1) 

This value of t/; is “ the general logarithm of 2 : ” and is denoted 
by Log z, so that Log z has an unlimited number of values 
that differ by multiples of 2m, The value of w for which ii 
is zero is called the principal value of the logarithm of z and is 
denoted by log z. Hence 

Log 2 — log +27i7ri, 77 = 0 , J 1, ^2, (2) 

If z~x + iy, then r = (a:;^ log r~ \ log (x^ + y^) while 0, 
the amplitude of 2 , is the angle which satisfies the equations 
r cos 6 =x, r sin 0 - y arid also the inequalities - .t < 0 ^ tt. 

If 0^, 02, , 0^1 are the principal values of the amplitudes 

of 2 i, 22 , ... and <p the principal value of the amplitude of 
the product 2 ^, 22 »-** then <p is not, in general, equal to 
01+02 + ... + 6^ but to 01 + 02 + . . . + 0,„ + 2k7t, where k may be 0 
but, in general, is a positive or negative integer which must be 
chosen so that - 7t<<p^7i. Hence 

log (2 i 22 • • • ^m) ==log +log ^2 + ' • • + log 


Ex, Letm=2. 

71 
"6 


ei=ff. 0a=¥. *=0; fli=«a=¥> * = 


2- ' 


3 

5jr 


~i, <r = 


271 


271 , 

T ’ * = ’=’='6 


71. Inverse Trigonometric Fimctions. If x is real and 
tan y^x Vie find by expressing tan y in terms of that 


tan 


e**' - e-**' 


c*“'- 


1 -[-ix 

1 * ? 
- %x 



and therefore 


(i) 
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Let (I '^ix)/(l -ix)—r{coB 6 sin 0), -tzkO^te; 

1 — 

r — ly cosO— ^ sin6^ y — tanJ0--=a; 

i. ~r X 1 

it ( 1 - il) " 2t ^ 10 +n7T. 


then 


The principal value of y is therefore 1$ and is the valium to 
which the symbol tan-^^ is restricted {E.T. p. 133). 

The general value of tan~^ 2 :, when 2 : is complex, is defined to 


be 





Thus if X -\~iy :=^ tan {u -hiv) so that u -{~iv is a value of 
tan^^ (x -^iy), it follows from § 69, Ex. 3, that 


u 4- iv = nn + ^ tan"^ 



x^ +( j/ -fl)2 

^^(y-iY 



where ?i = 0, I 1, :L2, ... , and therefore, as when 2 ; is real, the 
values of tan~^ z differ by multiples of jt. 

As we shall make very little use of these inverse functions 
it is sufficient to state that all can b(‘ expressed in the form 
4 i/9 where a and fi are real functions of tlie real variables 
X and y. For fuller information the student may consult 
ChrystaPs Algebra y Chapter XXIX, or Hobson’s Trigonometrif ^ 
Chapter XVI. 


Ex, If sin“^(.T 4 ip, x ^iy =sin a (josh p -\-i cos a siiih p, 

prove that 

(i) cosh p-i{{x 4 1)2 +\{(x - 1)2 4?/2 )^ -U ; 

(ii) sin (xrrr J{(a: 4 1)* +y^}i - .J{(a: - 1)2 47 / 2 }^ : r ; 

(iii) sin-i(.T 4it/) ~nn 4( - 1)" sin-h? 4t . ( ' 1)” log {u i {n^ 1)^}. 

72. The Generalised Power. The power is defined for all 
values of z and n, real or complex, by the equation 

~~~ ^ 

and is the principal value of s". 

The general power z” is single-valued if, and only if, n is zero 
or an integer, positive or negative ; because 

n Log Z--W log z -i-w . 24ji:f, h-Q, :tl,± 2 , 
and in this case e-"*"' is unity. If n is a rational fraction, 
n - :{::Plq, where p and q are positive integers and p /7 is in its 
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lowest terms, z"" has q different values. In all other cases the 
general power has an unlimited number of different values. 


Ex, l. (i) log ( - 1) ==:7ii ; (ii) log i ^ : (iii) log ( - i) 


Ex. 2. 
Ex, 3. 


The })rinci})al value of is c 

If tail X —c sin ol/(1 ~r cos fx.), show tfiat if x — 0 when c 

1 


, /I - ce~ 


- CC>'i 


Ex, 4. If X and k are complex, | | < I and k --ol where (l and p 

•arc nml, find the modulus of the principal value of (1 +.r)^. 

'Flic principal value of log (1 -f ;i ) is that value which is zero when x 
is zero ; for if x—r{eoH 0 } t sin 6), -n<Q' tt, and 

1 f r cos 0 ~Y> cos r sin 0 - p sin q.\ 
cos (p is positive and therefore - 7if2 <qy<7ij2 and 77 =0 when r =0. 

Next, log ( 1 -f-x) — log (> +^77, 

so that k log ( 1 -f ;>') — (oL log Q - P(p) -f i{ ft log q -f 07?) 

and ihoreforo | ( I -^ x)^ | — - ^4 — Q°'e - ^4 

where c “(1 +2r cos 0 -! r^)^. 

Since 1 <p | jt/ 2, 1 ( 1 -f | . ^ I*. 


73. Complex Functions of a Real Variable. If u and v are 
real functions of the real variable x — that is, functions in which 
the constants are real numbers — the function u -j-iv is called a 
complex function of the real variable x. 

A polynomial f{x) of degree n (n a positive integer) in which the 
coefficients are complex numbers may, by separating the purely real 
and the purely imaginary parts, be expressed in the form m +iv. The 
quotient of two such polynomials is of the form (wj +f^q)/(Wj + iVj) and 

u^+iv^ ul^vl 

Again, if a ~h +ic (6, c real) c®* is of the form u ft?; where 
u cos cx and v sin cx. 

From the definitions of logarithms and of the circular functions, 
direct and inverse, it will be seen that they are all of the form u +iv. 

The definition therefore includes all the ordinary functions. 

The derivative and the integral of a complex function f{x) 
of the real variable x are defined, when f{x) has been expressed 
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in the form u +iv where u and v are real functions of a;, by 
the equations 

^f{^)dx—^udx -\-i^vdx ^Cy 


where O is a constant, in general complex, C~C^ 
The definite integral is defined by the equation 

f f(x)dx — [ udx ^i[ vdXy 

a J a i a 


where the limits a and b are, of course, like x, real numbers. 

The rules for differentiating a sum, a product or quotient, 
and a function of a function (both variables being real) will 
obviously be the same for the complex as for the real functions ; 
the rule for differentiating an inverse function will be proved 
for the standard formulae, as the general proof really requires 
the concept of the complex variable. 

(I) c"’, where w = u-^iv and w, v are real functions of the real 
variable x. 

By definition, e*" =c'*(co8t; sinv) ; therefore 


dx 


udUy • • X u/ • • ^dv 

= 6“^(co8?; -h^sln v) - sin v -f tcost?)^ 
= 6“(cos V -f i sin -f ie'*(cos v -f i sin v)^ 


so that 


. ./du ,dv\ 
~e^{coBV -f-tsm 


d.e^ ^ dw 
dx dx 


We thus have the same rule as if w were real. 

(II) Trigonometric Functions. By expressing sin w, cos w, 
tan Wy etc., in terms of and applying (I) it is readily 
found that the derivatives have the same form as when w is 
real. 

For example, 


d . sin w I d{e*^ - e~^^) 
dx ~ 2i dx 




dw 

dx* 


d,smw dw 

^ —QOBW . 

dx dx 


so that 
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(III) log w. In 'this case let w = ^(cos 9? +isin 9?) where 
Q and 9? are real functions of x ; then log w ^log g i-icp so that 


d . log w 
dx 


1 dg ,dq? 
g dx dx * 


XT dw dg , . . V . / . . ^dw 

~dx~ dx ^ sm 9?) -f i^(co8 9? 4 ^ sin 9?) ^ 


dx 


~w(^ 


aiul therefore 

d . log w I dw 
dx ~wdx' 


1 dg .d(p 
g dx dx. 




Since Log i/; - log 4- the derivative of Logit? is the 
same as that of log w. 

(IV) Inverse Trigonometric functions. The forms are the 
same as when w is real ; for example 


d . tan"^^ 
dx 


\ d , /I 4-w\ _ I dw 
2i dx Vi - iw) ~~ I +w^ dx ^ 


(V) w^. Let \ogw be the principal value of hogw and 
where 1/; is a complex function of the real variable 
X and 71 a complex constant. We find by (I) and (III) 

(f (wlogw) _ 71 

dx dx -wdx’ 


so that 


d . w^ 
dx 


— nw 


n-l 


dw 

dx‘ 


Cor. 


If the same value of Log w is used for and w^~^ 


d . w'^ 
dx 


nw 


n-l 


dw 

dx 


(VI) In respect of integration we may assume (as will be 
fairly evident from consideration of the definite integral as the 
limit of a sum) that 


pb pb 

(u ■hiv)dx ^ I +iv I dx 
J a J a 


or 


wdx\ 


■L 


w \dx, 


where a and b are real numbers and a<b. 

It is also assumed that the integral of dj{x)jdx is /(rr) 4- con- 
stant. 
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Ex, Find tho integrals of cos 6.x and e®“^sin6x, (a, 6 real). 


1 e(« 1 if>) '■ dx -- 


^{a+ih)x ^ c®^(cos hx f i sin hx) 


a 4- ib 


a -{-ib 


and 


I c(« d.r cos bxdx j- i |e 


'^sin bxdx. 


Fquate real and imaginary j>arts. 


74. Logarithmic and Binomial Series. The series for 
log (1 -hx) and (1 +xy\ where x and k are complex, will now be 
established. 

i. log(l+.^r). When t is real, 0:^5 and x complex, 
I .T I < 1, the principal value of log (1 h xf) is that for which 
X (or t) is zero (§72, Ex. 4). 

Now, let I X I — Q < 1 and let t be real ; the binomial 1 + xt can- 
not vanish if 0 t :< 1 , and therefore 
X (it 

“Principal value of Log (1 -hx). 

J 0 14 xt 

Again, by elementary algebra, we have 


.r 

1 4- xt 


-- V 


I ’ 

1+r^’ 


and therefore, log (1 l a) denoting the principal value of 

Log (1 4- a), 

log (1 -tx) y ( -. 1 )'-> ( - 1)" \x\-.-Q<i, (1) 


where 


Tiff 


d/. 


Now I 1 + 1 5 1 - (j : • 0 when | .r | p 1 and 0^ 1 ; hence 

ri ] 

fro a-h 

and therefore -0 when /i .-cc. We thus find that 

log(l 4-.r) --:=.r - 1^2 ~ +... | a | < 1, (3) 

so that the series for the principal value of log (1 4 a) when 
X is complex and |a|-4l is the same as that for log (1 4-a) 
when X is real and I a I • : 1 , 


Ex. 1 . If I X I < i, I log ( 1 4-x) I 4^ 2 1 .X 1 . 

In the inequality (2) let 

1 ; then 1 - > -J and | Bi(x) | ~ | ^ I* ^ I ^ It 
HO that I log ( 1 4- x) I ; I X I 4- 1 ■/^^(x) | '4 2 | x | . 

(The sign occurs only for x = 0.) 
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Ex. 2. I log ( 1 +a;) I I 07 1 I I * + J I a: 1 8 + . . . 
and therofore | log ( 1 +;7;) | T-- - log (l-|ic|), |:r|<l. 

Ex. 3. Show that | - ^ - ... | < 1 if | a; | < J and 

deduce that log (1 4-it') — x + dx^ where | 0 | < lif|a:| <i. 


Jl. (1 -f Suppose that x and k are complex, | :r | < 1, and 
lf‘t t be a real variable, 0<t^ 1 ; the principal value of (1 
is that value which is equal to 1 when ^ = 0 and the principal 
value of (1 is that value which is equal to 1 when x=^0. 

Let F{t) be a complex function of the real variable t defined 
for the range 0 ^ 1 by the equation 

-ty (4) 


where 


fk\ _ k\k- V){k-2).._.{k 
\r)'^ ■■■'■ ' 1 . '2'. 37.;. r 




=^=1 . 




Now the rules of differentiation with respect to the real 
variable i are the same as if x and k were real ; differentiating 
F{1) we find (compare E.T. pp. 390, 391) that 

7 ?^ = " 0 ^ ^ 


Since | | < 1 the binomial (1-h.r/) cannot be zero for 

1 and therefore every })ower of (1 is finite ; we may 
therefore integrate with res])ect to t from 0 to 1 and then 
equation (6) gives 

F{\)- (1 +x0‘ "(1 - 

Again, from (4) we find that 

and therefore, by (7), 


(l+xr-v(*)x^+ii„(x) 


1 + A;x + ^ ^ x^ + . 


k(k-l)...(k-n-r2) 


(8) 


where Rn(^) i® given by the integral in equation (7). 

It may now be shown by a method analogous to that given 
on p. 394 of the Elementary Treatise that iJ»(x)->0 when 
»->oo if I X I<1. 
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Let k~(JL X ~ ^(cos 0 +i sin 6), - n< O^n, and put the 
integral for in the form 

Now, since t is real and | rr | = ^ < 1 we have, if 0 ^ ^ 1, 

I 1 +:r< 1 ^ 1 1 -^sothat | (1 -0 ^(1 1^ L 

and therefore |{(1 -/)/(! 1 ^ 1 if 0^ 1. 

Again, since 1 + cannot be zero when |ir| < 1 and 0 g ^ ^ 1, 
the power | (1 | must be finite, say less than M, for 
1 . 

Further, if | A: | + ^2 | _^ ^0 have 

(/c+1)(/c+2)...(/c+71-1) 


/k\ 1 

fk~l\ 

n t ) ~ At 

1 j 

\n/ 

Vn - 1/ 


1 . 2 ...(^- 1 ) 


Hence 1^(1+ ' 

and I B„{x) I < k 


dt 


<M 


-VxV 

(ac -f l)(/c 4-2) ... (/c 4-^i — 1) 


Jo 

Mq^ =^kqM 


1.2....(w-l) 

where is the nth term of the convergent series 

1 / i\ (/c4”1)(/c4'2) „ 

1 4- (/c 4- 1)(> -h ^ ^ ^ 

Therefore, since when n-^oo , being the nth term of a 

convergent series, the Remainder Rn{x) in the expansion (8) 
also tends to zero when n-^oo . The principal value of (1 4-:r)^ 
is therefore given by the series 

(1 + 0 :)^ =- 1 4- kx 4 - “j— 4 . _ | ^ 

so that the expansion has the same form as when x and k are 
real. 

/ l\®^/ x\~^ 

Ex, 4. If X is complex and/„ =:M J ( 1 +- j , prove that 

n — ^00 

If n > I a; I, we have 

. aj x{x - 1) \/_ XX* \ 

M + -2n”' + -X' -n^n*--) 

so that £ M*(/ti - J ) =ia;(* - 1). 

W QO 

Cor, The series 1) converges absolutely for every value of x. 
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75 . Unifonn Convergence. When 2 is complex, z-=^x~\~iy 
where x and y are real, a series ^ujz) will be of the form 

y) + i 'Lw^ix, y) 

where Vn[x^ y) and Wn{x, y) are real functions of the real 
variables x and y. 

If when I 2 I ^ ^ or, more generally, when 2 is any point within 
or on the boundary of a closed curve 6 \the term u^iz) is such that 
(i) I u^iz) I ^ Mn, where is a j)ositive constant 
and (ii) the series SiHn converges, 

the series ^Un(z) converges absolutely and uniformly for such 
values of 2. 

The series converges since converges ; further, the 

convergence does not depend on any particular value of 2 so 
long as z is in the region specified, because the convergence of 
the series of constant terms is independent of 2. The 

property of uniform convergence is therefore maintained. 

It is not hard to state theorems corresponding to those of 
Dirichlet and Abel, but for these and other developments we 
refer to Bromwich’s Infinite Series ( 2 nd Ed.), Chapter X. 

EXERCISES VIII. 

1. Show that the points on the Argand Diagram that represent the 

roots of the equation (z + 1)’ are concyclio. 

2. If Xf a, P are real, show that the two series 

n - 1 n - 1 

C — cos(fx. +rp), S -f r/?) 

r^O r-0 

may be expressed in closed form by smnniing the geometric progression 

n- 1 

and equating real and imaginary parts. 

v^a;**sin (fx. +ni9) reosfi • / • />v 

3. — = 

n==0 

00 

4. From the equation ( 1 - z)~^= 2 ", \z \ < 1 , deduce that, if \ x\ <1, 

... 1 cos 6 . /i « 

(i) 2 i = 1 4-a: cos 0 +07* cos 26 ; 

^ ' I ~2x cos 6 +x* 

(ii) ^ =sin 6 + x sin 26 +x^ sin 30 + ... ; 

' ' 1 -2a; cos 0 +x^ 

(iii) -z — ^ 1 4 - 2a; cos 0 + 2a;* cos 20 + . . . . 

1 - 2a; cos tf + x* 
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5. Show that ( 1 - 2x ct>.s 0 1 .!:•*)“• is oqiial to 

— { Y . ) and deduce Ex. 4, (ii). 
2 i sin 0 V i " 1 

6. If .T =r (cos 0 + i sin 0) and r < 1, -7i<0 n, prove that 

Q~ I 1 -f ir I +2r cos 0 +r^), 

and (p — amp( 1 -f .i’), wliere o cos tp 1 -f- r cos 0, q sin tp sin 0, 

so that (p=^ tan”^ {r sin 0/(1 + r cos 0) < <p ^ ^ 


2 * 


Deduce fixan the series for log (1 +x) that 


(i) J log ( 1 + 2r cos 0 -f r^) = ^ ( - l)«~i ^ cos nd ; 


(ii) tail'' 


r sin 0 


= ^ ( ~ 1 ™ sin ii0. 


, 1 -4- r cos 0 y 

7* — J 

7. In Ex. 6, let r >1 and show, by Abel’s Theorem, that 

(i) log (2 cos J0) -- ^ ( - 1)^*- 1 * , JT < 0 < TT ; 

n = i 

or, 20 being put in place of 0, 


I /n /i\ / 1 1 oos 2n0 71 .. 

(ll) log (2 cos 0)=: ]^( ~ , -^<0- 

1 

(iii) .n<e<n; 


71 

~2^ 


or, .T " 0 being put in place of 0, 


(iv) \{7t - 6) 




0 < 2n. 


Ill (iii) the value of the series for 0 — .t: or - is zero but the limit of 

the series when 0-^jz is and when 0-> - is ~ -Itt. 

In (iv) the txilue of the series for 0 -=0 is 0 but the limit of the series 
when 0->O is Jtt. 

8. Show that in the notation of § 74, IT, x — g (cos 6 -hi sin 0), (> < 1 

and - 71 <6^71, if k~m a real, number, the ])rincipal value of (1 f o?)^^ 

is (1 -h2(j cos 0 4- {>^)* (cos mq) 4 i sin m(p) where 

(p ^ tan“^ {q sin 0/( 1 4- q cos 0)), - ^ < < -? . 

Jh 2 

9. Convergence of the binomial series for (1 4^:)’^* when m is real and 
\x \ =1, X = 008 0 4- i sin 0 where - 7i<0 ^ n, 

(i) Convergence absolute if m > 0 ; (ii) convergence conditional if 

0 > m > — 1, and also 0 not equal to ti ; (iii) divergence if m'™ - 1. 

[Let be the coefficient of or (cos nd +i sin n0) ,* then 

, m4-l , , , 

= 1+ 1 — A „ bounded. 

n n* " 

If tH 4- 1 > 1 or m > 0, the convergence is absolute. 


On 1^ 

n 4- 1 

“n+i 1 

m - n 
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]f m<0, let - /i, /t> 0 ; i-ho tnriii iu ” juuy now ])0 written 

6n[cos (n 0 + nn) + i nin (nB + 7i7i)]y ^ ^ ; 

6^-->0 when n~>cc if, and only if, /i<l. Now ap})ly Dirichlot’n Te^t to 
the two real series.] 

10. Deduce from Examples 8 and 9 tliat, when rn is real and | x | - I, 
X ^ (JOS B + i sin 0, -7i<B tt, the .series 



is equal to (2 cos (cos ImO i isin \fnO) for all values of vi for which 
the series converges. 


11. Show that the value of P^(x), defined in § 60, Ex. 5, liolds when 
;r is complex provided | x | : 1. 


12. If .r -cos 0 (0 real), express (1 - 2if cos 0 4 ?/^) ^ in the form 
( 1 - ^ X ( 1 - ye ^ , 

ex])and each binomial in ]>owers of y, find tiie product of the two serie.s 
and show that 

QO OC 

1 + ^ i’„(cos e),v" - 1 + ^ 
n 1 n - - 1 

where ti„(0) — which is equal to P„(cos0) — is equal to 


(2n)! i 

22«(n!)n 


2 cos nO 


1 . n 

1 .(2n - 1) 


2co8(/i - 2)0 


1.3 n(n-l) 

1 .2 (2n ■ lH2w • :J) 


2 cos (>i - 4)0 + . .. I 


where the series ends, if il is odd, with t he term which contains 2 cos 0 
as a factor, but, if n is even, with the term which contain.s cos (0.0), 
that is, unity as factor. 

Since the coefficients are all jiositive i\j(cos0) has its greatest value 
when 0=0 and then P^(co8 0) = 1 so that, when 0 is real, 

-l=.7yco80)4:i. 



CHAPTER VII 


SUBSTITUTION OF A SERIES IN A SERIES. REVERSION 
OF SERIES. LAGRANGE’S EXPANSION. MAXIMA 
AND MINIMA OF FUNCTIONS OF SEVERAL VARIABLES 

76. Power Series. The theorem of § 66 on the derangement 
of a series will now be applied to the expansion of functions in 
a power series. 

Substitution of a Power Series in a Power Series. 

Suppose the function f(y) to be given as a power series, 
convergent for \ y\ < s, 

+ + + + ( 1 ) 

where y is a power series in x, convergent for | a; |< r, 

y = + ••• -h ... , | x- 1< r (2) 

If f(y) were a series in powers of (y - ijo) and {y - y^) a series 
in powers of {x - a;^), these could be reduced to the forms in (1) 
and (2) by substituting y for (y - y^) and x for {x - x^) so that 
there is no loss of generality in using the given forms ; this 
simplification of notation is frequently used. 

The values of y*, y®, ... y"” ... may be found as series in 
powers of x by the rule for multiplying series, applied to the 
series (2) and all these series converge for \x\<r. Now 
substitute for y, y^, ..; in (1) and rearrange in powers of a; ; the 
rearrangement can be effected when the conditions of § 66 
are satisfied. The series of § 66 will take the form 

v/here the series in brackets is the mth power of the series 
(2). (Formal, for m = 2, 

®2, 0 ^0, ^2, 1 ~ ^2, 2 = 26^,62 + ^1 • • * so on. ) 
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Now the series given by A^^ is absoiiit(‘ly convergent for 
I a; |< r, but the (uinditions of § 66 demand that the series 

I I ( I 0 1 "t" 1 1 1 I j 

+ I ^m, 2 I + | Ctyn, « I 1^1” + ...) 

should converge and also that not merely I) | | , should 

converge and a smaller value of | x | may be needed to st^cuire 
this, because and | | are, as a rule, very diherent 

numbers. 

We now use the symbol in a different sense from that given 
to it in this reference to § 66. 

Let I Un I I bn 1 /i„ and | x | f . We try to satisfy the 

conditions of § 66. 

The first condition is plainly that because y — />o when 

X — 0. 


Again, the series (2), and therefore also the series (3), 
converges absolutely if | a; | ^ < r so that being a term 

of a convergent series, is finite for every value of n, sa\ 
From (2) we find 

I y 1 + ... -I- + ••• 

<!>.-< Ml;*;,-' 

and therefore | y | <fiQ -i- - <?). 

If then f is chosen so that +3/(f/(o ~ f) is less than s, that 
is, being less than s by the first condition, if f is such that 


^ "s-p^+M’ 


^Q< S 


(I) 


the series (1) will converge as required when the series (2) has 
been substituted in it for y and rearrangement is allowable. 
The series of § 6() will be 


ama„,_„)x”^c„x”, say, 

m 0 

00 

and then f{y) = ^ c^x*^ (5) 

n 0 

The substitution and rearrangement are therefore valid if 

(i) ^„<s, (ii) (®) 

where M is an upper limit to the values of and -- 1 fcn I* 


G.A.O. 


O 
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Cor, 1. If 6 q~ 0 only one condition is necessary, namely 

la:| ; 

this case is of special importance because the coefficient of 
in ( 5 ) contains only a finite number of terms and is not an 
infinite series. 


Cor. 2. Again if vS = qo there is only one condition, 

I I < 

and, since q may differ as little as we please from r, the trans- 
formation is valid simply if | | < r. 

In proofs of Existence Theorems it is usually the possibility 
and not the full range of a transformation that is in question ; 
in the above case it is frequently possible to verify that the 
range of the variable x may be greater than the inequalities (6) 
would allow. It may be noted further that conditions (6) are 
nierel}^ sufficient, not necessary. 


Ex. 1. 
Here 

where 


The expansion of log { 1 -f sin .r) in powers of x. ( E. T. ]). 398.) 
/(2/)=log(I +y)=;/ - + -ly* + ... |y|<l (1) 

+ ( 2 ) 


If |.r|— and all the terms in (2) are luado positiv^e the series 
becomes 8inh(), Now .sinh 0 88 -- 0-998 < 1 and the transformation is 
valid if I ir I < 0-88. 


Ex. 2, /(v/)rz:el', y=:k]ogil -f^). 

In this case the sci’ios for f{y) converges for every value of y while the 
series for y is convergent if | 1. Therefore tlie transformation 

holds if |a;| < 1. Further so that the coefficient of is a poly- 

nornial. Show that 

=n! ~ “ 2) ... (A: - n + 1), 

and, since f(y) =(1 -f a:)*, deduce the binomial theorem. 


77 . Division by a Series. If the quotient ujv\^ required where 
is a polynomial or an infinite series in powers of x, and v is an 
infinite series in powers of x we may first express ljr> as an 
infinite series and then find the product of u and \jv by 
multiplication of series. 

If v — bQ + byX^b^x'^-^^,,. we may suppose 60 — 1 when is 
not zero ; for b^ may be taken out as a factor of the series and 
then bn written in place of bnjb^. There are two cases. 
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(i) Lot y.-biX + b^-^ + ...\x\<r ( 1 ) 

then \lv^ll{l+y) = l-y + y^-y^+...\y\<\ ( 2 ) 

By § 70, we may when | a; | is less than some number, q' say, 
substitute the series ( 1 ) in the series ( 2 ) and rearrange in powers 
of X ; the product of u and Ijv will then be of the form 

(ii) Suppose and let the lowest power of x that occurs 

in vhe x^^ its coefficient being taken to be unity, say 

v — x'^ ^ + bp^^x^^ + . . . I rr I - : r ( ;{ ) 

= ( 1 + b,,^^x + ^^x^^ +...)• 

Express ( 1 -f bj,^.^x + ^ power series ; then 

^ "" i X X ( 2 c„a:’') := ^ d„x”, 

V X X 

so that - -- 4- -f . . . + ^ 4- dj, 4- dp^^^x + dp+ 2 ^r^ 4- . . . . 

In practice it is usually simpler, now that the validity of the 
transformation is established, to apply the method of un- 
determined multipliers {E,T, p. 388, Ex. 10 .) 

Ex. Expansion of x/{e^ -- 1). 

% u” X 1 

- I — . and therefore -i — where 

e*-] 

, X x^ ... 

v:=l +2'''3!''‘4'!"‘''"'*’(n+“iy!''' 

and the value of xl(e^ ~ 1) for x -0 is taken to be unity. 

Now express l/v in the form 

Ijv “Co 4 ria: 4-C2a;® 4- ... -I- (2) 

where Cy, ... have to be determined. Multiply the series in (2) by 
the series for v in ( 1 ) ; then the following equation 

l-(l+|+3“ + ...)(oo + Cia: + V» + ...) (3) 

must be identically true for | a? | < q, where q is not definitely known 
except that it must be positive, not zero. Hence the absolute term Cq 
on the right of (3) must be equal to 1, the only term on the left ; while 
the coefficient of each power of x on the right of (3), when the multiplica- 
tion has been effected, must be zero. Thus we find 

/. —1. — o* “0* 4-r —0 

^0-1, 2 4-Ci-O, 4!'^3!'^2 

and, in general, 

. +^'1-4- 3. 4 . = 0 . 
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These equations, wheii solved, give : 

f*o~ - ^2 ~ iV» ^*3 —0, — — 7ov>» ~9, ... . 

It is hopeless to seek by this method the value of except for the 
smaller values of 7i ; it may be proved, liowever, tliat no odd power of u: 
above the first occurs in the expansion. For, if we write 

/<•*') 

we find that /( - .r) : -/(^r) so that /(x) is an even function and contains 
only even ])owers of x. The fact, however, that there is a })ower series 
has been established. 

See further § 94. 

78. Reversion of Series. If 7 / is defined as a function of x 
by the convergent series 

+^ 2 :^ 2 +... -f +..., |a:|<r, (A) 

the problem of reversing the series in (A) is, in general terms, 
that of expressing x as a convergent series in powers of f/. 
It has been pointed out in § 70 that there is no loss of gcuierality 
ill taking x, y instead of x - x^. y-y^ as the variables, and 
further, that no importance attaches to the particular value 
of Y (provided /• is not zero). In the following discussion, 
therefore, the essential point is that the series converge ; the 
determination of the maximum range of convergence of the 
various series is a separate problem. 

It is, however, desirable to reduce the equation (A) to a 
standard form before defining more pri^cisely the problem of 
reversion. 

. Suppose in the first place that the coe^fficient is not zero 
and make the substitutions : 

yja^ " ■ y' ^ K ^ > 1 * 

Equation (A) becomes 

y' - X + + a'x^ + . . . -j f ( Aj) 

Suppose next that the coefficient is not zero but that 
a^y (Xg, ... , are all zero and make the substitutions : 
yjcf'm y j { 2>> ^™1, 2,.,.. 

In this case equation (A) takes the form 

if -f -I- (Ag) 

The series in (Aj) and (Ag) will still be convergent ; the fact 
that the coefficient of x in (A^) and of x'^ in (Ag) is unity is an 
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iinf)ortant Biinplification. The accents may now be dropped 
and the discussion will proceed on the basis of equations (Aj) 
and (Ag), as thus changed. The two equations require 
separate consideration. 

First Case. Coefficient in (A) not zero. The equation to 
be considered is 

y = X + H . . . i f ( 1 ) 

The ])roblem of reversing the series in (1) may now be stated 
as follows : to show that there is one, and only one, convergent 
series for x in powers of y, say 

x=:y + + h^y^ + . . . + b,,y^ f (2) 

which satisfies the two conditions that x = i) when y = 0 and 
makes the equation (1) an identity when the series (2) is 
substituted for x in the equation (1). 

We must first show that when \ x\ is sufficiently small, y, as 
determined by equation (1), cannot be zero unless x-i). For, 

y — x{i + ^2^^ + a^x^ 1 + v) say. 

The series r, that is, a^x r a^x^^ + ... , is convergent and tluTe- 
fore defines a continuous function of x (E.T, p. 386) ; further 
v — i) when rr -0, and therefore, by the continuity of r, it is 
possible to choose | x | so small, say | x | < r^, as to make 
I I < 1 . Hence 1 + v is positive if | x | < and therefore 
x{l + v) is, if I .r I < rj, zero if, and only if, x -~0. 

Let it be assumed for the moment that there is at least ojie 
convergent series which when substituted for x in (1) makes 
that equation an identity. Since the coefficient of y in 
equation (1) is unity its coefficient in the series for x must also 
be unity ; the equation (2) may therefore be taken as defining 
the assumed series for x. The solution of the problem of 
reversion consists in showing that this assumption is justifiable. 

When the series (2) is substituted for x in (1) and the (co- 
efficients of y^, ... calculated, each coefficient must be zero 
because the equation is then an identity ; thus, the following 
equations connecting the a’s and the 6’s are obtained. 

62 -- - - a,^{2b^) - U3, 

64-: I' 2/>3) - n.3(.362) " «4 

65 = . . . , — . . . . 
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These equations determine, in succession, 

U7iiquelya8 pol 3 nnomial 8 in ag, ^ 4 , , the coefficients of the 

polynomials being positive or negative integers ; that is, 
bn is of the form, 

f>n=Pn{ai, <* 3 , , a„). 

(If the coefficient of a; in (1) were not unity P„ would be a 
polynomial, not in simply, but in ag, ... , 

divided by a power of , ) This determination of the coefficients 
bn proves the important result that if there is a series of the 
kind assumed there is only one such series. 

The next step is, by a method due, like so much in the 
theory, to Cauchy, to solve a particular case of the problem 
and then by means of this solution to pass to that of the given 
problem. 

Suppose that the series ( 1 ) converges for |:r| <r; then it 
converges absolutely for j .r | g o < r and therefore there is a 
positive number M such that | | q^< M for every value of 

the integer n. Let Jf/p” and consider the problem for 
the particular case, where for distinction f, 1 / are used in place 


of Xj y respectively : 

rr I - - ... I ^ 1 < p < r (ia) 

f (2a) 

The equations corresponding to (3) are 

1^2 ~^^ 2 ’ ^3 

^4 “^ 2(/^2 ^ 1 ^ 3 ) ^^ 4 ’ .....(3a) 


^5 ” ' • • • » ^6 " • ' * > 

and therefore, since each ol is positive, so is each ft. 

Now I a„ I < fjLn and therefore 

\b2\~\a2\<(X.2]\b2\<P2- 

i ^ I 1 I ^2 I) I % 1 ^^3 y I ^3 I ^ /^3> 

and so on, \bn\<Pn, ^^ = 2, 3, 4, ... . 

If then the series (2a) converges, say for \rj\<s, the series 
(2) will converge for 12/|<'S? and then by § 76, Cor. 1, the 
substitution in (1) of the series (2) for x will be justified ; the 
equation (1) will be identically satisfied and the problem of 
the reversion of the series (1) will be solved. 
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We now determine the series ( 2 a). In (la) put Jf/p" for </i„ ; 
then if ] f | < p we find, as another form of (la), 

eiQ-^) 

so that {M + -(q + v)ei + Q^V =^- 




.{la) 


Solving this quadratic for ^ and taking the negative sign of 
the square root since f ™ 0 when r] 0 we obtain the equation ; 

2{M + q{q -f 7j) ~ - (4M + 2q)7] + 

Let ~ S 1 S 2 and 4M + 2 ^ ~ and So are positive 

and we take 5 ^< 6 ' 2 . Thus 

2{M + e)l -=e(e +>?) -e®(i -)//«i)^(i 
If U; Ihe binomials (1 “ 

be expanded in convergent series of powers of ?/ and when these 
series are multiplied we obtain the equation : 


so that 




r/) -(?2|l 

1 ^2 0 ‘1 

- ^ V Cgr/" - - 

*1*2 

1 

••7 

-71)- e^jl 

2 M -i - g . 

- 2 ~ V ^’2'/“ V/ 

c 

1 

••7 

^ 26 “ 2 



(M+q)‘‘ 

'2{M + q) > 





(There is no purpose to be served by evaluating ^ 3 , ... in 
terms of and 63 since the series is known to be convergent.) 

It has been already pointed out that if there is one con- 
vergent series of the t^^pe (2a) there is onl}' one ; the series 
given by (4) is convergent and therefore the series given by (4) 
and by (2a) must be identical. Hence the series ( 2 ) is con- 
vergent and therefore solves the problem of the reversion of 
the series ( 1 ). 


If in the series of .E(pxation (1) the signs are alternately + 
and - so that 

y = a: - ~ f ■ . . . > 

show that X is given by 

.r r.- y - - 6a//2 + - b^y* + bj/^ - bf(y^ 

where 62, 63, 6^, ... are the same as in Equation (2). 

Second Cam. The coefficients in (A) zero, 

not zero. 
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In this ease tlic form of equatio|> (A) becomes (Ag) or 

y .. -f ‘t (^) 

When I X | is sufficiently small it may be proved as before 
t hat 1 -i-'iv is 2>ositive so that y — 0 onl}^ if x "0. 

Let ?/ - ; then /y has m different values, given by 

)) - yy ( cos -h i sin Of Ic - 0, [, ,,. {m 1 ), 

where y//"' is the j)rincipal value of the mth root of y. Hence, 
1)}^ taking the mth. root and expanding (1 in powers 

of X by the binomial theorem, we find that equation (5) may 
be represented by w. equations of the type 

I 

y”' Of^~y=:x{l+ C^X -4- C^x^ +...)- ^1^^ “t- •(- (^>) 

The work in the First Case is not essentially altered if y is 
complex, and therefore to each of the equations of the type (ii) 
^here corresponds an equation of the type 

X ^riA-diTi^ 4- -f- (7) 

and the different equations of the type (7) are ol)tained by 
])utting >y equal to 

Thus in this case there are in different series each of which 
is zero when y 0 and when substituted in (5) reduces it to an 
identity. 

79. Lagrange’s Expansion. In the equation 

z:^x + yf{z), (1) 

let x be considered as a constant (or a ])arameter) and y as a 
function of z. If f{z) can be expressed as a convergent seri(*s 
in powers of {z -x), say 

f{z) Uo 4- ai(z - x) + a^(z -x)'^+ (2) 

where (iQ~f[x) and is not zero, y may, by expressing l//(s) as a 
series in powers of {z - x), be represented by a convergent sorites 
of the form 

y^b^iz -~x) + b2(z-- x)^-\- b^^llaQ ( 3 ) 

and then, by reversion of this series, 

z-x^c^y A- c^y^ f 4- . . . r 1 -- 1 /6 ^ a^. 


(4) 
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Again, if 9^(2:) may be rej)resented by a convergent power 
series in {z - x) the substitution of the series (4) for (z - x) will 
give for (p(z) a convergent series of the form 

(p{z)=d^ + d^y + (l^y'^-V (5) 


When J{z) and (p{z) satisfy the conditions stated both f{z) 
and qi{z) possess wth derivatives with respect to y for all values 
of n and therefore the series in (5), which, by the conditions 
satisfied hyf{z) and is unique must be thc^ same as Taylor’s 
expansion of (f>{z) in powers of y. 

The range of y for which the series (5) converges cannot, as a 
rule, be found by the theorems at our dis])Osal but it is certain 
from the theory of reversion of series that the series does 
converge for | y | <: .v, where s is positive. A rule for deter- 
mining s in certain cases will be stated at the end of the artiido. 

The calculation of the derivatives of q){z) can be effected by 
a metliod due to Lagrange by which the derivative? s with 
respect to y are expressed in terms of derivatives with respect 
to the parameter x and when the coefficients in (5) are ex- 
})ressed as derivatives with respect to x the expansion (5) is 
generally called Lagrange's Expansion of (p{z). 

From the equation (1) we find 


dz 

dx 


-i+y/'W 


dz dz 
dx ' dy 




dz 

dy’ 


and therefore, by eliminating /'(2), 


dz 

dy 



Again, 


dffiz) dz .f. .dz 



Next let y»(s) be any differentiable function of 


.(b) 


then 


5 \ 




dz dz dH 

^ dy dx^^ dydx ~ dx 


3y^ 

and therefore by (a) 




St/I 

Now let 


y){z) = q>\z)f(z ) ; then by (b) and (c) 


.{<■) 
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Similarly by putting (p'(z)[f(z)]^ for y}{z) in (c) wo find 

Let it be now assumed that the law suggested by {c') and {c") 
is general, that is, that 


■ -(O 


(.0 




After putting <f^'(z)[f{z)]^ for y){z) in (r), differentiate with 
respect to y and we obtain the equation 

so that the {n 4 l)th derivative of (p{z) with respect to y is of 
the same form as the nth derivative. Hence the form given by 
{d) holds for all values of n greater than unity ; the form (6) may 
be treated as the zeroth derivative of (p'(z)f{z)dzldx so that 
the law holds if n >0. 

The variables x and y in these differentiations are inde- 
pendent. The value of the nth derivative of (p{z) with respect 
to y for any given value of y may therefore be obtained by 
substituting that value in the right-hand member of equation 
{d) either before or after the differentiations with respect to x 
have been made. If the given value of y is zero then z--x 
and dzjdx = 1 so that 

Now expand (p(z) by Maclaurin’s Theorem : 


<p{z) -[9^(3)] 


»-!L 92/" - I,, 


■.(p{x) + y(p'(x)f{x) + 




(I) 

where the form dfdx may be used since <p'(x)[f{x)y^ is a function 
of X alone. 

The special case in which cp{z)~-:=^z gives the expansion 


z^x^- yf{x) 4- §7 . [f{x)] 2 -f . . . 4- 




t[/(^)]"+- (ii) 
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If -0 equation (1) takes the form 

• (p{z) ■-= <p(0) 4- y [(p'{x)f(x)]^_^^ + 1, {q,'(x) [f(x)] ^ . 

<"« 

In all cases 2 is the value which satisfies the condition that 
2 — 0 when y = 0. 

For another forra of the Expansion, see § 80, Ex. 13. 

Note, Lagrange’s Expansion requires for a completes 
discussion the theory of functions of a complex variable. 
Reference may be made to MacRobert, Functions of a Complex 
Variable, § 54, or Whittaker and Watson, Modern Analysis, 
§ 7*32. 

Hermite’s Cours, redige en 1882 par M. Andoyer, contains on 
pages 182-197 a valuable discussion of Kepler’s Equation (see 
Example 5, § 80). Serret’s Algebre Superieure, 6th Ed. Vol. I. 
pp. 466-484, gives an exposition based on memoirs of Cauchy 
and Rouche. 

An excellent presentation of Lagrange's method is given by 
Bromwich, Infinite Series, 2nd Ed., pp. 158-160, and pp. 265- 
266. 

A rule for determining the range of y for which Lagrange’s 
Expansion converges when z = yf{z) may be stated as 
follows : 

Let I 2 I — r and let ip{r) be the least value of | y | , that is, of 
\z-^f{z)\ when | 2 |=r. If s is the maximum value of y»(r) 
Lagrange’s Expansion converges when | y | < s. 

If the equation is 2 — a: +yf{z) let 2 = C so that 

-]~x)=:yF(C) 

and proceed as before. 

The rule is by no means evident but the application of it 
in the examples of § 80 makes its meaning clear ; there are 
many cases, however, such as Example 5, in which the deter- 
mination of 8 is laborious. 

The proof of the rule depends on the theory of functions of 
the complex variable ; see Bromwich, l.c. p. 265, or Goursat, 
Cours, Vol. II, pp. 123-4. 
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Serret {lx. p. 480) states the rule in the form : If s is the 
least value of | jy | for which the equations 
z^x \-yf(z) and l^yf{z) 

have a common root — that is, for which the equation 
z = x +yf{z) has two equal roots in — ^Lagrange’s Expansion 
converges when 1 7/ 1 < ^. 

In whatever way the range of convc^Tgence of the series in 
(I), (II) and (III) may bo determined, the corresponding 
expansions are valid for that range. 

80. Examples. The following examples furnish illustrations 
of Lagrange’s Expansion ; some of tliem are worked out in full 
to indicate the general method of solution. The numbers 
(I), (II) and (III) refer to the equations of § 79. 

1. Jf y = z{l + where ni is a positive integer expand in 
poAN'ors of y that value of z which is zero when y - - 0. 

Write the equation in the form '* — 2 /( 1 ; then .r (), 
/(s:) — (1 qy{z)T-z, Hence [/(ur)]" - ( ] -f .r)-""'” ; when the deriva- 
tives of [/(.*■)]” have been calculated the value 0 is to })e ]^ut for x, and 
e([uation (FT) gives 

r i + 1 ) + 1 )(4w + 2) 

^ :i! " ■■ ■■ 4! 

-I- n 2 ) 

\ ) */•••• 

The l(?ast value of | y | wlion | | r > 0 is r( 1 and the rnaxiiniun 

value of r(l - r)"' is easily found to be ni'^Km -t l)^*+i ; the series just 
found converges if | y | is less than this number. 

Ex. 2. y ---z - m a f)ositivo integer; find the series for that 

value of 2 whicli is zero when y is zero. 

Proceed as in Ex. 1. f(z)~^ (1 -az^y^ so that is (1 - . 

''Jlio only derivatives of the powers ol f(x) that are not zero when .7* 0 

are the inth, (2m)th, (3m)th, ... , (??7a)th ... and therefore the only 
powers of y that occur in the series after y itself are the {?a 4 l)th, 
(2m + l)th, ... . The valutas of the derivatives are easily found by 
expanding (1 -ax^)-^ by the binomial theorem. Hence 

2'Kw -4- 2 

z — y + ^ ... 

+ + 3) - { nm +7,.) ^nynm+i^. , 

Again, the least value of \y\ when | z | -r is r ~ A A ~ | o | ), and 

the series converges if j 

— {(m 4 1)A} “m- 


1 y I < 
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Kx. 3. z ■■ .6* -} ; -t :f for y 0, vi a ])(>sitiv(3 iiitogc^r and x 

positive. 

(i) 2: — a; + "I ^y2^2wH 1 4. ^3^3 m+l 4. _ 


2 ! ' 3 ! 

(ii) log z ~ log X + y.x^'' 4- y 2 ^j 2 m .^1 4. 

fi! 

Both series converge if \ y\< m^l{m + 1 

Ex, 4. Expand e“~ in powers of y when y ~~-zc^^. 

Here z ■-ye~^^ so that f(x) (f{x) 

and (p'{x)[f(x)y^ Equation (111) gives 

1 , a(a ~ 2b) ^ a(a-?d>)”“^ „ 

e«^ 1 4- ay + ^ + • * * — ,Tr 2/'* + • • • 

and the series converges if | by | < 1/e. 

(yor. If a — 1, 6 “ ~ If X ~-e/ then log x =xy, and we find 


x:=:l 4-yy4--^^2^ 3 ! 4 ! •^‘^ +*•• + 


(n -f 1 )^ 


ir 


Ex. 5. 2 — .r + y sin 2 . (Ko})ler's Equation.) 

The determination of tlie general term in the expansion is a matter of 
dilTficulty and the stiulent should consult the soctioji in Tlerinitirs Coura 
(see § 70, Note). It is easy enough to calculate a few of tlie earlier 
terms. 

( 1 ) z=^x +y sin x 4- sin 2x 4- - ( 3 sin 3x - sin x) 4- . . . . 

2 o 

11 ) sin z sin x 4- % sin 2.r 4-^(3 sin 3.r - sin x) 

L o 

4- "g (2 sin 4.r - sin 2x’) + . . . . 

1/^ 3 </® 

(iii) \ - y cos 2 - 1 - y cos x 4- 4- ( 1 ~ cos 2x) 4- ^ (cos x - cos 3.t) 

Z o 

4- (cos 2x ■ ■ cos 4;r) 4- . . . . 

Ex. 6. If 2 ^2 “ yjz expand 2 “*^ in powers of zy, that value of 2 being 
taken which is equal to 2 wlien y~-0. 

Hero f(x) ™ and (p{x) —x~^. Apply equation (1), putting 2 for x 

in the evaluated derivatives ; the result is 

--j> 1 4 )/ p{p +S )fyV y( p +4)( p +5)/yy 

‘ -2i' 2" ■ 4'*’ 2". 2! \4j ^ 2’’. 3! Vi/ ’ 

the general term being + DgJ' , 

and the series converges if | y | < 1 . 

Since 2 — 1 4- ( 1 - y)^ the expansion may be stated in the form 
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Cor. Lot (I -y)^ ■- 1 - 2m, - - n ; tlioii 

(1 -.Mr‘ = l -fM(l -M) -U)^ -M)3+. 


where - J( •v/2 - 1) < w < J. 

Ex. 7. In Ex. G let y where | 4^ | < 1, and let ~ - k where k is 
a positiv^e integer ; show that if P{t) is given by the equation 

P{t) is a polynomial of degree Ik or \(k - 1) according as k is even or odtl. 
Tlien prove that 

P(t) =--\-kt 


Note that 

so that the expansion of this part of P{t) will cancel all except the terms 
of the polynomial that arise from the first part of P{t). 


Ex. 8. Prove that if | 4^ | < 1 

the general term being ^ 


Ex. 9, Theorem. The derivatives of (p{z) with respect to x 
are obtained by differentiating Lagrange^s Expansion term by 
term with respect to x. 

p(z)y by hypothesis, can be expressed as a convergent series 
'LcJz-xY and. the derivatives d'^(p{z)ldz''' are obtained by 
differentiating the series term by term (E.T. p. 400). But the 
form of the series shows that d^<p{z)jdx^^ is simply 


so that d'''^(p{z)ld.P'' can be expressed as a convergent series in 
powers ol z~x. 

Now, by equation {d) of § 79, 


a” dfy{z) 


ai"‘ 


a’” 

dy^ 


^ / 
dx'^~^ ( 




and therefore 



d^p{zy 

dx^^^ 


J/--0 


( \ 
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SO that the expansion of by Maolaiirin’s Theorem is 

and this is the series obtained by differentiating the series for 
(p{z) term by term. 

Ex, 10. Prove that if m is a positive integer and 1 2/ | <1, 

(x ~ y) __ tn L ~ 1 \ (^Serret ) 

( r~yjm+i nldxnV J- ^ ferret.) 

Ijot z — x-\-y{z-}) so that f{z).rzz-\ and in the series for d(p(z)ldx 
let <p'(z)^z^. 

Ex, 11. If z — x-\-y { — ), expand in ]K)wors of y Uiat value of c 

which is equal to x when y^~^. 

Here /(.^:) = ^(.t^ - 1) and ecpiation (TI) givers at once 

z--x + yY^- j + ‘2, -^2 ■ ( -2-) +- + nl ' (“2" ) 

If we solve the (quadratic equation for 2 , choosing the negative sign 
of tlio root, since z — x when y Oy wo find 

-() - 2xy+y^-)i\ly. 

and therefore, differentiating 2 with respect to .r, 

* « 

H ( 1 - %cy + yT^ ^.\+'^P„{x)y« (2) 

V - 1 

by § 6J5, Kx. 5, P„(x) being Legendre’s Polynomial. 

Now differentiate (1) with respect to x ; therefore by P]x. 9, 

dx' \ 2 ; ’ ' ' 

BO that by equating coefficients of in (2) and (3) we find 

1 d” 

( 4 ) 

Equation (4) gives Rodrigues’ Formula for P^(x). 

Ex, 12. By differentiating the equation 

°9 

r ( 1 - 2.ry + ?/)-i =1+2 A.(*)y’* 
with respect to y, show that 

00 

(x ~y) (I - 2xy + 2/2)-i ^ ( 1 - 2xy 4- y^) ^ nP,,(x)y^~'^, 

and, by equating coefficients of 2/”» prove that 

(n + l)P„+i(a;) - {2n + 1)xfJx) +nP„_,(a,-) =0, n =0, 1, 2, (i) 

where P_i(.r) is taken to be unity. 
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Again by differentiating with respect to ;r, show that 
, . dv dv 

that is, if I\(x) denote dP^{x)jdXj 

00 00 

(^' -y) '^Pn(3:)y’‘ =y'^nr„{x)y”-^, 

»t == 1 w — 1 

and deduce, by equating coefficients of y”, that 

xPn<.^) - Pn-\(*) ■ ~^>Pn('-^)< » ="1> 2 (ii) 

Ex, 13. Slxow that 

and, if ?/;(z) can be expressed as a eonve^rgent series - xY^ 

The expansion (i) is obtaiiicd by differentiating with rt?spect to y 
the series (I) for <p{z). The expansion (ii) is tlion found by putting xp{z) 
for (f'(z)J{z) ; by tlie conditions for Jjagrango’s Expansion (p'{z)f{z) 
can be expressed as a convergent series in powers of {z -x). 


Ex. 14. Prove that 

I 

'sJii- 2i^y^y 


1+ V 

7 l\ L dx'^ 


n - I 


Apply Ex. 13 (ii) taking /(z) — I +z + z2 atid ^p(z) — \ ; the expansion 
begins with tfie terms 

1 f y 4- 32/2 4- 7^3 1 


81. Implicit Function of One Variable. It has been proved 
in Chapter V, § 52, that under certain conditions an equation 
F{x, y) ~0 defines ^ as a function of x. Wo shall now consider 
a special case in which F{x, y) is given by an infinite series and 
then sketch the ixroof of the corresponding general theorem. 

Let ilf be a positive constant, the homogeneous poly- 
nomial 

Un + x^-hj + 4 - , . . + 4 - 1 /”, 

00 

and y—Mx+M^Vn (1) 

n- 2 

the series in (1) being convergent, as will be proved, when 
|r |<1 and 1 2/ |<L It is to be proved that if y^O when x = 0 
the equation (1) defines y as a single-valued function of x. 
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To each Ride of equation (1) add M -^My ; the equation thus 
beecmes, if =- ] , 

M f {M + l)y :^M{uq + Uj^ ... ...) (2) 

The series in brackets contains every ])roduct of the type 
x'fnyn where both m and n take every positive integral value, 
including zero. The terms in (2) that contain x"* form the 

Mx'*^{ 1 { y + + . . . + y^ -f . . . ) 

and the series formed by the moduli of the terms, naiiu^ly, 

.W|x|“(l t- I2/I I- \y\-+... + ...) 

converges if | y | <1. its sum being M\x\ '"(1 - | y | )“^. Also 

i: -|?/|) 1, 

m - (J 

provided | x | \ . Hence th(i double series in (2) is convergent 

if I X |<1 and | // 1 ^ 1 and its sum is therefore given by 


X X 

M ^ ^ y^^ - M{\ - - y)~^ 

m—() n=0 

so that M + {M + l);y — M(I -x’) ^(1 -yY^, 

This equation is a quadratic in y, 

{M-\-\)i/-y \ Mx{l~x) ^ - i) (2) 

and, when solved for y, gives 

•2(M + 1)1/ 1 - (1 - (-221 + (4) 


M’herc^ the negative value of tlu' root has been chosen so that we 
may have y = 0 when :r = 0. 

If I X I < 1 j{2M + 1)2 (and therefore also | x | <1 ), each binomial 
can be expanded in a convergent series of ])owers of x and, when 
the series have been multiplied, y will be given by a conv(u\g('nt 
series y - Mx -f r2-^2 -f , (5) 

The theorem is therefore proved. The general theorem of 
which this ivS a s|)ecial case may be stated as follows : 

Theokem. Let Ufi denote the polynomial 

Un 0 -C" -f «»-i, 1 + a„_2, ^ . i- „ y" , 

X 

a7ul let L'{x,y) ~ - y u,, (I ) 

n 2 

where the coefficient of y is - 1 and the series converges for 


G.A.C. 


p 
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and |//| cl. The eqiuition F{x., y) 0 defines y as a 
single-valued function of x by a convergent series, say 

y ~~-biX + + 63^;^ I- ... + by^x^'' f (II) 

which satisfies the condition that y --0 when a; = 0. The series, 


when substituted for y in F(x, y), makes F{x, y) identically zero. 

The coefheient of tlie first power of y in y) must not ])o zero, and 
there is no loss of generality in assigning the stated horrri to F{x, y). 
If the series converges for | x | < 7?! and \ y\ < Tn x - R^x\ y -= R^y\ 
and if the coefficient of y' is not - 1 but k, say, divide the equation 
R^y') - 0 by -k ; the new form of the function is that assumed 
in the above statement. When the transformation has been completed 
the accents may be dropped from x\ y' and the coefficients denoted by 
the symbols given. Again y) may he a polynomial, that is, after 

a certain stage each coefficient „ may be zero. 

The method of proof follows the lines of that used in the 
theorem of the Reversion of Series. Suppose, to begin with, 
that the coefficients />„ in (II) are undetermined ; substitute 
the series for y in F{x, y)^ and, if possible, choose ... 

so tliat when F{x, y) is arranged in powers of x the (H)efficient 
of each 2)oWer will be zero. If this choice can be made, and if 
the values of b^, 63’ ••• found are unique, the condition that 
F{x, y) vanishes identically will be formally satisfied, and the 
theorem will be formally proved since ^—-0 when .r 0. To 
make the proof complete (that is, a real proof) it must be shown 
that the series (II), with the values of b^, b^, that have been 
found, is a convergent series ; when it is convergent the various 
transformations are valid. 

Now, the equating of coefficients determines b^, b^, ... in 
succession (compare § 78 ) and 6„ is given by a polynomial 

^2.0, ^1,1, ^0,2, •** ^(),n) (Ill) 

in which the coefficients are positive integers. This deter- 
mination is unique and therefore if there is one convergent 
series stich as (II) there is only one. 

Next, the general term in the series (I) is a^^^^x^y^\ and since 
the series converges for \x\<l and | y |<1 there is a positive 
number, M such that for every value of m 

and n. Take now the equation 9 ?(f, rj )=0 where 

9^(1,^)= -V 4-^2 -1-^^ -f 4-...) ...(la) 

and let 4 - +p^^ 4 - . . . f PJ^ H- (ir«) 
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Substitut /0 this value of ?/ in y) and choose /jg, ... so 
that (p{S, y) may be identically zero. The value of is given 
by the polynomial in (III) when M has been substituted for 
each of the numbers 5 coefficients in 

are positive integers and \a,„^^,\<M the number is 
positive and greater than | 6n I • It bas, however, been proved 
that equation (5) with f , rj in place of a;, y gives a convergent 
series which makes 9 ?(f, y) identically zero and therefore the 
series in (5) and (Ila) must be the same. Hence the series (Ila) 
and therefore the scries (II), since | converge, so that 

the proof of the theorem is now complete. 

Factorisation. In F{x, y) substitute P{x) f* 2 : for y, where 
P{x) is the series in (II), and arrange as a series in powers of x 
and z\ the function F[Xy P{x)-\-z] is identically zero when 
z-r.zO and therefore F[x, P{x ) is of the form zP^{x, z) 
where Pi{x, z) is a series in powers of x and z. Let z be now 
replaced by y - P{x) and we find 

^"0^, y)^[y y) 

where P 2 (^j y) ^ series in powers of x and y, the absolute 
term being - 1 because the coefficient of y in F{x^ y) is - 1. 
The analogy with the usual expression f{x) — (x - a)f^{x) when 
f(a)~~Q is obvious. This Factorisation Theorem is due to 
Weierstrass. 

Cor. If F{Xq, ^o) = fi’ l^he substitution x ~ Xq f x' and y — yQ\y* 
reduces the problem of finding a series for y in powers of x which 
is such that y — y^ when x — x^ to the problem just discussed 
for the function F{Xq + x\ y^ 4- y') or F^ix' , y'). 

For applications and extensions of the above theorem 
the student is referred to Chrystal’s Algebra, Part II, 
Chap. XXX, pp. 373-397. Some illustrations are given in 
Chapter XII of the Elementary Treatise (§§ 106, 107, and 
Exercises XX). 

82. Algebraic Forms. As a preliminary to the consideration 
of the Remainder in Taylor’s Theorem for a function of several 
variables it is necessary to prove two theorems on the behaviour 
of the ratio of two algebraic forms. The number of variables 
that appear in the statements will usually be three, x, y, z, but 
the definitions and the theorems are quite general. It is to 
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be understood that the variables and constants are all real 
numbers. 

A polynomial that is homogeneous and of the nth degree in 
two or more variables is called a Form or a Quantic, A form 
/(.r, y, z) is a continuous function of its variables and therefore 
(§ 43, Th. II) if it has opj)osite signs for the values a, b, c and 
a\ h' , c' respectively of :r, ;?y, :: -or, as will be often said, at the 
points (a, 6, r) and {a\ b\ e') -it will be zero for an unlimited 
number of values of rr, y, or at an unlimited number of points 
(x, y, z). 

A form is said to be definite if it is not zero unless its variables 
are all zero and to be indefinite if it is zero for values of its 
variables that are not all zero. 

For example, r jf \-z^ is a definite form. Every form of 
odd degree in the variables is indefinite because in that case 
/( - X, -y, -z) and /(a:, z) have opposite signs for all values 
of X, y, z (not all zero), 

A definite form has the same sign for all values of its variables 
(unless these are all zero) because, as has just been seen, if it 
had opposite signs at two points it would be zero at an unlimited 
number of points. The form is called a positive definite form 
or a negative definite form according as the sign is positive or 
negative. 

It is possible, however, for a form to be neither definite 
nor indefinite ; it may, like a definite form, liave the 
same sign when it is not zero and yet be zero when its 
variables are not all zero. In this case the form is said to 
be semi-definite. For example, the form {x 2y - zfi- is semi- 
definite ; it is never negative but it is zero at all points in the 
j)lane z~^x-\-2y. 

Let Q —f(x, y, z)lg{x, y, z) where / and g are two forms of 
the same degree ; though each form is defined and continuous 
for all values of the variables, Q is not defined for values of the 
variables that are all zero. The point (0, 0, 0) is a limiting 
point of the region for which Q is defined but does not belong 
to it so that the region is not closed (§ 40). The proof that a 
continuous function attains its upper and lower bounds, 
however, requires that its region of definition should be closed 
and, as the proof is important for the applications to be made 
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of the properties of forms, it will be shown how a closed region 
may be obtained. 

Let X = rf , y~ n/, z ~ ■ rf , r~\{x^ -f y- + 2 ;-)* | ; 

then Q --/(<?, 0. 

where ^2 ^2 1 

Q is not defined for ar — O, y~0, z~0, and r is not zero unless 
X, y, z a>Tc all zero ; all the values for which Q is defined may 
thus be obtained by assigning to rj^ C values which satisfy 
equation (S), Now the region defined by (S), which for three 
variables is the surface of a sphere, contains its limiting points ; 
for, if P(a, h, c) is a limiting point of a set P'{a rh, b-hk, c 1 1) 
which lies on (S) then 

{a h ky^^ib -1-A:)2 + (c+/)2r-l, 

and therefore when /i, k, I all tend to zero the numbers a, h, c 
satisfy equation (S) so that P lies on (S). In other words the 
region defined by equation (S) contains all its limiting points 
and is therefore closed ; the reasoning is clearly applicable to 
the case of 71 variables .r, y, z, to , .... 

Now equation (S) is not satisfied when 7], f are all zero, 
and therefore when g(x, y, z) is a definite form g{^, ij, f) cannot 
be zero for any admissible values of i/, C- 

Two theorems will now be proved which are essential for 
the discussion to be given of the Remainder in Taylor’s 
Theorem and these, with the whole discussion of the Remainder, 
are based on the exposition in the Calculus of Genocchi-Peano 
(German Translation, pp. 170-189). 


Theokem I. If f(x, y, z) and g{x, y, z) arc for tns of degree n 
the ratio f{x, y, z)lg{x, y, ;^) has an upper bound M and a lower 
hound m tohich are attained and are therefore tnaxiinnm atid 
minimutn values of the ratio, pro^Med g{x, y, z) is a definite 
fortn. 

Let the ratio be transformed in the manner just shown 
to f{^, )], l)lg{^, 7j, f). The ratio is a continuous function of 
rj, C, since g{i, 7 ], C) is not zero at any point (^, 7 ], f), and 
therefore has upper and lower bounds, M and tn respectively, 
whit h are attained and are therefore maximum and minimum 
values of the ratio. 
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Theorem II. Let g{Xy y, z) 6e, m in Theorem /, a definite form 
of degree n and letf{x, y, z) be expressible as the sum 

y, z) f^{x, y, z) + c^{x, y, z)f^(x, y,z) + .,.+ cjx, y, z) f^fx, y, z) 
where f^, A?*** Jm forms of degree n while the coefficiejiis 
Cj, ^ 2 , . . . , c,„ are functions of x^y^z, each of which tends to zero tvhen 
all the variables tend to zero. The ratio f (ar, y, z)lg{x, //, z) tends to 
zero when all the variables x, y, z tend to zero. 


For 


/(^ . y. g) 

g(x,y,z) 


m , 

--='^Cr{x,y,z) 


r=l 


9{^, 


Each ratio fyjg is bounded, by Theorem I, and each of the 
coefficients c,. tends to zero when x, y, z all tend to zero so that 
f/g also tends to zero. 


Kx. 1 . Find the condition that the form ax^ + 2bxy + cy^ should be 
definite. 

If y — 0 the form becomes ax^ so that a caimot be zero if the form is 
definite ; similarly c cannot be zero and must have the same sign as a. 
Again ax^ + 2bxy + cy^ ~a{x -f byja)^ -f (ac - h^)y^la 

so that if ac > b^ the form has the same sign as that, of a (or c) and is 
therefore definite. 

If ac — b^ the form is semi -definite. If ac< b^ the factors of the form 
are real and different and the form is then indefinite. 


Ex. 2. If (p{x, y, z) ~ax^ +by^ -i-cz^ ~\-2fyz-\~2gzx -i-2hxyf the form (p 
is definite if (i) a, 6, c are all of the same sign, (ii) A , C are all positive, 
where A, B, C are the co-factors of a, 6, c in the discriminant A of the 
form, and (iii) A has the same sign as a (or 6 or c). 

(f{l, 0, 0).=a, 7 ?( 0 , 1, 0) =6, (p{0y 0. 1) — c and therefore a, 6, c must bo 
all different from zero and have the same sign when the form is definite. 


Again 


<p{x, y,z) 


hy-\-gzY C 





and therefore C must be positive and A must not be zero and must 
have the same sign as a. 

Also aS:=BC - 6A ^ CA - G\ cA ==A B (wdiere F, (?, H are 
the co -factors of f, g, h in A). But aA is positive and therefore BC, 
and therefore B, is positive ; similarly A is positive. 

In general, when a form of the second degree in any number of 
variables is given the terms in one variable, say a?, are brought together 
(as has been done above) into one term a{x + b'y +c'z +d'w ; 
the terms left give a form in which the number of variables has been 
reduced by one and this form is treated in a similar way. Finally, a 
form in one variable is left. 

The student may consult treatises on Higher Algebra, such as Bucher’s 
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Introduction to Higher Algebra. Bromwich’H Quadratic Forms is uficiul; 
see also Hilton’s Linear Substitutions, 


Ex, Show that {x^ ~ y^)l{x'^ -\ y^) and (x^ -{ y- {y'^^-z"^) 
have -h 1 as the inaxiianm value and - 1 as the niiniinuin value. 

Ex. 4. The forms 

(i) xy \ y^ 4 2yz -f 4 iry 4 wz, 

( ii ) xy 4 - 2yz 4’ 3zx 4 - wy -f wz ; 

(;an h(' (ixpressed as 

AX'i + BXl - CX: DXl 

where H, B, ( ’, 1) are positive numbers and Xj, X^, X,, X 4 are linear 
functions of x, c, u\ 


83. Remainder in Taylor's Theorem. Suppose that/(.t:, y, z) 
is continuous at (a, h, c) and can be expanded near {a, h, c) by 
Taylor’s Theorem: let x~a+hf, y b -{-kt, z-c+U, where 
\h\, \Ic \ and 1 1\ are small, and /(x, y, z)-~ F(t), /(a, 6, c) --- i’(0). 
In the notation of § 157 of the Elementary Treatise, when ^ ~ 1 
and therefore x, y, z equal to a + h, b k, c respectively 
and /(a:, y, z) -- F{1), the expansion is given by the equation 

F(l)=F(()) + F’(0) + --+h + ••• + ,7j ...{!) 


where 0< ^ < 1 and F^''\Q)jn\ — the Remainder after n terms. 

is a form of degree r in the variables A, k, I, namely 


Xf 

da’’ 


d'-f 




.97 

dC 


(A) 


= StI a, / 3 , y a + /? + y -- r 

where ^a,^,y is a function of a, A, c. is of degree n in 

fty A, I and the coefficients, Aa,p,y say, in this case are functions 
of a + Oh, b + Ok, c +01. 

The equation (1) may be written so as to contain an addi- 
tional term with the remainder Rn+i, namely, 

^'(1) = + Mj + . . . + Mr + .. . + tt„ + (2) 

where m^ — F<''>(0) /r!, r 1, 2 u, and u„ \ R„+i- R„. so that 

R„ - M„ - F^”>{0)}/nl (3) 
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Theokem 1. If the term a definite form in the variables 
h, ky I the ratio of Rn^i to u.^ tends to zero, and the ratio of to 
?/,, tends to unity, when all the variables h, k, I tend to zero. 

The expression for Rn^i given by (3) shows that is a 

form of degree n in the variables h, k, /, namely 

<t. + (i + y:-:w ; 

but (vli.,j, ^ - Ja,/:. >) when all the variables h, k\ I tend to 
zero and therefore by Theorem II of § 82 the ratio of to 
tends to zeu’o. Hence when all the variables tend t-o zero 

that is, '^’*->1. 

Un Un w,, 

It should be specially noted that the proof is essentially 
conditioned by the assumption that u^ is a definite form. 

Theorem II. Suppose that f(a,b,c) or F{i)) is zero and that 
the first of the terms in (1) or (2) that does not vanish identically 
is Ur or *There are Uvo cases, (i) If F^'''>(()) is a 

definite form f{x, y, z) is not zero and is always of the same sign 
in the neighbourhoods of (a, b, c) (that is, when h, k, I are 7iot all 
zero), (ii) If F^^'>(0) is an indefinite form f{x, //, z) takes positive, 
negative and> zero values in the neighbourhood of (n, b, r). 

Case (\). In the equation (1) let ?? =r : then f(^\ y, or 
i^(l) is F^’'^{0)lrl The form F^'\0) is definite and therefore 
by Theorem I F^''\0)l F^'^O) tends to unity ; since F^'^^(O) is 
continuous in k, k, I and F^'’\0) is not zero and is always of the 
same sign so is F^''\()) and therefore /(.r, y, z). 

Case (ii). In this case the form F^^'^O) is indefinite and 
therefore there are values of h, k, I for which it is positive and 
also values for which it is negative. But when 

h, k and I all tend to zero, and therefore, since it tends to 
values that are positive or negative according to the choice of 
h, k, I it must itself take both positive and negative values. 
Further F^^\0) is a continuous function of h, k and I and 
therefore must also take zero values. 

If f(a, b, c) and g(a, h, c) are each zero the fraction 
/(.r, y, z)jg(x, y, z) is not defined for the values a, b, c of 
X, y, z and (compare E.T. § 161) f{a, b, c)lg{a, b, c) used to be 
called an ‘‘ Indeterminate Form/’ The following theorem 
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throws some light on the possiVhlities of what may happen 
when X, y, z tend to a, b, c re8j)ectively. 

It is understood that f(x, y, z) and g{x, y, z) can be expressed 
near (a, c) by Taylor’s Theorem. Let G(t) have the same 
meaning for g{x, y, z) as F(t) has in the preceding theorems for 
f{x, y, z) ; then F(0)=-~f{a, b, c)-:0, 0{i))^~g{a, b, c)==:0 and 
F{ 1 ) ~ J ^2 + . . . + I . . . 

(7(1) -1- ^2 f ... 

wh(>ro u, F(^m))lr\ and 

Supposes that F^''>{()) vanishes identically, that is, for all 
values of h, k, /, when r has the values 1,2, ... (m - 1) but not 
when r ni and that vanishes identically when 

r 1, 2, ... (/^ 1) but not when Further, let w denote 

the (quotient /(.r, y, z)/g{Xy y, z). 

Theokem 111. If is a definite fonn the quotient v) or 

f{x,yyZ)jg{Xyy,z) behaves, when all the variables h,h,l tend to 
zero, in the way specified in, the folUnving cases : 

Case (i), m > n : v) tends to zero ; 

Case (ii), m n : w oscillates finitely unless the ratio 
F^"^{i))jG^">(0) tends to a limit, K say, in which case w also 
tends to K ; 

Case (iii), m < n : w does not tend to any finite limit. 

Case (i). Let g(x, y, z) —G{1) ~G^^\6')ln\, O<0'<1; then 
because is a definite form (Theorem I). 

Next let f{x, y, z) = F{1) = F^^\0)jnl as in equation (1); 
though is identically zero since 7n>n the form F^^^{0) 

is not zero because F{1) is not zero. When all the variables 
A, k, I tend to zero the coefficients A'a^^^y in the form F^^\d) 
tend to the coefficients ^a,/ 3 , y in the form F^^\0) and therefore 
to zero since F^^\0) is identically zero. Hence by Theorem II 
of § 82, since is a definite form, the ratio F^^^{d)IG^^'>(0) 

tends to zero and therefore w also tends to zero when h, k, I 
tend to zero because 

and tends to unity. 

Case (ii), n. Let F{\) where is given 

by equation (8). By the same reasoning as before the ratio 
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of {nl En.^i), that is, of {F^'^^{0) - to the delinite form 

tends to zero when all the variables k, I tend to zero 
and therefore the behaviour of the ratio F^^\d)/Q^'^\0) when 
hyk.l tend to zero is the same as that of the ratio F^'^\0)jG^'^^{0). 

Now 

and tends to unity so that w behaves in the same 

way as when all the A^ariables h, k, I tend to 

zero. But, by Theorem I of § 82, the ratio has a 

maximum value M and a minimum value in and therefore w 
oscillates between M and m unless the ratio tends 

to a limit K in which case M - m K and then w tends to K, 
Cases (iii) jn<n. In this case take the functions F{t) and 
G(t) instead of F{1) and 6>'(1) ; we now have 

F{^_J__ 7i\ F^^^^\dt) 

^ 0 (t) ~r-'“ ■ m! (?(’'>(6I'0 ■ 

If the form F^”''^{()) is definite F^'''>{dl)-~>F^^'^{0) when /->0 
and is not zero unless A, A, I are all zero. If 

is indefinite A, k, 1 can be chosen so that is not zero 

since F^'''\0) is not identically zero. Therefore whether 
is definite or indefinite, the ratio of F^’"\0t) to 
when ^->0, may be made to tend to F^'^\0)lG^">(0), or N say, 
where N is not zero. Hence w cannot tend to a finite limit 
when ^“>0, since m<?^ and therefore l/f‘~"* tends to infinity 
while the factor N is not zero. 


84. Maxima and Minima. The difficulty noticed in § 159 of 
the Eleinentary Treatise can now be to a certain extent cleared 
up. When f{x, y) is continuous near {a, b) the derivatives 
/c, and /ft are both zero and, in the notation of the preceding 
article, we have for two variables A, A, 

f{a^h,bvk)-j\a, b)^F\e)l2. 

The conclusions of Theorem II of § 83 are now applied. 
If i^"(0) is a definite form F"{d) is not zero and is always 
of the same sign in the neighbourhood of (a, 6), that is, when 
A and k are not both zero. On the otfeer hand, if F'\0) is an 
indefinite form F"(Q) takes both positive and negative values 
in the neighbourhood of (a, 6). Hence, when -A""(0) is a 
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definite form f(a, b) in a maximum value of f{x, y) when the 
form is negative and a minimum when the form is positive 
but if ^'"(0) is an indefinite form /(a;, y) is neither a maximum 
nor a minimum for the values a, .6 of x, y. 

It is seen in the same way that if F^'’^(0)jrl is the first term 
in the expansion of f{a + h, b k) -/(a, b) that is not identically 
zero f(x, y) will be a maximum or a minimum for y — b 

if is a definite form but will be neither a maximum nor a 

minimum if is an indefinite form. 

These conclusions obviously hold for functions of any number 
of variables. 

Nothing has been said of what conclusion may be drawn 
when jF"( 0) is a semi -definite form ; this is the case of Peano’s 
example (F.T. p. 413). All that can be said in this case is that 
the above tests for a maximum or a minimum fail and further 
examination is necessary to decide the question of a maximum 
or a minimum. In many of the cases that occur in ordinary 
work it is often possible, as with Peano’s example, to decide 
the question by use of purely algebraic methods but any general 
method usually involves complicated expansions, and even 
then may not lead to a definite conclusion. See, for example, 
Jordan’s Coiirs d' Analyse, Vol. I, §§ 399, 400 ; Stolz’s Differen- 
tial- und Integral-Rechnung, Vol. I, Abschnitt V. (with the 
references) ; Hobson’s Functions of a Real Variable, Chapter VI. 

Ex, fix, y) -^X^ + 2 /^ - 2{x ~yf. 

The equations /a;— 0, fy—0 give the points (v/2, -s/2), ( - v'2» \/2) 
and (0, 0) as poiixts for which fix, y) may have a maximum or a mini- 
mum value. The test from the character of the form F"{0) shows 
that fix, y) is a minimum at (>/2, -\/2) and at ( - sJ2, s/2) ; the test fails 
for the point (0, 0). 

But /{A, A)=::2A*>0,/(A, 0)==A2(A='-2)<0if A2<2; since /(O, 0) -0 
the fimction fix, y) takes both positive and negative value's in the 
neighbourhood of (0, 0), because |A| may be arbitrarily small, and 
therefore S(x, y) has neither a maximum nor a minimum value at (0, 0). 

In this and similar cases the consideration of the surface z —fix, y) 
is often useful. 

It may, however, be remarked that the determination of 
maximum and minimum values can frequently be effected by 
the use of algebraic inequalities, as noted in the Elementary 
Treatise (§ 76), and the discussion in Chrystars Algebra, Vol. II, 



218 


ADVANCED (^ADCUJ.US 


[oh. VII. 

Chajit(ir XXIV, will repay careful study. The methods of the 
Calculus are powerful, but it is a great mistake to neglect the 
resources of comparative!}^ simple and straightforward algebra. 

85 . Absolute Maxima and Minima. When a f unction, /(.r) say, 
is defined for the range a^x^b it does not follow, of course, 
that even when more than one maximum value has been found 
the greatest of these is also the greatest value of f{x) in the 
range. It may quite well ha])pen that/(ri) or f(b) or both /(a) 
and /(/>) may be greater than any value of f{x) for the range 
a<x<h ; the method of the calculus implies that the values 
of X for which the function is a maximum or a minimum lie 
in.ude the range. To find the absolute maximum or minimum 
it is therefore necessary to find the turning \'aJues, as deter- 
mined by the Calculus, and then to compare them with each 
other and \v]ihf(a) and /(/>). 

It may be the case that f{a) and f(b) are themselves the 
maximum and minimum values and that f{x) has no turning 
value between a and h. 


For example, the ])erpendicuhir p from the focus (oc, 0) of the 
ellipse — 1 on the tangent at the point (.z% y) is given by 

tho equation 

p — h{a +ex)~^ 


and 


dp - (ibe 

{a -\ c:r.){n^ - 


SO that dp/d.r is neither zero nor infinite in tho range ( - a, a). As x 
ineroasos from a to a tho perpendicular p steadily decreases from 
a(l 4 e) to a(l -e), so that a(l 4c) is the absolute maximum and a(l ~e) 
the absolute minumum value oi p. 


Though the maximum and minimum values of p cannot be 
found by the ordinary rule yet the sign of the derivative settles the 
matter ; even when the derivative is discontinuous the sign 
will often indicate the possibility of a maximum or a minimum. 
Thus the function /(.r) where 

f{x)~a + b^(x-c)^ 

is a minimum when x~c\ f'(x) is discontinuous for x=-c but 
f'{x) is negative when x< c and positive when x>c, so that /(c) 
is the minimum value of the function. 

In the case of functions of more than one variable corre- 
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spondijig obKcr vat ions inay be niafif;. The tv])e of region 
defined by the equation f- e if i- ■ I in § 82 is of importance 
in some connections, for example, in the problem there treated 
and in the case of the determinant [)resently to lie considered. 
The rc'gion has no boundaries in the usual meaning of the term, 
and every maximum or minimum that may occur is given by 
values that are ivithin the region. 

Implicit Function.^ of one Variable. Jf the eq nation /(:r, y) -O 
defines y as a function of x, the determination of the turning 
values of y is of course a frequent problem in the tracing of the 
curve re])re8ented by the equation and hardly demands any 
special treatment. 


Since 


::() 


•(1) 


dx dy dx 

the condition that dyjdx ~ 0 gives th(^ equation ~ 0 and the 
two equations / 9, fj.-0 determine the ])ossible values of 

X and y. The sign of dhjjdx^ has nc^xt to be considered ; 
differentiating equation (1) and noting that dyjdx --i) for a 
turning value we get g-.f sj ,py 

dx^ ' dy dx- 

What is the signilicance of the coefficaent of dyjdx in (1) and 
of dhjjdx^ in equation (2) ? 


.( 2 ) 


86. Hadamard’s Determinant. Let J) be a determinant of 
the ;/th order, the element in the rth row and .9th column being 
a,.,. ; if the numbers satisfy the n conditions 

a fi I a fo f ... -t a f^^ -f- . . . ; ( 1 ) 

where r has the values 1, 2, ... , n and b,. is constant, then 
\I)\^J(bfK,.,.b,^ 
when the elements u,., vary continuously. 

The region defined by the equations (1) has no boundaries 
and therefore D, being a continuous function of its elements 
has both a ynaximum and a minim/nm. value which may b(^ 
obtained by the usual method of undetermined multipliers 
{E.T. pp. 414, 415). Let be the co-factor of a, .5 in D ; then 
f ... i ... 1, 2, ... , n. ...(2) 

Now take the multipliers IA 2 , 

F ^ D — (p-^ — ^^^>29^2 “•••"* 2 ^r9^r “ • • • " ^ 


( 3 ) 
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and the values of that determine the turning values of JJ 
are obtained by equating to zero the differentials of the elements 
in F, Th(i coefficient of in /> is and the only one of 
the functions tp in which occurs is 9 ?^ ; hence we find 

2, ... 6—1, 2, . . . , (4) 

From (4), keeping r constant, assigning to s the values 
1 , 2 , ... and multii)lying by we obtain the equations 

•** rn ~ (^r 1 ^ H ••• 

that is, r™l, 2 ,... 7 i (5) 

Again, instead of the multiplier a.,.^ take where t is any of 
the integers 1 , 2 , ... ,7i except r; then keeping r and t fixed 
we get the equation 

-4- CL^^A j -2 ^tn^rn ~ ^ ^'12,^^ r2 t 


that is, Cirl^^n + «r 2®<2 + ••• + f^rn^’in " b, (0) 

since 4 ... + 

From equations (4) and (5) 

A,,^ar,Djb, (7) 


In the equations ( 6 ), r and t are any two different integers 
from 1 to n so that when D has its maximum or minimum value 
the determinant is orthogonal, that is, the sum of the n products 
of corresponding elements in any two rows (say the rth and 
the /th) is zero. (Compare the equations (1) and (G) with the 
relations between the directi on*cosines of three mutually 
perpendicular lines.) 

The determinant which has Aj.^ as the element in the rth row 
and 6 ‘th column is equal to ; but that determinant is by (7) 
equal to . . . i!#„. Hence the maximum and the minimum 

values of D are given by the equation 

... that is, — - 6 ,,, 

so that I D I ^J{b^b 2 . . . b^) 

whatever values the elements may take so long as they 
satisfy the conditions ( 1 ). 

(7or. If I g M, and therefore br^nM^, then 

The above theorem is due to Hadamard and is of great 
importance in the theory of Integral Equations. 
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EXERCISES IX. 

(For aiiswern to some of the Examples, see at end of the Set.) 

Find the maximum and minimum values of the functions in Examx3les 
M2 : 


1 . xy^(^x + G/y ~ 2). 2. -i- ^xy + Zx‘^ -f x^. 

3. {X ~ l)(y l){x'^ - 4). 4. x* -{-2x^i/ x^ +\\y^-, 

5. y^ k-x^y -\-ax^. 6. y^-\-2z^ f 4r'\ 

7. .r'* -f- 2/^ f - ^xyz, 8. xy +x~'^ 

9., {x +2/ " l)/(-^'^ 1^- +2/)/(‘^‘^ +21/2 ^-6). 

11. (x ~-y)l{x:^ \-if -v\). 12. (y ^zf,\{z -\-x)^ -\ xyz. 

13. If all the lett er.s denote positive mimber.s, show that the maximum 
value of 

is (2hj:i)hthlc\ 

14. If Ix^ -f 303^^2/ -t 212/® -- 2 1 , find the maximum and minimum values 

of u:® -l-2/^- 

15. The maximum value of xyzj{a ■^■x){x -vy){y 1 z){z -\ h)y where all 
the letters denote positive numbers, is given by 

'Ji' y _z h 

(I X y z \a. ’ 

10. If ^a^y^ +xy^ --0, show that y has a maximum value, - 3a, 

when X and that, if 2.r'’ -i-Say/** -x^y^ 0, y is a minimum, a . 5^ ®, 

4b 

when x~a . 5* {a is j)ositive.) (Todhunter.) 

17. If a*2/^-~8, the product (.r y 1 )(?/ -t 1 )(- 4- 1) is a minimum when 
X ~~ y -- 2, and if xyz --6® the minimum value of the product 
{x"^ +a®)(2/® -\-a^){z^ -fa®) 

is (a® -f 6®)®. 

IS. If x7jz—l’^, tlie product {x+a){y+b){z fr) is a minimum when 
^_y_z k 
a " h ~ c (ohcf ^ 

the letters denoting f)Ositive numbers. 

In Examples 19-24 all the letters denote jDositive numbers. 

19. If f(Xf 2/> z)^-xhj^z^ and g{Xf y, z) --x -]-y f s, apply the tests for 
discriminating maxima and minima to prove that / possesses a maximum 
when g is constant and that g possesses a minimum when / is constant. 

Show that the theorem holds forp variables x^, x^, ... and extend 
to the more general fonn 

g{x, y, z) ~ax^ + hy^ -\-cz'^. 
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20. (i) If 2.r + .*0/ -) 4c - a, tho nitixOmiiu viiluo of is (o/O)'. 

(ii) If a^x^+2hy^ \ — tho maximum value of x^yz’^ is given by 

17a2;r2.:.12c‘*, 176^3 17c4 = .Vb 

21. If xyz ^abCy tho minimum value of hex cay -^abz is 8a/>c. 

22. If x^/a^ + y^jb^ -{-z^jc^ — 1, the maximum value of xyz is abcl^\^'3. 
Interpret geometrically. 

28. If xyz -a^(x + 1 / + 2 ), the minimum value of yz -f 2 :r -¥ xy is Oa^. 

24. If x'^-\-y^ — \f the minimum value of {ax^ ■i-hy-)l{a-x^ ^ is 

2(ai)t(a 1-6). 

25. 2 /, z)^ax’^ + by^ 4- cz^ 4- 2fyz + 2gzx f 2hxy, and 
ify z) = lx \ my nz ; 

find the maximum and minimum A^alues of r- vhere /“ is equal to 
X^ 4 ?/“ 4 2^ 

(i) if — k =consta7it ; (ii) if tp —k and =0. 

If u the values of are the roots of the e((uations 


(i) 

a 4-'?7, 

g 

(ii) 

a 4- a, 

h. 

<Jy 

1 


K 

b+u, f 

= 0; 

A, 

h + u, 

/, 

7n 



f c 4 - u 


ih 

,A 

c. 4 - a, 

■n 





u 

r/q 

> 1 , 



When (p--k represents an ellipsoid tlio volume of the ellipsoid and 
the area of the section by the j>lane »/» -- () are I.-rr^rgr^/.S and zto^Qo 
where rj, are tlie roots of Equation (1) and rq. Oo those of Ec| na- 

tion (ii) ; these products are easily found. 

26. If (x^ 4 y^ 4 2^)2 —aV -\ b^y^ 4-c%“ and lx \ rny -f ?<2 0, sliow that 

the maximum and minimum values of r^{~x^xy'^ :- 2 ^) are gi\Tm by the 
equation / 2/(^2 _ a^) 4 - - 62) -i- /t2/(r2 - (. 2 ) 0 . 

27. If f{x^yyZ)~{a^x'^xh’^y^-\v^z'^)jxhfH^. where a.x'^ \-by^ -\ cz^ 

and a, 6, c are positive, show that the minimum value of /(.r, y, z) \b 
given by „ , 2 _ __ « “ 

^ ^ 2b(u+b)’ ~ 2c(u+c) 

wliere it is the j)ositivo root of the equation 

~ (be 4 - ca 4- ab)u - 2abc ™ 0. (Schlomilch.) 

28 . f(x, y, z) and g(x, y, z) are two quadratic forms 

/= Uj ja;2 4 - a^^y^ 4- ^3322 + 2a^^yz 4 - 2a3iZa: 4- 2ai 
g^h-^-px^ + b22y^ \- 2b^^yz-\-2b^yZx y 2b ^^P^'y ; 
if </ is a positive definite form, ))rovo that the maximum and minimum 
values of the ratio fig are the values of u given by the equation 




- 

^12 ■“ ^12^ 

Ujg b-^^u 


«21 

-6ji« 

®22 ■" 

®23 “ ^23^ 


®31 

- 63, M, 

> ^-*32 ” 632M, 

’ ^^33 “ ^33^ 

where a^g --a^rf 

bfs - 

-bgj-. 

(r-l, 2, 3, 

5-1, 2, 3). 


If / — .^2 + 72 * - 2yz ~ 2xy, g f 2y^ 4 522 ^ 2yz - 2xy, show that u 
has the values 2, 1, - 1. 
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29. If J(Xt y) -~8:r2 - \ y^y and if x^hty y y) ^F{t), siiovv 

that F(t) is a minirmam when t ~0 (hi^O, k=hO) although (F.T, p. 413) 
f(x, y) is not a minimum for x ~0, y~0. 

Hence if x ~a +ht, y " b ~^kt, f(x, y) — F{t) it is possible that /’(O) 
may be a turning value of F(t) and yet /(a, 6) not a turning value 
of /(a:, y). 


30. Erom the point J5(0, ~h) of the ellipse x^ja^ +y^fb^ — 1 a chord 
BP of the ellipse is di'awn ; find the position of P when tlie kmgth of 
BP is greatest. (Laiiipt*.) 


1. Min. at (1, ,\). 2. Min, at (jj, 

3. Two minima given by 2x^ +2y^ —x +y+ 4 and x~y and two 
maxima gi\’en by 2x^ + 2y^ - x + y + 4 and x f y ~ 1 . 

4. Min. at ( ~ ’ ”0* 

5. Min. at (0, 0) if a > J. 6. Min. at (1, 0» 0). 

7. Min. at (1, 1, 1). 8. Min. at (1, 1). 

9, Max. at (1, 1). 10. Max. at (2, 1), Min. at ( 2, - 1). 

11. Max. at (--*2 , ) . Mi.i. at ( 

12. No Maximum or Minimum. 

14. The values are obtained from the given ecpiation and the three 
equations .r — 0, y~-2x, y--bx ; the first two give minimum values and 
the lliird gives a maximum. 

30. If > 2b^, P is given by x~ ±a-{a^ - 2/^'*^)- l{cP - Ir), y - -- b^), 

but if a2< 2b^, P is (0, b). 


Q.A.O. 


Q 



CHAPTER VITT 


INFINITE PRODUCTS. PRODUCTS AND SERIES OF PAR- 
TIAL FRACTIONS FOR TRIGONOMETRIC FUNCTIONS. 
C^AMMA FUNC^TTONS 

87. Infinite Products. Let/ 1 ,/ 2 , /g, ... be a sequence of real 
or complex numbers and let be the product 
in the usual symbols « 

Pn UU 

r = l 

Definition, If when 71. tends to infinity tends to a limit, 
P say, which is not zero unless one of the factors fr is zero, the 
infinite product is said to converge ” or “to be convergent ’’ 
and P is called the value of the product or simply “ the ])roduct.'^ 
If Pn tends to + 00 or to - cc or (when no factor /,. is zero) to 
zero the infinite product is said “ to diverge or “ to be 
divergent/’ If P^, tends to no definite limit (finite or infinite) 
the infinite j^roduct is said “ to oscillate./’ 

It is possible for P„ to tend to zero even though no factor 
is zero; for example, P^ l/(n 4- 1) when /,. + 1) and 

P„“>0 when ^ 00 . Of course, if any one factor /,. is zero so 
is P„ when n'^-r and therefore P„ tends to zero ; but, by con- 
sidering products that tend to zero when no factor/^ is zero as 
divergent, the property that a product does not vanish unless 
one of its factors vanishes, remains for convergent products. 

Thus, if no factor /,, is zero and if P„ tends to a limit P that 
is not zero, | P„ | must be greater than a positive constant, 
C say, for every \mlue of n ; because m may be chosen so that 
I Pn |>C^i>b when n>m, while | P„ | is not zero when 7i takes 
any one of the m values, I, 2, ... , m, since no factor /,. is zero. 
Hence | P„ |>(7 for every value of n, where C is any j)ositive 
constant less than or than any of the m numbers | Pj | , i P- 1 , 
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[cH. vni. § 87] 

In tcBting for coiivergtmco the (iondition that the limit P 
is not zero unless a factor is zero must be specially noted. 

The notation for an infinite product is, in analogy with that 
for an infinite series, 

n/„ or n/„ or li (1 I or 11(1 i M„) 

n=l n— 1 

the brackets being used when the factor contains two or more 
terms. 

In the following work the symbol e has the usual meaning. 

Theorem. The product P„, where Pn^fif^ fn^ will, ivhen 
n tends to infinity, tend to a limit P, that is not zero unless one of 
the factors f r is zero, provided there is an integer m such that 

(i) I /.H i/«+2 •••/,.+» ■ l|<e if ra^m, ^=--. 1 , 2, .‘I, ... . 

This condition is equivalent to the following which is often 
more convenient in practice : 

(ii) jC if.nUz-fn,. i)-(K p 1 , 2 , . 3 ,.... 

n— * Qo 

The produc^t f^^.^ f^^ g • • • fn+j> i« 

(a) The condition is necessary. If no factor is zero | | 

is greater than a positive constant C for every value of n while, 
if P,* tends to a limit, m may be chosen so that | P„^j, - P„ | < eC 
when n m whatever integer p may be. Hence 

IP -PI eO 

1 fn,i fn.2 . -U. -11"' m, 

so that 1 fn+i /„ f 2 • • • /n f - 1 I < if ^ , p-.l, 2, 3, . The 

condition is therefore necessary. 

(b) The condition is sufficient. Let s ; since condition (i) 
is satisfied ?n may be chosen so that, whaf^ever integer n may 
be provided that n>m, 

1 1 rn+l fiti-^-2 * * • fn — ^ '2 ? 2 I f >n+l J m+2 * * * I 2 ’ 

and therefore, 7n being now fixed, 

I P^ I < I P„ I < -?- I P,,, I if ?i ^ ?R, (k) 

If therefore P„ tends to a limit that limit cannot be zero unless 
a factor of P^,, is zero. We have now 

I P n-f D “ I " I I I /«+l /n-f2 * * * fn+p " 1 | • 

But |P„|<:j li^ 7 n|<^> ^ constant, by (fc) ] and, since 
condition (i) is satisfied, there is an integer // (which may be 
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taken greater than in) such that j/nni ~ I | ;f/A^ when 

//, = 2, 3, . Hence 

I if 

so that P„ tends to a limit which, as has been shown, is not 
zero. 

Cor. 1. Let ^ — 1. For convergence it is necessary that 
/n+i or (what amounts to the same thing) that /„ should tend 
to unity when n tends to infinity ; it is therefore usual to write 
the typical factor in the form (1 where >0 when 

n”> 00 . The form is, however, useful, and —fn ” L 

The condition that is necessary but not sufficient 

for convergence (§ 88, Ex. 1). 

The two Lemmas that follow' are often required. 

]^emma 1. l+a<e^ifa>0; \ - a <e~^ if0<a<l. 

See § 25, Ex. 3. 

Lemma 2. If | | wdietlier is real or complex, 

1(1 -> “n+d ••• (1 +“n+a-) * > I 

^(l+«n+j)(l +On..8)-- (l -I 0«+j.)-b 

Take three factors, 

- 1 \-u, 1 4 r, 1 4*u’ where | 1 —a, |r| ■ -h, |t^^| ~c; 

thoji (1 4'«)(1 4 i’)(i +**^0 “ 1 ~{n 4-r \-vy) -i {'iiv \ mv i-tm)) 
and therefore 

1(1 f w )( 1 4- r)( 1 4- - 1 1 1-t (a 4 6 4- r) 4- (ah 4- ar 4- 6c) 4- a6c, 

that is 'Sl(l fa)(l 4-6)(l 4 c) - L 

The proof is obviously quite general. 

88. Tests for Convergence of Products. Two tests for 
convergence will now be given ; these will be sufficient for the 
applications we make, and Bromwich’s treatise on Infinite 
Series may be consulted for further information. 

Test 1. If is real and positive for every value of n the 
product 11(1 converges or diverges according as the series 
converges or diverges. 

Let 5,1 4- Ug + ••• + and, when Sa,, converges, let tend 

to s when n tends to infinity. 

(i) Let bc^ convergent. By Lemma 1 of § 87, 1 
and therefore 

=: ( 1 + ai)( 1 4- Ug) . . . ( 1 + af) < e ^^ . . , , 


so that 



CONVEROKNCE OF rilODUOTS 


227 


§§ 87 , 88 ] 

Thus increases as n increases, but is less than the fixed 
number e* for every value of n ; therefore tends to a limit 
and the product 11(1 4-an) convergent. 

(ii) Let be divergent. In this case 

P,* ~ (1 + «i)(l + ••• (1 + (hi) = 1 + ^5,, 4- (positive terms), 

and therefore P„->+qo when n~>cc> since s,, does so. The 
infinite product 11(1 + «„) is therefore divergcmt. 

Test 2. If Un is any number, rexil or complex, and if [ | - 

the product 11(1 converges if the product 11(1 -f- a,^) converges. 

By Lemma 2 of § 87 

I (1 +Wn+l)(l+W„+2)... (1 +W„+„) - 1 I 

SS ( 1 + «n+l)( 1 + «n+ 2 ) • • • ( 1 + «n+r) “ 1 ■ 

Now (§87, Theorem) [(1 +ffl„+i)(l + a„+ 2 ) ... (1 f - 1] tends 
to zero when n tends to oo if the product 11(1 converges; 
therefore, when 11(1 -|-a„) converges, 

1 (1 I- Mn+l)(l +M«+ 2 ) ••• (1 + W„+p) - 1 I 
also tends to zero when n tends to infinity so that the product 
11(1 + Un) is convergent. 

Definition. If u^ is real or complex the product 11(1 ^ is 
said to converge absolutely when the product n(l + |i/ri|) 
converges. 

Hence 11(1 + u^) converges absolutely if S| | converges and 
IJ fn converges absolutely if S|/„ - 1 | converges. 

Again, since 11(1 4- cannot converge unless >0 when 
n-xx), it may always be assumed in testing for convergence 
that | 7^,J<1 ; the omission of all factors in which [ 
would at most affect the value of the product and not the 
property of convergence or divergence. 

Suppose now that 11(1 is expressed in the form 

00 W 00 

p^n(i+w«)=n(i+Mn)x II (1 

1 1 rn 4 I 

00 

where II (1 + m„). 

m \ i 

The product P will or will not converge according as the 
jiroduct Cm ^ioes or does not converge. Further, we may 
suppose I Un I to be not merely less than unity but less than 
any positive number c when considering the convergence of 
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the integer m being taken large enough to make |u„|<c 
when 7i>7n, 

An expression for log P will now be found and the assumption 
is expressly made that every logarithm has its principal value. 
Suppose (i) that the series 
00 

^log(l I mJ (a) 

tW + 1 

converges, its sum being I ; (ii) that m is so large that \1\<7t; 
and, therefore, (iii) that I is the principal value of log Q„^, 
It follows that 

since -~e^. 

Again, by § 70, 

m 

log[(l +«.,)(] +M 2 )... (1 +M™)]-]l)log(l ^-u„) + 2kni, 

1 

where k is zero or a positive or negative integer. Hence, since 

Z~=logQ„t, ffi 

log P~^ log ( 1 + u„) -f 2kjii 4 I 
1 

= ^ log (1 + Wn) + 2^^* (/I) 

1 

The number k is not zero, in general, but it is finite (not 
greater than m numerically) ; even when is real the factor 
(1 +u„) may be negative and therefore log (1 + 1 ^^) niay be 
complex for several values of n. 

If there is no value of m for which the series (a) converges 
then the product and therefore also the product P cannot 
converge. The existence of the number I, that is, the con- 
vergence of the series (a), is therefore both sufficient and 
necessary for the convergence of the product 11(1 + 

Note. In testing the convergence of S | | a useful com- 

parison series is {I jn^). Thus S| | converges if 7i^ [ Un | -^^k, 
a constant, when 7i~> qo ; for if k' > k and 7i sufficiently large 
\Un\ will be less than k' and therefore | |< k'jn^. But 

S(l/n2) converges and therefore S| | will also converge. 

Ex.i. (i)ri(ii^ 2 ); (i»n(i±5); {iii)n(i+i). 

The products (i) and (ii) converge absolutely (x may be real or 
complex) because l/n^) converges. The product (iii) diverges because 
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is H (Jivergont HorieK. The j)ro(iuct (iii) is an oxaiiiplo of a 
divergent prodru^t 11(1 +w„) for which 0 when 7/ -->oo so that, as 
for infinite series, the condition that wlion is necessary 

but not suflicient for convergence. 

A’.r. 2. If is positive and less than unity for ev ery value of n and 
divergent the ])roduct 11(1 -a„) diverges lo zero. 

(If course it would be the same thing if < : 1 for u an some fixed 
numf)er. Now 

1 -a^ - \ so that 0 <c 1 - ^ and therefore 

1 \~o.y ^ 1 -rUr 

o< n (1 -arXi-:- n (1 +«,.)• 

I t r -■ I 

n 

But the ])roduct [] (I va^) tends to -f oo when a -x and therefore 
n ’ 

the product [] (1 -Or) tends to zero when n . 


/r . ‘t If P .r(u-4'l)(.r-f2)...(a: fn) , ,, i ^ 

bjX. It v\ liere d • .r • . y, show that 

?y(2/ + l)(?/+2)...(y4-70 

y\, 0 wIkmi n cc . 


X 4 a - y -- X 

Here — 1 

1/ i- V y \ 11 


If - X 

Let ' and the result follows from 


Kx, 4. If 1 and if >-b'>0 vvlum ii ^x, show that 

a„->0 when y ->x . 

r/2 o «n-i "i i ' / , ^ 


When r is large b^ differs but little from the limit b, say 6^ > ^ 
when r:.>ni. Thei series '^{b'ln.) diverges to x so that a|/Vi^ divei> 
t o X and therefore 0. 

Ex. o, I'he j)roduct 11 1 converges absolutely for every 

value of X, j-eal or coiufilex. 

By § 68 we have 


/„-i (X -1 


2 «2 i ,,,3 


and tlierefore l/r, - 1 | 1 I ^ I ” when n -> x so that tlie series 

^ \Ir\ ■ ^ I eon verges and therefore the })roduct JI/„ conv^ergos absolutely 
for every value of :r, real or complex. 

This example is of fundamental importance for what follows. 
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89. Derangement of Factors in Product. It is proved in § 59 
that no derangement of the terms of an absolutely convergent 
series alters the sum of the series ; it will now be proved that 
no derangement of the factors of an absolutely convergent 
product alters the value of the product. 

Let the sequence ^2. 9^3, ••• be a derangement of the 
sequence /i,/2, A ... in the sense that every element in one 
sequence occurs once, and only once, in the other. 

Suppose that II converges absolutely ; then the series 
S(A-l) converges absolutely and, by § 59 , no derangement 
of its terms alters the sum of the series. Hence the series 
which is derived from the series S(A - 1 ) by a 
de^rangement of its terms, is absolutely convergent (with the 
same sum) and therefore the product Ilg^ is absolutely conver- 
gent. It has now to be proved that II A equal. 


Let 


P,„=-n/.. and gr. 


« I 


However large m may be, n may be chosen so that 
contains all the factors that oc(jur in ; but whatever integer 
/• may be there is one, and only one, integer -v such that (Jr 
and therefore the quotient Qnl^m contains only factors 
fa, A, ... , /a such that the integers a, /i, ... , A are each greater 
'an 7 n, Thus 


IP™ 


I /«/>... -/a - 1 


id, since HA i^^ absolutely convergent, | A A*--/a ' ^ 1 t<^iids 
to z(‘ro when m — oc . But when m - -00 so does 71 and there- 
foTc QnlP>n tcnds to unity and P„, and tend to IT A and 
1 Ijn respectively ; but 1 1 fn, being an absolutely convergent 
product, is not zero so that Ilgr^=nA. 


J. Show that 


EXERCISES X. 


(i) ri { 


n-2 


n{n 1) 




AC:^) 


_2 

”3* 


Ao 2 . 4 . 6 . . . 2n 


2. Prove 
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3. IfO< X < y prove that 

^ 4 . 'V 1 ) ... (a? + n - 1 ) 1 

y^y + ^ - fKF-rnPy~-a: ‘ 


4. If the factors (1 4 - 1 /r) and (1 - 1 /r) are multiplied by and 
^ respectively, prove that the products 

and 

are convergt^nt while the products 

fl(l+“) and n(l-^) 

diverge, when ??->oo , to infinity and to zero respectively. 

5. Prove that the equation 


1 IH- 


ir:(.r ~J ) _ ;r(.x - l)(x- 2 ) 
2! 3! 


+ ...+( 1 ) 


n Lt • 1] 

n\ 


-IX' -9 

holds for all values of .r and investigate the relation, when n->oo, 
between the series and the product. 


n 

6 . If l\(x)=.\\{\+XUr) 

r«l 

n 

show that P„(u") “ 1 + ^ 

r=-l 

where cr^ is the sum of the products of Wj, ... taken r at a time, 
and deduce that if i.s ab.solutely convergent 

11 (1 1 ^ 

n «= 1 n = 1 

the series being ab.solutely convergent for e\^ery value of x. 

[If iS’„ = I Wj I + 1 1^2 I + ... -f I Mn i ^ when oc , then 

lP„(.r)lS=c^"l^l. £ n (l+|arM,|) = e«l''i; 

n— ►00 

also I I < if r > 1 .] 

7. If I .T I <1, show that 

(1 +:r)(l +j:*)(1 +x‘)...( 1 +a;>") ... = 1/(1 -x). 

8. Prove that if | y | < 1 the four products, n - I, 2, , 

,/„= 11(1 -?»»). 9x=n(i +?»"), 

9, .r. 11(1 ,, =11(1 - 9>«-i) 

are absolutely convergent. Further, 

gt<l3 =11(1 -9"), 9i9, =11(1 4 9"), 9i9j9a = !• 



232 


ADVANCED (’ALCITJATS 


[CH. Vlll. 


0. If f{x) ~IJ(1 -f show that (1 ■¥q'x)f(qh') =/(.t), 

and if 
show that 

and - J 1 — i— , A 


J^x) = l+'^ A„x”, 

1 

q + 9^1 +9"‘-->n =^n. 


1 

‘ " (1 -(/““Xl -9^) ... (1 -Of'-i") ■ 

10. If t 1 f show t hat r/.rF(r/2x) is equal 

to F{x) ; tlieii prove that F{x) may he represented by a series 

QO 

F(x) + 2 + IM”) 

n — 1 

where ^^o = l/7o, <?o product in Ex. 8. 

11. If |a| > 1, ])rove that 

n('i--n=i + y . 

12. If I a I < 1 and | .r | < 1, prove that 


11 


1 

1 -a^x 


.IV* 

■^,^1 {i -oni - o ») V ..( r -«'')- 


90. Uniform Convergence. If tlie factors /„ are functions 
of a real variable a*, sa}- /„ = ! i-Un{x), the qut'stion of uniform 
convergence arises. It is sufficient for our purposes to consider 
the case that corresponds to the convergence of series when the 
ilf-Test applies. It is assumed therefore that 

(i) each function u„(x) is defined for the closed interval 

(a, 6) ; 

(ii) I Un(x) I < Mn for every n, where is independent of x ; 

(iii) is convergent. 

If P(a;) r.r.II{i + tlic convergencc will be uniform, and, 

further, if each function Un(x) is continuous for a^x^b the 
product P(x) will be a continuous function of x for that range. 

That the product convergers both absolutely and uniformly 
follows from the fact that S] Un{x) \< Silf^ that the con- 
vergence of 2 1 Unix) I is therefore independent of x. 

Let Pn(x) =: n {1 + Unix)), Qn^ Uil + M^) \ 

r««l r=*l 

then I Unix) | < and therefore, by Lemma 2 of § 87 and the 
conditions for convergence, m may be chosen (and then kept 
fixed) so that 


I P Pmi^) I ''-0?n+p ~ Qm*^ € <. B 


( 1 ) 
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for every x such that a^x<b and for 2, 3, .... Now 

let p~ ; therefore 

I P{x) e'<e, (i^x^ b (2) 

Suppose now that each function Un(;x) is continuous. If 
is any number in (a, b) we can choose h so that 

I |<£ if \x-x^\<:h (3) 


because Prn(^) i^ product of a finite number of continuous 
factors. 

Hence P{x) - P{x^) 

and therefore, by (2) and (3), 

I P(a:) -P(a:j) |<3e if \x~x^\<h, 
so that P{x) is continuous. 

Differentiation. If u^fx) is continuous for a given range, say 
for a<x^ b, the derivative of log P{x) is given by the equation, 

P{X) "■ V 1 + ^n(^) 

when the following conditions are satisfied : 

(i) I 1 ^ |> > fi. for a ^ X ^ b, and for every value 

of n ; 

(ii) I Un{x) |< independent of x, iov a'^x^b and for 
every value of n ; 

(iii) convergent. 

When these conditions are satisfied the series 

V 

Y 1 + 

converges uniformly for the range ai^x^b and therefore (E.T. 
p. 400) the series is the derivative of the series for log P(;r). 

The above conditions are not very wide, but they are suffi- 
cient for many applications. 


Ex. If 




P'(a;) 1 V 

P(x)~"x ^ 


, show. that 


, , 0 < a * 


where b is arbitrarily large. 

u^{x) and therefore P{x) converges uniformly for every 

value of ir, 1 £c I ^ If v^(x) the limit of nH^(x) for 
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n *■> 00 IS may be taken to be ^bjn^n^ and is con- 

vergent. Obviously 1 ~hu^(x) is positive for every value of n and x. 
The term Ijx requires that |a;| be positive. 

91. Tannery’s Theorem. The Theorem for products corre- 
sponding to that of § 63 for series may be stated as follows : 

If F(n) — n {1 ^ where N is a function of 7i that tends 

to infinity with v and Ur{n) is a function of n, the product F{ri) 
will tend to a limit when tends to infinity provided the 
following conditions are satisfied : 

(i) jT yri^O when r is fixed ; 

u 

(ii) I Ur{n) I * 1 ^ Mr, where is independent of 7i ; 

(iii) r is convergent. 

When these conditions are satisfied F{}i) tends to a limit 
when n cc and the limit is given by the equation 

w ^oo r“0 

As in § 63, it is plain that 2 | Vr I converges and therefore the 
product 11(1 +Vj) IS convergent Again, since ii and therefore 
also N is to tend to infinity, we may always suppose that N 
is greater than any given integer m, however large m may be. 
Now take the notations 


11 (1 Ii (1 +t'r), C=n(l^«^r). 

r 0 r 0 r 0 

and express F(n) -Q in the form ^ - y where 

a. = Pm{n) -Qm, (^-P\(n)-PJn), y=Q-Qm- 

We now have 


fi\=\PM 


li {i+ttrW}-i 


m 1 


m r ' ~l 

IT (i+jtf,)- 1 , 

r— 0 Lr »» i • 


ly| -la, 


n (l + l^r) -1 >0(1^ ifr) 


m \ 1 




11 (i+if,)-i 

Lr—w \ 1 


Since HM, and therefore 11(1 hMr) converges m may be 
chosen so that, given e as usual, both | ^ | and | y | will be less 
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thaji c. VVli()ii. m lias Ix^on (^hofion let it b(‘ kc^pt fixed and then 
may be chosen so that if n > % the modulus 

I «. I = I PM -e,„ I 

will, by condition (i), be less than e. Hence 

I F(n) - Q I < 3e if n > n-^, or F{n) ~ 11 ( 1 t’r)- 

n -> 00 0 

This Theorem is essentially the same as that stated by 
Chrystal on p. 346, Part Jl, of his Algebra. 


92. Infinite Products for Trigonometric Functions. The ex- 
pression of sin .T, sinh x and similar functions as infinite products 
was given by Euler in his Analysis Injinitorum, Vol. I, §§ 156 
et seq. ; the following method, which is an improved version 
of Euler’s, is given by Tannery and Molk, FoncMons Ellipfiques, 
I, Chapter III of the Introduction, and is said to be due to 
Darboux. 

Let (1) 

where n is an odd positive integer and ;r is any number, real 
or complex ; f^{x) -- sinh x when n -> oo . 

is a polynomial of degree n in .r ; the absolute term of 
the polynomial is zero and the coefficient of the first power of x 
is unity so that ' 1 when x -> 0. 

The roots of /n(^)“0 are 0 and where 

Xj, i)i tn,n{k7ijn), k 1,2 i (/? - 1 ) - iV, 

and therefore 

fu{^) -- Ax n I x^ + , A constant. 

h-i{ \n/j 


But A when ir->() ; therefore 


and 


, l" Vn-jj 

f„(x) - .Cjl 1 1 + ^ 




•( 2 ) 


We now apply Tannery’s Theorem, § 91 . The greatest value 
of knjn is {n - l) 7 r/ 2 n which is less than :r/2 so that n^ tan^ikTi/n) 
is greater than k^n^ and therefore, if | | 

I {1 + x^/n^ tan® {k7Tl7i)}\ < 1 + 
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and the series converges. Further, when k is fixed, 

^ {1 -f- x^jn^ tsbii^kTiln)] = 1 +x^lk^7i^. 

n -> 00 

The conditions of Tannery’s Theorem are therefore satisfied ; 
and since /„(a;)-' > sinh x when n oo, we find 

sinh X ~~-x n (f + x^/k^7t^) -a: H (f +x^/n^n^) (8) 

i*-i 1 

and the product converges absolutely and uniformly for the 
range | a; ii where K is an arbitrarily large positive number. 
The number of § 90 may be taken to be 

Again, cosh sinh 2:r/ 2 sinh The product (8) is abso- 
lutely convergent, and therefore the factors of the product may 
be arrange>d so that one set contains x and the even multiples 
of 7t while the other contains the odd multiples of tt ; thus 


« / 4v2 \ « r 4r2 

sinh 2:r .= 1 + - hJi + (2« - } ’ 

and therefore 

ot / 4^.2 'j 

co8h«.-.n_{j (!) 

The formulae (8) and (4) are valid for complex as well as for 
real values of x and therefore if ix is substituted for x we find 


sm X:^X 




93. Expansions in Partial Fractions. The products in (3), 
(4), (5) and (ft) of the preceding article may he differentiated 
logarithmicaljy (§ 90). Thus from (5), if 0 < x < tt, 

COtX ■ y ~ 5*.; (1) 


^ /_i 1 

\nn + x {n+ i)7i - x j 
Again, cot ^x - cot x = l/sin x ; therefore 
1 1 ..“U . ... 2x 


V (-1)" 

sm X X X* - 


= y ( - 1)" 4 1 
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§§ '^'^1 

Another method of o))ta.ining an c‘\[)ansioii in partial i'raetions 
is given by J'annery and Molk (see § 92) and is, like the method 
for obtaining an infinite product, said to be due to Darbonx. 
The method may be seen by taking th(^ function l/sinho:, 
defined as the limit of I//n(‘^), where (a;) is the ])olynomial 
of § 92. 

Express ^/fni'x) as a sum of partial fra(!tions ; since /,,(.r)/.r I 
when X >0 we have 


_ > ,v 

fni^) .-K .t: ■ X fX,, 

Now {E.T. p. 291) if fn{x) -- (If„(x)jdx tho value of J,, is 
l/fnix/^) : therefore, as is easily provi'd, 

,uY /wTd'-2 

l)yeos-^J : 


so that 


^4. --- ( 

1 1 




-B, 


fni-r) 


A- =1 


_2.c.l,, 

- xl 


.(:i) 


Apply Tanueiy’s Theorem, !j G:1. If h is fixed 
2xA, , . 2.r 

(For the limit of A^. see § 25, Ex. 5.) 

Next I A I I 1 and | x^ - x'i | ':> | - | x 


r 2.1.^;; 


so that 


2xA, 2|X| 

\x^~ xl\ ■' \k‘^7i- - |x|-| ■ 
If X is not a multijile of rr the series 

2X 

am 


aTm 


is absolutely convergent and therefore the conditions required 
by Tannery’s Theorem are satisfied, and we find 


v:(- 1) 

V 1 


( 4 ) 


1 1 

sinh X X ' ' x''^ + 

The values 0, are of course not values that x may take. 

In (4) put ix in place of x and the series (2) for 1/sin a; is 
obtained. 

By either of the above methods various series may be 
derived ; as the product formulae hold whether x be real or 
complex the series for a trigonometric function can at once be 
transformed into one for the corresponding hyjierbolic function 
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and vice versa. An identity such as tan a: -~cot x - 2 cot 2a: is 
also useful. Several of these series are given in Exercises XI 
and many developments which lie outside our limits will be 
found in Chrystal’s Algebra, Chapter XXX, Bromwich’s 
Infinite Series, and books on Trigonometry, such as Hobson’s. 


E.\\ 1 . Show that if 0 < .r < ti 

' + -x) +1 - 

where + ^)^* 

Write equation (2a) in the form 

= V ( 4 . - ' - - ) + ( - 

sin a: (r-i-l)jr- av ” 


1 


I 


where RnM , u.r~- , r,- 

** rn+x (r 11)71 -a; 

If 0-i a?‘S TT, Uy r=n -f 1 , n+2, ... and therefore 

■Rn(*)<«n+l<2/(n + l).^. 

E'x, 2, SViow that 


cos X •” cos rx. : - ( I - COS \ - — 2 ^ 11 1 

X , X. . a - a: . (x a* 

(cos X cos rx.) -- 2 sin » sin —< 5 - 


(2nn - (/l) 


1 -- i o 




(2i<7r -f a)*A^ 


2 4n*ji»A Jr 


Let ;r =: 0 : 1 - cos t 




Take the quotient (cos x cos a)/(l -cos rx) ; the tjqucal factor is 
4?l^7r^ - {(t. - X*)* 4w*7t^ - (rx +x)* 


4n^7r^ 


4n*7r’'^ 


■'■ 2 «.t -aX^ 2 « 7 t+«.X* '■' 2 «ji'-a;X* ■^ 2 « 7 t'+ix) 

1 Yl ■' ^ 

V (2//7r-rx)V\ (2n7r+(x)V* 

1 '*'1 

J5?x. 3. Find the values of . 


«-i «=i 

From the infinite product for sin xjx we find 


m - 1 


Now if x^< 71^ and A.,, is the series 


Am 


= - log ( 


a?* 1 x“* 1 X® 

«*7r*y 2 3 + • • • • 
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tlio sorios and natisfy the conditions for derangement of § 66. 

Hence we have 

- log (l ~ is) +C4^* +c^+ (1) 

m-=] . 

1 1 1 1 

where <’ 2 = 0 ^ ~ = o ^ ^ -i • • • • 

2 TT* 4-^ n® * 271* ^ n* 


6+x*l6l - 

etc. 

- log 1 1 ~ 1 

fx^ X* X'l 

['6 ~ 120 ■*■•••)} 

'x^ X* 


, 6 '■120''' 

*'7 He ”120 


and, as })efore the series may be re-arranged in powers of x, so tliat 
, /8ina:>. x^ X* 

-*°el-ir-j=6 + i8o <2) 

The aeri(\s (1) and (2) are convergent for a common range, say for 
x^ < ; therefore equating coefficients we find 

1 I 71^ 

or 

1 1 71* 

In the same way the values of . . . may be found. 

Ex. 4. Show that '2{2n - l)~^ :i(2n - 1 )"* == 7r*/96, .... 

Proceed as in Kx. 3, using the inhnite product for cos a:. 

94. Bernoulli’s • Numbers. In equation (1) of §98 put ix 
for X ; then wo find 

, 1 2a: 

<‘) 

and if we now put It for x the equation (1) gives, after a slight 
reduction, 

/ X /2 

*' ■% 1 ^ c\ ’Cr-X V 


:T==i-i< + 2S 

* t 


An^Tt^ 4 - ’ 


•( 2 ) 


The series in (2) may be expressed as a series in powers of t ; 
for if I / 1 = a< 2:7r we have, w = l, 2, 3, , 

n / /2 \-i 




\ An^n^J 


l2m 


4n%2 {4n^7r~y ^ ‘ *•• ' 


o.\.c. 


B 
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Thin .series c;oiiverges absolutely if \ t\ 
by § 66, the series in (2), namely. 


and therefore^, 


may be evaluated by summing first with respec^t to n and next 
with respect to )n. Thus 

/. f'l ao /2^n f 1 

V zr- 

4.r,-^7T:^ + r- 

^r: e 

_ / 1 1 2/« fZm 

if '^2,,. ,LuL i— 0^) 

ft 1 " 

Hence, if we now, for convenience, interchange ?i and m 
we get / -X o 

^... -I _^/.,2V( - w 


Again (E.7\ ]>. 404, Ex. 7) 

/ 7? 



ri-- 1 '' ^ 

where B 2 , ... are Bernoulli’s numbers. Therefore, (‘quating 
the co(»fiici(aitH of in (4) and ( 0 ) we find 



It may be verified from this exjuxsssioji ff)r 7i„ that tlie 
series (5) converges absolutely when \t\<27i: for 

I K.r. Mr i 

I B„ (2n+l)(2n + 2) ' '2.t! |277-| ' 

Equation (4) shows that tl{e* ~ 1) is ex])ressible by a power 
series and therefore the Maclaurin series ( 0 ) is now justified; 
also (5) holds for complex values of t simr'i in (4) f may be 
complex. 

The remainder after the term in equation (5), may be put 
in a convenient form, t being real. For 


. . - 9\'' / 1 V^-l . ^ 

4n^7r^ + ^ ^ ’ (4rn^7z^Y 

+ (-!)-• 


2^2w4 2 
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and therefore, when summation is made with respect to n in 
the series (2), the coefficient of ( - l)"»jf 2 m +2 jg 

9 <-2 V — - - rrr „ '^2m+2 

(47i27i:2 ’ 

so that the coefficient is of the form 0 ^{ 282 ^+ 2 / where 
0<0^<1. 

Hence, interchanging m and n as before, we see that the 
remainder /^„(0 after the term in in (5) is given by 

1)”6„ 0<6.„<1 (5«) 

If t is complex the above reasoning fails, but there is a 
similar form. 

c,. t t 2 t 

bmce y — r — — - , 

e*-l e^^-l 

we deduce from (5) that if | ^ |< 7 r, 

e‘ +i ^ 

and, by putting ix for /, series expressing various trigonometric 
functions in terms of .Bg, ...may be found (see Exercises 
XI). 

The following values of B„ may be useful : 

n „„ 1 D _ 1 D _ 1 E? __ 1 /? _ 5 r? __ ft 0 1 

See Chrystal’s Algebra, Part II, Chapter XXVIII, § 6 ; 
Nielsen, Traite Mementaire des Nornhres de Bernoulli. 

For the expression of J5„ as an integral see § 165, Ex. 5. 


EXERCISES XI. 

1. Show that H ^“^2 ^ -e~"')/2:T. 


4n2 - 4n + 2\ 
4n2 - 4)1 + I ) 


2. Show that {% r f ) = i + ^-h 

3 . 1 +sina.=i{^ + 2 *)»{l 

, X X X X sina; 

4 . (1) cos ^ cos 23 cos ^3 cos 2* ... =-~ : 

(ii) g tan |+~3 tan |i + ^3 tan ^3 + ... - cot*. 

What restriction is there on x in case (ii) ? 
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[CD. 


(Laisant) 


5. 

(ii) cos X = ri^ ^ 1 - 4 sin» . 

6. Yi-—)}- 

3 sin .T i\ n7t+xj\ nn-xjj 

Examples 7-17 are taken from Chapter IX of Euler’s Introductio in 
Analysin Infinitorum. 


7. 


gb+x- ^ gC- 


8 . 


4 

gb+x _ gc-x 


00 . 

n{ 


1+/ 


4(6 - c)x -f 4^* 


j V (2n - 1)271® +(6 -c)® 


)■ 




9. (cosh X 4 cosh c)/(l 4- cosh c) 
2cx 4- ar® 


-FT {f^ 2c.r4-ir® Vi 2cx ~ x^ 

U l)®7r'®”4-c®A ~'{2n - r)®7r® 4-cV/ 


1 0. (cosh X - cosh c)/( 1 - cosh c) 
r*2\ i?. 


-Y 1 - "'“'i IT (l' 1 + Y 1 - ” •-■-'4 

“V cV„\\4 4n».’i» + cVV in‘n‘ + cy)' 

11. (sinh X 4 sinh c)/sinh c 


12. (sinh X - sinh c)/sinh c 


( - 1 ‘2cx + a:’ 

rS?+c* 


>■ 


13. By putting ix for x and ic for c, or otherwise, deduce the formulae 
for the circular functions corresponding to those of Examples 9-12. 
For instance, from 9, if m - 2n 1 


cos X 4 co s c_ |®y U _ _ Yi \\ 

1 -I- cos c ” A- J ^ Y (wjr f c)® A hnn - c)®// * 




2x 

(2n - 1 )7r 4 - 2c, 


)}■ 


.^2^ Yi - 

(2^6 - l);r - 2 cA (2i 

15. ^JiL(.^L(i-^)n{(i+~^)(i~ Ml- 

sin c \ '■ \ - c A nn+cjj 


cosh a; - cos c 
i - cos c 

cosh oj 4- cos c 
1 + cos c 
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18. From Examples 16, 17, deduce products for cosh 2w±cos 2u and 
deduce the value of 

■ /4n2 - 4n 4- 6N 


- 4n + 


!)• 


19 


cosh ( tcxsJ2 ) - cos ( 7ix»J2) 


■n(-S) 

20. sin 7tx 9= nx(x -1-1)0 ( 1 - • 

ViiX n(n+l)/ 

0 1 4.U ^ V"' 

21. coth a: = - + 7 , „ - « ^ . 

X ^n^7i^+x^ 
n - 1 

22. (i)« 4 ^ 1 ff^=.l +2 

sinhaTT an n^ 


a cos nx 
4- a* ' 

n sin nx 


- 71 ~x~ n; 


sinW 2y 

^ ^ sinhoTT 71^/ ^ n^-fa* ’ 


- 7r < a;< 71 ; 


sinh X 


2x 


niLUi a- V ■> f 

cosha;4-cosc~^j^j\ [(2« - 1 j7r-cp4-ir^~^[(2n - 1)7 t4"C] 


2.r -v 

- l)n-hcy + x^f ' 


23. tan a: = ^ 


8a; 




24. tanh x — 


8 a; 


'^j(2n - l)2;i2 4-4a;2* 
cos a; ' ' (2n 1 )*7r* - 4a;* 

26. — i- = y ( - l)n-i - 

cosh X ' (2ti - 1 4- 4a;* 

27, ^ 4- X 2 - ^ (5ol^h an, 
a ^ a* + n* 


n=i 

Put an for a; in Ex. 21. Many numerical series may be expressed in 
finite form by assigning particular values to a; in Examples 21-26 and 
similar examples. 

2*” B 

28. X cot a; - 1 - V T ^ - y^a;*”, ( a? ) < jr. 

(2n)! ' • 

?L 

(2n)! 

i — 1 + £; \x\<7t. 

sm .'t' (2n)! ' ' 


29. tan X = ^ (2*’' - 1) 72^f 


30. 


I ^ 

='l<2- 


31. Derive the series for the hyperbolic functions corresponding to 
the circular functions in 28-30 by putting ix for x. 
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32. By multiplying the power series for (e^ - l)lt and the series (6) of 
§ 94 for /-/(c* “ 1) prove that 




2n - 1 
2 ' 


38. Show from equation (2) of § 94 that if 0< / 


0< 


1 1 ^ If 

1 


Note that 




34. Expand the logarithm of the infinite product (i) for (sin xjx) 
and (ii) for eosu? as a double series, and show that it may in each case be 
arrang(id as a power series in x (see § 93, Ex. 3) ; then show that 


, sinx 

{,) log-- - =- 2, 






^ (2n)!n 


x\ <7 t ; 


(ii) log cos X ~ ^ 


02th\-2rn 

35. SOC;r~^, _ . ^’2n 


«--0 


= 1 -I- 


T-Zn+l 




where 

and 


1 


1 


— ( (2?i)! 
n— 1 ' ' 

^2n+l ~ jYn+i ~ 32nf] 5271+1 ~ ^^n+l 


1 1 


+ ... 


^2n+l 

The numbers are called Euler’s Numbers. Ej ~ 1, E 2 =5, E^ ”61, 
£'4 — 1385. (Chrystal’s Algebra y Part II. Ch. XXX, § 3 and § 15.) 


36. Prove that 1 4- . 


1 




1 

(2m - 1 )22w~i * 


2m -I" 

Apply the inequalities (5) of § 11. 

37. Prove that and E^ are both positive and tend to c» when 
n~^ 00 . 

Examples 38-40 are from Tannery and Molk, Fonctiom Elliptiqucs I. 

38. If A is real and positive but not greater than unity, show that 

cos^:_ 1 V ^ 2x cos nkn 

sin X X ^ x^ - 71^71^ 

n =-- 1 

COS nA:rr 


m 

- 1 1: (-!)'• 


X - n7i 
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Lot fn(x)^i(p^(x)ly},,{j') where n is an odtj positive integer and 
polynomials in x, namely : 

fn{x) -> COS 1 X when 7i oo and xf^^{x) >1 when x -> 0. 

PjXpress/^^(^ ) in partial fractions ; the roots of yr^ix) —O are ^ — 0 and 
X ~ iL Xjc== in tan (knjn), h - 1, 2, . J (n - 1 ) - JV. 






fc- 1 


and 


* ^ L cos r^ 7 . J 0 (>S-(/t tt/t? ) * 


tan o-jfc = A tan 


kn 


Now proceed as in § 93. For tlie limit of Aj^ see Exercises II, 27. 
Show that the series represents the function if - 1 A 1. 


, ^ sin A.r_ 2n7r sin h att 

■ sinV “ ^ ~ “ 

where A is tlie same as in Ex. 3K. 

sin lx 


£ 




( ~ 1 )" 


Sin }iA 7 r 


Note. 


e\j"i 

40. -? — = 

sin X 


sin Itt V 
7n 

L \ 


cos /.r cos /(.r -I rr) 
cos /.,T . - j 

sin X 


cos /.{x -I tt) \ 
sin (.iM- 77) /* 


(- IV 


m i-x n 


X - t) .T ’ 


95. The Gamma Function. The product F„{x) whore 

li\ 

a^(VTT)(3T2)...(¥+7r-n 

is defined for all values of x, real or complex, except the values 
zero, and the negative integers numerically less than n. It 
will now be shown that P„(^) tends to a limit when n tends to 
infinity ; the limit is called the Gawma Function of x, is denoted 
by ]'(a:) and is defined for all values of x, real or complex, except 
zero and the negative integers. 

The limit will not be altered if P„(:r) is multiplied by the 
factor n/{n +x) which tends to unity when ?i tends to infinity ; 
hence we may, as is often convenient, suppose that Pn(^) is 
defined by the equation 

“a;(x+ l)(x + 2) ... (x + n) 

When a distinction is needed, the form (1) may be called the 
first and the form (la) the second form of Pn(^)* 
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First Proof. Take the form (1) and write 

^2 3 r f 1 
r 


also. 


n\ = (n 1 )! - (n - 1 )! (I . I . . 

n-l / 1 \ ar 

=(»-!)! n (i+y ; 

r=.l \ r/ 

(x + 1 )(x +2) ... (a; +r) ... {x + n- 1) 


n 


,)■ 




Thus XP„{X) = "n {( 1 + 1 + f )"'} = "n (/r) 


Now 




!-♦-- + 
r 


+r>A'-?+r'-f5) 


2r2 




x{x~l) C 


r^ r^ 

where A, B, G are all finite ; therefore 

^ ' « 

r^ l/r “ 1 1 I - 1) I when r-> co 
so that i;(/^ - 1) converges absolutely for every x. Hence 
Pn{^) converges absolutely when n-> qo . 

Second Proof. Taking the definition (la) we may write 

1 _ {x+l) ( xr2 )...{x + r). . .{x + n) 

xPn(x) 1 . 2 ... r ... n 

since Now express the factor (x + r)jr in the 

form 

and we find 
where 


fl ^ 

je” r er 


[(‘-S' 


Cn =" 1 + i i + ••• + ^ - log n. 

Tl 


Now (Exercises II, 8) C^-^y, Euler’s Constant, when n~>QO . 
Also by §88, Ex. 5, the product n[(l converges 
absolutely for every x ; it also converges uniformly since 
I /n - 1 1 i I 1 therefore the J^-Test applies, for 
we may take Mn — ^K^jn^ where K is any given number. 
Hence l/xP^ix) converges absolutely and uniformly for every x 
when 00 , so that 


1 

r» 


w«lL^ 71-/ 


( 2 ) 
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Equation (2) may, since a;r(a;) = r(a; f 1), (see next article) 
be expressed in the form 

r(.+ l) = e-v-nj(l+J)‘‘J} (3) 

Obviously l/r(a:) is zero and r{x) infinite if x is zero or a 
negative integer. 

The product (2) is usually called Weierslrass's Form. The 
name “ Gamma Function and the notation r(a:) are due to 
Legendre. 

Gauss's W- Function, The function r(a:+l) is the same as 
the function 11 (a;) introduced by Gauss. As will be seen 
immediately r(x-^ 1) —xV{x) so that II(a;) is the limit of xP„(x) 
when n-> cc , 

Cor. If m is a fixed positive integer r(a;) is the limit of 
Prnn(^) for inu-^^cc , For, when a sequence P„, Pn+v Pn+ 2 y ••• 
tends to a limit any partial sequence selected from it, Pn^p, 
Pfi+qi ••• (p<q<r ...) will tend to the same limit. 
Pmn, Pmn+v ^mn+ 2 > • * * a partial scquencc. 

96. Properties of r(a;). The following properties are easily 
deduced from the first form of the definition. 

(1) r(i)==i. 

P„(l)---1 and therefore r(l) = l. 

(2) r(a;+l)=a;r(a:) or r(a;) = (a; - l)r(a: - 1). 

Pn(x-hl)—xPn{x)--^^--^ so that r(a; -f 1) — a:r(a:). 

(3) If x==:n, a positive integer, r(n)=:(7i - 1)!. 

Apply (2) repeatedly. 

r(n) = {n - l)r(n ^l)=:(n- l)(w. - 2)r(n ~ 2) = ... 

the last factor being r(l) which is unity. 

Cor. 1. n(7i) =r(7i +l) = /i!. 

Cor. 2. If p is a positive proper fraction and n a positive 
integer 

r(n + p)=:(n >- 1 -^p){n ~ 2 + p) ... (1 ^p)r(l i-p) ....(i) 

r(i -p):= -pr{ -p) =-p{-p- i)r( - p - 1 ) 

= [ -p)( -p - 1) ... ( -p -TC)r( -p -n), 
s6 that r( - n = ( - 1)"+T(1 -p)lp{p +l){p + 2) ...{p + n). (ii) 



248 


ADVANOEI) CALCULUS 


[CIl. Vtll. 


(4) r(a:)r(l — a;) " rr/sinjro;. 

If X is real or complex, but not zero nor a positive or negative 
integer, the product P„(.t)P„( 1 - a:) may be expressed as 
n\ ^ 

x{ 1 -f x jl2 f x ) . . . (// - 1 4 O') ^ (1 ~ ;r)(2 - ;r) . . . {n - I - x){n - x)’ 
and this is equal to unity divided by 






X 

' n- I 


that is. 


X II I - " 


rv_ 


;r ■' 

N / 


When the product last written tends to (sin 

so that r(:i:)r(l -.r) is the reciprocal of (sin jr:r)/jr. Thus, 
whether x is real or complex (the values 0 and ])ositive and 
negative integers excluded) r(.r)r(l - x) - nl^iiiTix, 

If X 4- y -- 1, r(.r)r(y) - jr/sin :xx TzlHin ny. 

Cor. .1 . r(-|)r(i) JT/Siii 1 ; r(-a) since r({) is positive. 

Cor. 2 , II(.r)lI( - .r) - r( I 4 ;r)r(l - x) ~ Tr.r/sin ttx. 

Cor. :h n(-i)-r(l 

(x -hn)r{x)^ ( - ly^/nl (/? a positive integer). 


For, {x 4 ;0r(^) -r(.r 4- a 4- l)/;r(.r r 1 )(.r + 2) . .. (x 4 - 1). 

(6) If a is real and positive and n a j)Ositive integer, 
r(?i -fa) 

“ “ •' 1 when u - oo. 

n'd (7?) 

V r (a -f-a) _r(a) .a(a i l)(a \ 2) ... (a 71 ~ 1) r{a) 
7iT{n) n\ Fjyx) 

and P„(a) -> r(a) when n ->cc. 

97. Gauss’s Function 7p{x). If %p{x) denote the derivative 
of logr(l4^;^) with respect to x, the function xp{x) is called 
Gauss's Functio7i 7p{x). A Table of values of 7i){x) is given in 
No. I of Tracts for Computers (Cambridge University Press) ; 
\p{x) is there named the Digamma Function and a Table is also 
given of the values of the function d7p{x)jdx which is there 
called the Trigamma Function, 
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It should be noted, however, that the symbol is frequently 
(in English text-books, usually) taken to be the derivative, not 
of logr(l + x)y but of logr(:r). If, for the sake of distinction, 
y)i{x) is taken to mean dlogr(x)jdXy the relation between yji(x) 
and Gauss’s Function y){x) is simply ipiix) —y)(x - 1). 

If a is constant yj(ax) means r?logr(l -\~ax)ld(ax) ; that is 


y){ax) -- 


1 rflogFG fax) 
a dx 




The following properties of Gauss’s Function y){x) arc easily 
proved by i*sing Wcierstrass’s form of r(l + x). 

(1) (2) y(0)--y. 

1 

(3) + y>{oi: + n)=tp{x) + '^^--^^. 

(4) %p{n) V i . 

r- 1 ^ 

(5) ?/;( ~ X - 1) - 'y;(x) = n cot nx, 

(r>a) 1 “ x) - yji(x) ~ n cot nx if y>i(x) — ^ 

(lx dx^ ~i (x + n)^ ’ 


To prove (5) observe that 

r( -x)r(l -f x)=:7r/sin7r(x +1)^ TtjsiriTtx 

, , , d log r( ~ x) d log r( 1 + x) d log (sin tzx) 

so that - - ® y ^ j ~ — 

dx dx dx 

Ex.l. v'W-g'- 

By (6), V'(0)= S ,72 = ?* (5 93- E*- 3)- 

n~ 1 

Ex. 2 . v-'(-i)=^. 

By(6). v.'(y) = S(7^=4|;^^L_=f , (§93.Ex.4). 

For other relations see Exercises XII, 8, 9, 10, 14, 15. 
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98. Examples. The following examples indicate methods 
of expressing some infinite products as Gamma Functions. 

1 n 0^ -i-q)(n 4-6) _ V(a -f 6 -f 1 ) 

* wnTi ~r(a -f l)r(6 + 1) ‘ 

In § 95, ( I ) let a: = a + 1 and we find 

(fl 4- 1 ) (a + 2) . . . (a 4- n) ~n\ 7i^lP^{a 4- 1 ), 
anti therefore, the other factors being treated similarly, 

n 4a)(r -f 5)_ 71 ! ^ 4-6 + 1) 

ili r(r +a +6) + i) ?„(5 4-l) n! nTn^+S 

i%,(a4-6 4-l) 

”P>f 1)P„(5 + 1)- 
The result follows at once. 

2 . (■ -.)(1 . 

Let /,„=(! -x)(I +ix-) ... (l - 2 „-ri)(l + 2 "^); 

/ 2 «+i“/ 2 w[l 4 1)J so that, if tends to a limit, tends to 

the same limit and therefore tends to a limit whether n is even or 
odd. Now 



and the result follows from Ex. 1 by taking a = - J'(l -t-ar), b^ix. 

q Tf ^ ~ tlL-j * U1 + ^ ) 

1 . 2 . ... n . y(7 4-l)..; (y +n-l) ’ 

investigate the convergence of 

The series is F(a, 7, 1), § 60, Ex. 3. Proceeding as in Ex. 1, 
we see that 

n!n 1 P„{y) P„(y) 1 

Suppose that r{cx.), r(^) and r(7) are definite numbers and let aj, 
and 7i be the real parts of a., p and 7 ; then 

1^ I ^ L_ ^ K 

' P^{cj.)PJP) + ‘ 

where is a constant wdiich, for large values of n, differs little from 
\r{y)ir{oL)T(p)\. Hence converges absolutely if Vi-o^i-Pi is 
positive, that is, 7i > «•! 4- ^1. 

Again, jT |n«J= 

« "-> 00 n -*-> 00 

when converges absolutely. 
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^ f/J® “ f(f+cTi") * 


We may write 


c+x 


\ c + nj 


c + arX 


But 

and 


('+£)•* 
ris,:) =«X'”'(«+*) fl {( ' + 


1 


since r(l + c +a;) =(c + a;)r(c + a:), the result follows at once. 


The following example gives an interesting illustration of 
Cesiro’s Theorem, § 65. 

5. Let f(x) =- 1^ " ^37 + 2^ “ -h ... +n^~ + . . . ; show that, 

if /i is positive, (1 ~xY'J(x)-^r(^i) when 

The series converges if | | < 1 but diverges if x~\. The function 

(1 is, by the Binomial Theorem, represented by the series 

V /^(/^ -M)(/^ +2) ... (//4-n - 1) 

w! ’ 

»*~0 

which (by Raabe’s Test) diverges if a: — 1. In C-esaro’s Theorem take 
g{x) ~(1 -a:)~^ ; then 

f{\ -xVfM- f 

^ (I X) J(X) ^ ^ + (/,+n-l)’ 

a: — ► 1 a* — *■ I n — ► oo 

provided the last limit exists, as it does, being r(^). 


99. The Hypergeometric Function. The hypergeometric series, 
when the real part of (y-a-/8) is positive, is equal to 
F{(x, /9, y, 1) ; when the parameters a, /?, y satisfy the 
condition just stated, the function F(ol, /8, y, 1) can be expressed 
in terms of Gamma Functions, namely 


F{a., fi, y, 1 ) = 


r(y)r(y-a.^lS) 

r(y-a)r(y-f)- 


The theorem may be verified as follows. Let u„, v„ and w„ 
be the coefficients of x” in the series for F(ai, /S, y, x), 
F((x., /?, y + 1, a:) and 2^(a-l, /?, y, x) respectively; 

Mo=1=Vo=M'o- 
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It is not hard to see that the following relations hold : 

(i) = w = 0, 1, 2 ,... . 

(ii) (y - a) = /?«„_!+ [(n - - wm„] , n = \, 2 ,... . 

All three series converge when the real part 

of y - oc - is positive ; also (by § 98, Ex. 3) nUn->0 when . 
Now sum (i) from ?? ~0 to w~qo ; therefore 

l:=(l-pj’(a, /?, y (-1, l)-[^(a-], p, y, l)-l], 

or yi’ia-l, y, l)-(y-^)^’K /?, y+l, 1) (a) 

Again, sum (ii) from n — 1 to ^ =oo ; therefore 

(y-a){i’(a, /?, y, \)-F{.i.- 1, /?, y, fi, y, 1)- £(nu„) 

>00 

= tiF{rx., p, y, 1), 

or {y-<f.- P)F{< l, y,\) = (y-<>.)F((t-\, y,l). ...(b) 

Eliminate F((yi - 1, /i, y, 1 ) between (a) and (b) ; we thus find 

F(a, (i, y, l)Jr^:^-ir-J^.F(,x., p, y+1, 1) (c) 

Now apply the formula (r) repeatedly so as to increase the 
third element to y + ; thus E(a, y, /?, 1) becomes equal to 

(y- ^^)( y-^ H- 1) ... (y -g + n- 1) . (y- /i) (y -H 1) -hn - 1 ) 

y(y+ 1) ... (y + n - 1) . (y -(x.- 1) ... (y ^ l-n - 1) 

X P, y-t-7i, 1). 

But (see § 98, Examples 1, 3) the coefficient of F((x, /9, y 4 n, 1) 
has as its limit when ?i-xoo 


r(y)r(y-a-/3)/r(y-a)r(y-^) 

Again, when n-^cc , every term in the series for 
F((jl, fi, y-vn, 1 ) 

tends to zero except the first term which is unity. Hence 
F(a., p, y, ^)-Y(y-a.)Y(y-f)' 
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gauss's KGTIMUJ.A UGH r(m:r) 


I'ake the first form of Pn(x). The function + when 
numerator and denominator have been multiplied by is 

r 

p ( X [ ^ ‘ ' 

\ m ' {7nx + r) {mx 4 m + r) ... [7nx -f {n - 1 ) in -\-r\ ' 

If each of the functions Pn(x +rjm), for r = 1, ... m - 1, is 

exju’essed in the same way and the in functions then multiplied 
together, it is readily seen that the denominator will be the' 
product of the factors (w-x +r) from r : 0 to r -- mn - I inclusive. 
The first factor from each denominator gives 
mx{yrix -f 1) ... (mx +m - 1 ) ; 
then the second factor from each giv(^s 

(mx +m){mx ym +1) ... (mx -f 2m - 1), 
and so on. Hence 

“ftp /' r4U.V.. 

r - o m/ mx(mx f l)(m:r 4 - 2) ... (inx + inn - 1) ’ ***' 

Now, § 95, Cor., we may take r(m.r) as the limit for inn 
tending to infinity of P-^„(m.r), where 

P - - _ (2) 

^ mx{mx 4- l)(ma; 4- 2) ... (mx mn - 1) ' ' 

If we now divide corresponding members of (1 ) and (2) we find 


m l / -I* 

n P/:r+4 

r - 0 

Pvin(^^'X} 


(m^^niy 


and the expression on the right is independent of x ; its limit 

for ?? - *oo is easily found by using the value of v \ in Exercises IT, 
w ■■ 1 

30 to be (2jr) 2 . m-i. The limit for n~>cc of the left hand 
side is r(x')r{a^4- 1/m) ... r[a:4- (m ~ l)/m/] . m'^''^-^ir(mx) so that 
the formula is established. 

The student might work out independently, by the same 
method, the particular case r(a:)r(a;4- 1), obtained by a totally 
different method in the Elemeyitanj Treatise, p. 450. 

In Gauss’s Formula put .r 4 - 1/m in place of x ; then 


r(ma: 4 - 1 ) = (2:;^) H FI 1 4 - :r - “ j . 
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Now 


1) 1 dlogr(mx+l) 

“ d(mx) “to dx 


and therefore, by taking logarithms and differentiating (4) we 

find M - 1 / g \ 

y>{mx) =\ogm + ~^j{x--) (5) 


EXERCISES XII. 

1 . If/(»)= n + w"*! , prove that f{x) x/( ~x) =sm xjx. 

/ x\ 

2. * If (p(x) = fj' y 1 “ show that when m and n tend to infinity 
(f(x) tends to the limit (sin xlx)a^^^ where a is the limit of (min). 

Note that n ( 1 - ,^)= n {( 1 - ^) 

where «„= +i + ... -logn j - ^ logn. 

Thus <p{x) tends to sin x/x if, and only if, a = 1, that is, if m and n tend 
to infinity “ in a ratio of equality.** 


3. (i) sin7Kr=:fia; 

(ii) ncotTix (-H — 

a; ar-n/ 

V L_ 

. sin* 7TX (x -n)* ’ 

4. Prove the following statements : 

(i)f{x)= n 

n-a/ / sin ^ra ’ 


* The symbol 11', with the accent on II, indicates that the value r -~0 is 
excluded so that r takes the values -m, ~(w-l), ... -2, - 1, 1, 2, ...w. 

A similar meaning is assigned to the symbol of summation 2'. 
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2r.5 


5. If (p(x)=x n' ffi and iij{x) ia the function defined by 

the product in Ex. 4, (i), prove, without using tfie circular functions 
and simply by transforming the products, that 

?'(«) 'P(«) 

(ii) y(a:+l)=^ <p'{x + l)l<p{x + l)=(p'{x)l(p{x}; 

(iii) /(.r + 1) = -e-^f(x). 

6- IT (( 1 + - ® -Y 1 - --- Y - 
t, O^V "+«A r(a + c)r(6-c)- 

Show that if a — y, b y -OL - p, c = - fjc, where the real part of 
(}' - fjL - /i) is positive, the infinite product is ji, y, 1 ). 


Z' « > / V ' 

7. 

n - > X r 

8. nifi 

,y„\V x+nj } 


_ ^ - 1) 
i-n) 


X + ?< y 

9- (i) yil) + y ^^2 -2\og2 ; (ii) v'( - i) " v( ~ I) = 


(Mollin.) 


10, 


• <■> i; (nVl + 

n-^0 

(“) S{’"«(>-KiTn)-:.--i4Tl} - Vi'-) -log X, 

11. H fi, p, X are all positive integers, prove that 
r (.T‘ + n ) (a; + n + 1 ) . . . (a: -f n -f p - 1 ) _ 
Aj (a; -f 1 )(a: + 2) ... (.t +p) 


12 


r 

' A> 1.3.6.... 


x{x + 1 ){x -f 2) . . . {x -I- 2n- - 1 ) 


{ 2)1 - 1) . 2a;(2a; f 2) ... (2:r; + 2a - 2) 




1 3. Prove that if [ a; [ < 1, 

(i) logPd +x) --..-yx+f^{~ 1)«S„~ 
n-2 

1 ^111 
where - + 2 n + 3 n + • • • J 

CO ^ 

(ii) logr(l+a;)+log(l+x)=(l-j-)i:+ V (-1)>-1(1 

n-2 ” 

(iii) logr(l -x)+log(l -x)=^ -(1 -y)*_ 2 (1 ; 

♦J 
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(iv) iogr(i +x) -iogr(i -.B)-=iogj- 


) 2(l-y)a: 


2n-+ ] ’ 


(v) log r( I +x) + log r( I -* .t) log (Tfxjmi JTX) ; 

(Vi) logTd +r)=iloJ^^A + ilog\-^ I (1 - Y).v 


n “ 1 

[To obtain (i) use Weierstrass's form for r(] +:r), expand each 
logarithm and s}k»vv that the series may be deranged and expressed in 
powers of ;r. TIk^ equations (ii) ... (vi) then follow easily.] 

14! Deduce by putting x— ~ J in Ex. 13, (vi) that 
~ 1 _ loQ -J _ V z} . ~L . 

15. Deduce series for i/»(.r) from Ex. 13; for example, 

cc 

yi-r) = - JM- ^ ( - l)”8„x’‘-\ I « I < 1. 
n=2 
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CHAPTER IX 

INTEGRATION OF BOUNDED FUNCTIONS 

101. Interyals. Sets. In eBtablishing general theorems in 
integration there is frequent use of the division of an interval 
into sub-intervals and of sums of terms associated with sub- 
intervals ; it will obviate inconvenient interruptions in 
exposition and perhaps emphasize the essential elements in the 
discussion if we begin with some definitions and explanations. 

Numbers .Tg, chosen so that 

a < Xz < ... < < b 

effect a division, T) say, of the interval (a, b) into n sub-intervals, the 
notation a 6 being adopted for symmetry and for use in 
summations. 

If in one, more or all of the sub-intervals of D there be inserted one or 
more numbers, a new division, D' say, of the interval (a, h) is made 
which is said to be consecutive to D; the numbers .rg, ... , and 
the numbers that have been inserted are considered as a single set and 
are always supposed to be arranged in order of magnitude from a to b. 
For example TJ' might be 

a, iTj, (^ 2 , X2f .'^ 4 , ^n—li 

where <^ 2 » • • • ® numbers inserted and a < < *^2 • • 

If there are two different divisions of (a, 6 ), say 

Dj [a, ... , fo] 

with nt sub-intervals and I)^ [a, li, I 2 , , in-i* ^1 n sub-iutervals, 

the division, say, formed by taking the numbers x and in order 
of magnitude from a to 6 is said to be made by superposition of 
the divisions and Dg. In the division there will lie between a 
and b at most (m 4 -n -2) numbers ; but there may bo fewer, since a 
number x may be equal to a number ^ and every equality of this kind 
reduces (m-f-n --2). Thus if a? 2 ==<^ 3 , ^he four numbers 077 , 

^ 8 » ^12 would give only two different numbers and the number (m n - 2 ) 
would be reduced by 2. It is obvious that Dg may be considered as 
comecutive both to Dj and to ; if is taken to be consecutive to Dj, 

267 



258 


ADVANCED CALCTTLirs 


[CH. IX. 

there are not more than (a - 1) nuinhcrs inserted in the sub-intervals 
of Dj but there may be fewer owing to oc|ualities such as X 2 - ^3, Xy ~ 

The formation of a consecutive division by superposition is of constant 
occurrence and the student should be quite clear what exactly is being 
done. 

Again, there may be associated with a sub-interval 
division L> a inuuber and with the division D there may be associated 
a sum V, where 

V ^HQ{Xi-a) + {x^ - .r^) 4- . . . + Ur(Xr-\-i - xy) + . . . + „_i (h ~ ) 

n-X 

= N ^ Uf ~Xr)- 

r-0 

If the division D varies so will the number v, and if we suppose, as 
will usually happen, that n may bo as large as we please and that the 
numbers x^ may be chosen arbitrarily so long as they are arranged in 
order of magnitude from a to 6, the numbers v will form an infinite 
set (v). The properties of the bounds of the set ( r ) will then be discussed. 
It is the properties of such sets that, lead to the c^onditions for the 
existence of an integral. 

If the student turn to p. 324 of the Elemeniari/ Treat i,se bo will see 
that V is the sum of the expression (1) on that i)age wdien Ur^F{Xr)\ 
tlje upper bound of the set (t?) is the area ABDC under the curve 
(Fig. 75). In the absence of theorems on the existence of bounds of 
infinite sets appeal was made to the conception of an area to determine 
the limit of the sum (1), p. 324, and establish the existence of the 
integral. From our present standpoint the process is reversed ; the 
existence of the integral is first established without appeal to geoTuetrical 
considerations and then the area is defined by an integral. 

102. The Sums S and s. Let the function F{x) be single- 
valued and bounded for the range a^x <b ; at present no other 
restriction, such as continuity, is imposed on F(x).'^ 

Let D[a, , x^-^, b] be a division of the interval (a, 5) 
and let {Xr+i ~Xr)=hj., a positive number that measures the 
length of the sub-interval (o;^, Further, denote by 

M, m and nij. the upper and lower bounds respectively of 
F{x) in the whole interval {a, b) and in the sub-interval 


(«r, a^r+l)- 

Now consider the sums 8 and s where 

( 1 ) 

r««0 

n - 1 

.s-WaAo + mi Aj + ... + m„_i A„_i = (2) 

r=0 


For the value of F{x) at a point of discontinuity in (a, b) see § 29, 
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S and 5 are called respectively the upper and lower sums for 
the function F{x) and the division D of the interval (a, 6). 

^In whatever way the numbers x^. are chosen we have 


Mr ^ My 

and therefore, from equations (I) and (2), 

m(b ~ a) ^ s ^ S ^ M(b ~ a) ,.(3) 

since 4- . . . + = b - a. 

From the inequalities (3) take the following 

s^S, S^m{b-a)y M{b ~a) (3a) 


Thus it is seen that for the saw.e division of (a, 6), s<S. 
Again, the inequalities S ^ m(b - a) and s'^Mib ~a) are true in 
whatever way the division D may be varied. The variation 
of D may be made in an infinite number of ways by varying n 
and the numbers Xr and for each division there is a corre- 
sponding S and a corresponding s. Hence the inequalities (3a) 
for 8 and s show that the set (^S^) has a lower bound, L say, and 
the set (iS) an upper bound, which may be called L 
Some properties of S and s will now be proved. 

1. The inequalities 

m(6 -a)^8^ M{b - a), m{b -a)^s^ M{b - d) 

are true whatever be the division of (a, b) 

These inequalities are obvious but important. 

’^2. If the division of (a, 6) is consecutive to the division D, 
and if 8^ and are the upper and lower sums respectively for 
the division D^y then 8'^8^yS‘^s^ \ that is, in passing from any 
division to a consecutive division the sum 8 decreases or is 
stationary while the sum s increases or is stationary. 

Suppose first that contains only one number where 
Xr<^<Xr^-^^y that does not occur in D, and let M\ M"' be the 
upper bounds of F{x) in the intervals {Xr, f), (f, x^+i) respec- 
tively. All the terms in 8 and 8^ are the same except that 
instead of the term Mr{Xr+i - Xr) in 8 there is in 8^ the sum of 
the two terms M'{i - Xr) and M"(Xr^T^ - f ). Hence 

8-^8^ =^Mr{Xr^, - Xr) ~ ^ ^r) +if "(^r+1 ^ ^)] J 

but {Xr+i ~ Xr) = “ Xr) +(^r+i " I) ^^nd therefore 

^ 8-^8^ - {Mr - M'){^ - X,) 4 {Mr - M"){Xr^, » ^) ( 4 ) 
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One of the numbers M\ M'" is equal to while the other 
may be less than or equal to ; each term on the right of 
(4) is therefore zero or positive so that 8 zero or positive, 

that is, 8 ^ 

In a similar way it may be seen that since the lower 
bounds, m\ m" say, of F(x) in the intervals (Xr, f), (f, x^^^ 
are greater than or equal to m,.. 

Suppose next that contains more than one number that 
does not occur in D ; these numbers may be supposed to be 
inserted in succession and since at each insertion 8 decreases 
and s increases (if there is any change at all) we see that 
however many numbers there may be in that do not occur 
in D the relations 8^8-^ and are true. 

3. If the consecutive division contains fi numbers that 
do not occur in D and if for the division D the length (h^) of 
each interval is less than h then 

0^8 - 8^< iJi{M -~m)h, fi{M -m)h. 

The relations 0^8 -8-^^ have been proved in 2. 

As before, suppose first that only one point where 
^r< i inserted in D. Then, Mr -M' -m, 

Mr M'* ^M -m and therefore by equation (4) we find 

8-8^^ (M - ni)(Xr+i ^r) < 

Thus the decrease in 8 due to the insertion of one number is 
less than (M - m)h. Suppose next that // numbers have been 
inserted. As before, they may be supposed to be inserted in 
succession, and as the insertion of each additional number 
produces a change that is less than (M - m)h the insertion of 
[jL numbers produces a change that is less than ^{M - m)h so 
that 5 - /Si is less than //(M - in)h. 

In the same way the relation 8^-s< fi{M - m)h is proved ; 
we thus find the inequalities stated. 

4, The lower sum s for any one division cannot exceed the 
upper sum 8 for any other division and not merely for the same 
division (as shown in (3a)). 

Let /S, s and 8', s' be, respectively, the two sums for two 
different divisions D and D' of (a, b) and let 8", s" be the 
sums for the division D" formed by the superposition of D 
and D', 
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If D" be taken to be consecutive to D we have (by 2) 

while if taken to be consecutive to J)' we have 
8' S S\ * ^ 5". 

But s" :S S'" since both sums belong to the division D" ; 
therefore s ^ s" ^ S" S' and s'^s"-SS”S,S 
as was to be proved. 

5. l^L. By the definitions of the bounds I and L there are 
divisions D' and IT of (a, b) such that s' differs from I and 8" 
from L by as little as we please ; the inequality I >L would 
therefore imply an .s' and an 8" for which s' >8", which has 
been seen to be impossible. 

103. Darboux’s Theorem. The following Theorem or Lemma, 
known as Darboux’s Theorem, is of fundamental importance ; 
€ denotes as usual an arbitrarily small positive number and 
is to be understood in this sense throughout the discussion. 
The Theorem will be stated in two forms. 

First Form. To any given e there corresponds a positive 
number h such that 8 <L-\-e and s>l - e for every division of 
(a, 6) in which the length of each {or the longest) sub -interval 
is less than h. 

Second Form. 8 and s tend to L and I respectively if the 
number of sub-intervals in the division of {a, b) tends to infinity 
in such a way that the length of each {or the longest) sub-interval 
tends to zero. 

1. Consider, for example, the sum 8. Let D be any division 
of (a, b) into n sub-intervals such that the length of each is less 
than h ; for the present h is simply a fixed positive number. 

Next, since L is the lower bound of the set {8) there is, by 
the definition of L, a division D' of (a, b ) — ^which will be 


supposed to contain fi numbers between a and b — such that the 
corresponding sum 8' satisfies the inequality 

8'<L + \e (1) 

Now superpose the divisions D and D' to form a new division 
D\ and let 8" be the sum for the division D" . If D" is con- 
sidered as consecutive to D we have (§ 102, 3) 

S<8"^ ii{M-m)h ( 2 ) 
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since there are // (or fewer) numbers that enter the sub-intervals 
of D from D\ On the other hand if D" is taken to be con- 
secutive to D' we have (§ 102, 2 and (1) above) 


S^<S'<L-hl~e (3) 

and therefore, by (2), 

S <L-}-i£ f fi{M - m)h (4) 


The numbers M, m are fixed (though //, depends on e) ; 
we now suppose h chosen so that ~m)h<\e. Hence, 
applying (4), we have found h so that S<L-{-e\ the only 
restriction on the division D is that the length of each sub- 
interval is less than 1i, 

The proof for the lower sum s may be left to the student since 
it follows the same lines as that just given and requires little 
more tlian verbal changes. 

1 1. Again S^L since L is the lower bound of the set (S ) ; 
combining this relation with the inequality S < L + £, we see 
that if in any division of (a, 6) the number of sub-intervals is 
so great and at the same time the length of each sub -interval 
so small that the longest is less than h 

0^S-L<e. 

Therefore L is the limit of S under the conditions stated. 
Obviously we also have 0 ^ Z - 5 < e and I is the limit of s. 

Ex. 1. Trove that if F(x) is continuous l = L. 

The i>roof of Darboux’s Theorem requires tlio property 3 of § 102, but 
when F{x) is continuous that property need not be appealed to. 

Since F{x) is continuous it is uniformly continuous and therefore we 
can choo.se h so that {Mr ~mr) shall be less than e/(?> - a) provided that 
~Xf) —hr< h where r is any of the numbers 0, 1,2, ... , (n - 1), 
From equations (1) and (2) of § 102 we find 

S-a^”^(Mr-mr)hr< i =* 
r^O ^ 

since =(b - a). 

Next we have the identity 

E-s==(S-L)+(L-l)-^(l-s). 

Each of the numbers (S -L), (L -Z), (I -s) is positive when not zero, 
and therefore each is less than S ~8< e. But /, L are constants so 
that I =L. Again S-^L and l-^s when each /i,.->0. 

Ex. 2. D[a, x^, x^i ... t 6] is a division of the interval (a, b); 
F(x) is bounded in (a, 6) and <p{x) is continuous and steadily increases 
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EH X iiicroEHOs from a to 6. If Mr and rrif are the upper and lower 
bounds of F{x) in (.!>, Xf ) and if and denote the sums 
/A - l n “ 1 

^ V) 2 Wr[<P(iCr+i) - <7’(^r)]» 

r -0 f=0 

show that if n tends to infinity in such a way that the length of each 
sub-intorval {xr, ^r+i) tends to zero Si^ and 8^ will tend to limits L and I 
respectively. If F{x) is continuous in (a, 6) prove tliat l^L. 

(Goursat.) 

104. Functions with Limited Variation. A function F{x) 
which, for a range has the property called limited 

variation can be expressed as the difference of two functions 
Avhich are each positive, monotonic, increasing (or, at least 
not decrcuising) as x increases ; for variation the woxdjluctvuition 
is sometimes used. This class of functions is important in 
many investigations and we therefore make a brief reference 
to them. 

Let 1) a, x^, Xoy b] be a division of the interval (a, 6) 
and F(x) a function that is single-valued and bounded in the 
interval. Consider the differences and also 

their absolute values \F{Xr^-^) - F{Xr)\] if v{a, b) is the sum 
of the absolute values we have 

v{a, b) ---\F{xt) - i»| + 1 F(x^) - F{Xi)\ + ...\ 

+ \F(b)-F{x„_,)\ j 

and, identically, for the sum of the differences. 

Fib) - F{a) . {F{x^}- F(a)} + {Fix^)~ F{x^)} + ...'i 

+ {F(b)~F{x„_,)} / 

eo that v{a, b) ^ \F(b) - F(a)\. 

The number v(a, b) is called the variation of F(x) in the 
interval {a, h) for the division D\ it is usually different from 
~ F(a)\. If the set (t;) is bounded when the division D 
varies in all possible ways its upper bound, which will be 
denoted by V{a, b), is called the total variation of F{x) in (a, 6) 
and F(x) is said to be ^function with limited variation in (a, b ) — 
more fully, with limited total variation in (a, 6). 

If ^(r/, b) is the sum of the differences in (2) which are positive 
and - n{a, b) the sum of those which are negative, we have 
obviously F{b) - F{a) - n, v +n 

and therefore 

V = 2p H- F{a) -- F(b), v ~ 27i - F{a^) 4 F(b) 


(3) 
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From (3) it follows that p{a^ b) and n{a, 6) have upper 
bounds when v has an upper bound ; these are denoted by 
P(u, b) and N{a, b) respectively and satisfy the equations 

Via, b)^2Pia, b) + Fia) - F{b),\ 

Via, b) 2N{a, b) - F(a) + F{h) / ^ ’ 

P{a, b) and -~N{a, b) are the total positive and negative 
variations. 

The variations V(a, x), P{a, x), N(a, x) in the interval (a, x) 
where a^x^b are obtained by substituting x for b in the 
formulae ; obviously these numbers are positive and all 
increase (at least do not decrease) as x increases. In equations 
(4) put X for b and eliminate F(a, x) ; then 

F{x) -- - F(a) -f P{a, x) - N{a, x ) ; 
take any constant C > | F{a) ( and we find 

F{x) - [G 4 F{a) 4- P{a, x)} - {C 4- N{a, x)} ~~ (p{x) - y)(x). 

The functions q>{x) and y.j{x) are positive, monotonic, increas- 
ing functions ; F{x) is thus expressed in the form stated. 

It may be remarked that F(x) may be continuous and yet not 
have limited (total) variation (or fluctuation), Goursat, 

Gouts d' Analyse, 1, p. 23 (2nd Ed.). 

Ex. J. If F(x) is monotonic for V{a, h) -- 1 F(a) - F{b) | . 

Ex. 2. If F{x) has limited variation in (a, h) and if a < x < b t-h(^ 
limits for h 0 of B\x-\-h ) and F(.v - h) are definito numbers. 

Ex. 3. If F(x) and J{x) have each limited variation in (a, b) so has 
their product. 

Write the difference i^(-<"r 4 .i)/(-«^r+i) - in the form 

F{Xr ^^l){f{Xr.^,l) ~J{Xr)} +/(av)[F(aV+i) - F{Xr )} ; 
if the upper boimds of and |/(.t)| are d, B respectively, the 

absolute value of the difference is less than or equal to 
A |/(3:r+i) -/(a-r)! +-B|-P’(a:r+i) - F{x,.)\, 
and therefore the (total) variation of the product cannot exco(xl 
AV{a,b)y'rBV{a,b)],. 

105. The Definite Integral. The theory now to be explained 
is usually called Riernann’s Theory of Integration ; other 
theories, such as that of Lebesgue, will not be discussed as they 
involve considerations that are outside our limits. We shall 
suppose the student to be familiar with the terminology and 
the subject-matter of integration as presented in the Elementary 
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Treatise and shall direct attention chiefly to those aspects of 
the subject *that depend on the more fully developed theory of 
number and limits given in the preceding pages. 

The bounds L and I respectively of the upper and lower 
sums S and s associated with the bounded function F{x) and 
the interval (a, 6) are shown by Darboux's Theorem to be the 
limits of the respective sums, in whatever way the interval 
(a, b) may be divided provided the number of sub-intervals 
tends to infinity in such a way that the length of each sub- 
interval tends to zero. 

Definition 1 . The limits L and I are defined to be the iipper 
and lower integrals respectively of F(x) over the range a^x^b 
and are expressed by the symbols 

jL—P F{x)dx, ^ F{x)dx. 

J a J a 

The numbers a and b are called the lower and upper limits 
respectively of the integrals. 

These two integrals always exist, in virtue of Darboux’s 
Theorem, when F{x) is a single- valued, bounded function in 
(a, b). In general L and I are unequal, but if L ~ the common 
limit is defined to be the integral of F{x) for the range a^x^b. 

Definition 2. It L = l this common limit is defined to be the 
(definite) integral of F(x) over the range a^x^ b and is expressed 
by the usual notation 

F{x)dx. 

When L = l the fmiction F{x) is said to be integrable over the 
interval (a, b) and the next step is to state the condition that 
F{x) should be integrable. It must be remembered that the 
function F(x) is restricted to being single-valued and bounded^ 
and the limits a, b finite ; at a later stage (Chapter XIII.) the 
definition will be extended to cases in which F(x) is not bounded 
and the limits a and b (one or both) infinite. 

106. Condition of Integrability. The condition follows from 
Darboux’s Theorem, and will be stated in the two corresponding 
forms. 

First Form, Given e {as usual) there must be a positive 
number h such that 8 -s will be less than e for every division 
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of (a, b) in which the length of each {or the longest) sub -interval 
is less than h. 

Second Form . The difference 8 - s must tend to zero when 
the number of sub-intervals in the division of {a, b) tends to 
infinity in such a way that the length of each {or the longest) 
sub-interval tends to zero. 

Consider the First Form,. The condition is necessary. Let 
hj, be the longest of the sub -intervals in the division of (a, 6) ; 
then, by Darboux’s Theorem, there is a positive number h 
such that S -L<\B,l-s<\£ilh^<h, 

and therefore if L" Z, 

S - s ^{8 - L) {I ~ s) < e if h^ < h. 

Again the condition is sufficient ; because 

S^L^l^s; L~l^8~s. 

Hence if 8 -s<£ when hj^< h so m L ~l and therefore L — f since 
L and I are constants. 

Cor. It may be noted that F{x) is integrable over (a, b) 
provided there is one division of (a, 6) for which 8 - s<e. The 
condition is sufficient for L ~l^ 8 - s <b and therefore L~l. 
It is also necessary for, as has been seen, if L ~ I every division 
for which hj,<h makes 8 s <^e. 

The proof for the Second Form is equally simple. If L^l 
then S-s, that is, {8 - L) {I - s) tends to zero when 
since in this case >S'-X“>0 and l-s-~>0. Again, if S-s-^O 
when we must have L~l since L - l^ 8 -s. 

A third form of the condition of integrability may be given 
which depends on the oscillation cOr of F{x) in the sub-interval 
{Xr, ; if Mr and m^ are the upper and lower bounds of F{x) 
in the sub-interval cOr — Mr - m^ (§27). In terms of we have 

8 ~S~ 'E{Mr - mr)hr = iKjOrhr. 

If F{x) is continuous for a g a; ^ 6 it is possible to choose h 
{§ 28) so that o)r<ej{b ~a) provided hr<h{r^Q, 1, 2, , n - 1) ; 
in this case 8 - s <e ii h^ ib less than A, since is less than 

(Lhr)ej{b - a) or e. Thus a continuous function is always 
integrable. 

On the other hand if F{x) is discontinuous for x~Cr where 
Xr < Cj. < Xr+i the oscillation of F{x) in the sub-interval 
(Xn Xr^.i) is finite and does not tend to zero when The 
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Dalvc of F{x) for is frequently not determined by the 

analytical expression for F{x) but it is always assumed to be 
a fixed number, say, such that M, where M and m 

are the upper and lower bounds of F{x) in (a, 6) (or, 

The precise value of is of no importance provided | | 

is finite.) See § 29. The discontinuity of F{x) at is measured 
by the lower bound of {M^ ~ m,.) when x^ and tend each to 
Cr and therefore cannot exceed M ~m. 

The condition of integrability may now be stated in another 
way. 

Third Form. The necessary and sufficient condition that 
the bounded function F(x) be iniegrable over (a, b) is that to 
every pair of arbitrarily small positive numbers oj and 7] there 
shall correspond, a division of (a, b) such that the sum of the 
lengths of the sub-intervals in which the oscillation of F(x) is 
greater than or equal to oj will be less than r]. 

Let 6r and be the lengths of typical sub-intervals of the 
division D of (a, b) in which the oscillations of F{x) are 
respectively greater than or equal to cu and less than oj ; also 
let A— 2(5,,. Then 

S — s -—^ojfSf’ + 

Obviously Sc(j,.(5, ^ ?.ca but g ?i{M - m) 

since cOr ^ M " m ; further, 'Lwrlc^ <{b ~ a)a) since ^kr ^b - a. 
Hence -s^, X(M - m) -f (b - a)oj. 

The condition is necessary ; for if co and rj are given 8 - s, 
which is not less than ko, cannot be less than ?yco unless A < rj 
and therefore, if rjco — £, camiot be less than e unless A < 77. 

The condition is sufficient ; for, given e, the numbers co and 77 
may be chosen so that 

(o — \ej(b - a) and r}~\ej{M -m), 

and therefore, if ^<77, the division D is such that 8 ~-s< e — an 
inequality which secures that L~l. 

107. Other Forms of the Definition of an Integral. Let the 
notation for the division of the interval (a, b) be the same as in 
the preceding articles, F{x) being integrable over (a, b). Now 
take so that 

^ =0, 1 , 2, . . . , (7i ~ 1 ), X,^^ 
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and consider the sum where 

F(^r)K ( 1 ) 

r=0 

We have 7n, ^ F(ir) S therefore s^SnS S. Hence 

1== jC S„ = rF{x)dx (A) 

n-> CO a 


provided n tends to infinity in such a way that tends to zero 

[r^O, 1,2, 

This definition may also be stated in the form : Given the 
arbitrarily small positive number e there is a positive number h 
such that 


f F{x)dx ~ Sn 

a 


< £, if hr<h, r = 0, 1, 2 (?? - 1). (JOg) 


It will often be convenient to call an approximation to the 
integral 1 and equation (1) would read “ approximately.’' 

Cor. Instead of we may take Fj, where m^^Fy.^ M^. 

Another form that is of frequent use in applications may be 
stated. In place of F{^y) put F{Xy) fa,, or F{Xr^^) + (Ji^ where 
I oLy. I < ej{b - a) if < A so that a,, tends uniformly to zero 
when hr~^0. Let denote the sum 

{F{x^) f (D^) 

r=0 


= y^F(Xr)hr + \^ftrh,. 

r 0 

Now if h,<h we have | iIa,,A, | -: {c/(A - a)}(SA,.), that is, 
<€. Also, when n is sufficiently large hF{Xr)hr differs, by 
(Xig), from the integral I by less than e. Hence | / - | <26, 

when n is sufficiently large, say n> N, so that 0 „ tends to / 
when n tends to infinity in such a way that the length of each 
sub-interval tends to zero. 


108. Integrable Functions. The following classes of functions 
are integrable ; the functions are supposed to be single-valued 
and bounded, and the range (a, b) of integration finite. 

1. Continuous Functions. II. Monotonic Functions. III. 
Functions with Limited Variation. 

1. Continuous Functions. The proof is given in § 106, A 



§§ 107-109] INTKGBABI.K J*’irNC’'riONS 269 

constant is a sj)ecial case of a coutinuous function ; but the 
integrability of a constant is obvious from the definition. 

II. Moiiolonic functions. Suppose first that the function 

F{;x) increases (or at least does not decrease) as x increases 
from a to h. If D is the division [a, , x,, i, 6] then 

— F{Xr) so that 

S = F{Xi)(Xi -a) + F{x.^){x^ - x^) + . . . + F(h)(b - x„_i), 

.s = F{a){x^ - a) + F{x^){x^ - Xj) + . . . + F(x„_^){h x„_i), 

S - S V) { A’(x,+i) - FixM^rn - Xr). 

r-0 

The differences {F{Xr^i) - F(Xr)} are each positive or zero 
and their sum is F(b) - F(a) ; therefore if each difference 
~ X,.) is less than h 

S - s hZ{F{Xr^^) ~ F(Xr)] or h{F(b) - F(a)) 

so that 8 -s ' c if A <8l{F{b) - F(a)}, which is the condition of 
integrability. 

[f, next, F{x) is a decreasing (non -increasing) function 
My-^F{Xr), and S-s <e if h <Ej{F{a) - F{b)\ \ in 

this ease also the condition of integrability is satisfied. 

Cor. A function that is bounded and lias only a limited 
number of maxima and minima is integrable because the 
range of integration may be divided into a finite number of 
intervals in each of which the function is monotonic. (See 
§ 109, Th. VII.) 

III. Functions with Limited Variation. A function with 
limited variation can be expressed as the difference of two 
inonotonic functions and therefore its integrability follows 
from II, if it be assumed, as will be proved immediately (§ 109), 
that the difference of two integrable functions is integrable. 

109. General Theorems. The method of proof is simple. 
A division of the interval (a, b) is supposed to be made, the 
upper and lower sums 8 and s to be formed and the condition 
of integrability in one of its forms to be applied. In the 
application of the First Form it should be remembered that, by 
the Corollary to it, a function F(x) is integrable over (a, 6) 
provided there is one division of (a, 6) for which 8 -s<e where e 
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(as will always be assumed) denotes an arbitrarily small positive 
number. 

It is supposed further that the interval of integration is {a, b) 
unless a different interval is expressly mentioned, so that the 
specification of the interval may be omitted in the enunciation 
of the Theorems. 

Theorem I. If F{x) is integrable so is CF(x) where C is a 

constant and rb ro 

CF(x)dx = C\ F(x)dx. 

■fa Ja 

If the division of (a, b) is such that S ~s for F(x) is less than e 
it is such that S ~ s for GF{x) is less than \ C \ t: and since 
I C I £ is, like £, an arbitrarily small positive number CF{x) is 
integrable. The equality of the integrahs follows from the 
definition of an integral, for example, from the definition [Df) 
of § 107 . 

Theokem II, If F-fx) and F2{x) are integrable so is their 
sum and their difference and 

•'a •fa J a 

In the sub-interval (.r,., let Mi. mi and M'i, m'i be 
the bounds of Fi{x) and F^ix) respectively and aS\, s^ and S2, So 
the respective sums. Let 6r.,., < 7 ,. and ^'3, be the corresponding 
numbers for the sum ; then, as is easily seen, 

M; -f M'i, gr mi + '*K ; Qr~gr ^ [^t'r - r ” 

so that 8^ - 6^3 ^ (/Sj - s^) (82 - S2). 

It is easily proved that this relation also holds when 
9r, >§'3, ^3 are the corresponding numbers for F^ix) - F2(x) 
because 

Or ^ M'r - m'i, gr ^rn'r- M'l- ; Or - gr ^ {M'r - m'i) - (m,'. - M''). 
Hence if the division of (a, 6) is such that - sq < L:, 
S2~S2< is it is such that 8^ - s^ <s and tlierefore F^{x) 4^ 
is integrable. 

The relation between the integrals follows as before. 

fbrm “I m Cb 

Cor. 2 \dx=^^CA FAx)dx 

‘'aLr-I J r-l ^ a 

if F-^{x), F2 (x), , Fm(x) are integrable and 6\. C'2, con- 

stants, m being a finite integer. 
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Theorem III, If F^(x) and F^ix) are integrable so is their 
product. 

First, suppose that F^{x) and ^2(0:) are both positive and use 
the same notation as in the proof of Theorem II, the numbers 
Or, gr, Sq referring to the product F^(x)F2{x). A little 
consideration shows that Or^ M'rM'l and gr ^ m'm" ; therefore 

Or - gr M^r^: - mX' if ;( ilf - m^) 4- - m^r) 

so that Or ~ gr<A{Mr B(Mr -m'), 

and S^-s^< A (So ~ S2) + B(S^ - 

where A and B are upper bounds of F^{x) and F2(x) in (a, 6 ). 

Hence if the division of (a, h) is such that S;^^-s^<Ce and 
S2-S2<s it is such that s^<(A ■}-B)e and therefore is 
arbitrarily small, so that the product F^(x)F2(x) is integrable. 

Next, if Fy^(x) and ^2(0:) are not both positive for a^x^b 
th('re are positive constants and C2 such that Fi{x) +C\ 
and F2{x) +(72 are both positive in (a, b) and therefore the 
product (F^ +Gi){F2 +C2) integrable. But 

+C,)(F, +C,) - C,F, - C,F,-CX2 
and therefore k integrable since it is the sum of integrable 
functions. 

Cor. If each of the m functions F^{x), F2(x), , F„,{x) is 

integrable so is their product, m being a finite integer. 


Theorem IV. If F{x) is integrable in (a, b) so is 1 /F(x) 
provided | F(x) | > c> 0 for a^x^b where c is a comtant. 

In the sub-interval (Xr, .Tr+i) let Mr, and Or, gr be the 
upper and lower bounds of F(x) and 1 /F(a:) respectively. 

First, suppose that F{x) is either always positive, F(x) > c, 
or else always negative, F(a;)< - c, for a^x'^b. In this case 
Or ~ 1 lair and gr~^ jMr while the product MrOir is positive and 
greater than Therefore 


Or ffr 


1 

nir 


1 _ Mr -rrir ^1 
Mr~ MrOlr ^ 


(Mr 


Mr). 


Next, suppose that F(x) takes both positive and negative 
values in (Xr, Xr^-f) so that Mr > 0 and m,. < 0 . Let be the 
lower bound of the positive values of F(x) and M[ the upper 
bound of the negative values of F(x) in (Xr, x^+i) ; in this case 
Or — l/m/. and gr-l/M'^. Now and are both negative 

G.A.O, 


T 
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and ( Jf') ^ ( - Mr) while ( - ilf J.) > c ; also Mr S Hence 
1 1 rn'r - ML . 1 , nr \ 

"m; “ M', " ’ 

and therefore if S, s and are the sums for F{x) and llF{x) 

respectively < {S ~ s)lc^ so that 1 /F{x) is integrable. 

Cor. If F{x) satisfies the conditions of the Theorem and 
if F-^{x) is integrable so is F^{x)IF{x). This is now simply a 
particular case of Theorem III. 

Theorem V. Any rational funciion (p{F;^, F^, , i^\„) of m 

integrable functions F^(x), F^{x), , F^y^{x), m being a finite 

integer, is integrable provided the lower bound of\ cp{F-^fF 2 y-, 1 

is positive (not zero). 

This follow^s at once from the preceding four Theorems. 


Theorem VI. If F(x) is integrable. so is |jF’(ir)| but |i^(.r)| 
may be integrable and F(x) not integrable. Further 

|ri^(.r)r/:r ^ fl F(x) dx. 

! a Ja ! 

If y. z are any two numbers and \ y\-ryj,\z\ C then 

\!l-r.mr,-C\ 

SO that the oscillation of | F{x) | in any sub-interval cannot 
exceed that of F(x) ; hence | F{x) | is integrable if F{x) is. 
The relation between the twA> integrals follows at once from the 
form (Ff), § 107, of the definition of an integral. 

That I F{x) 1 may bo integrable but F{x) nut integrable may be seen 
l^y considering the (somewhat artificial) function F(x)y defined for the 
interval (0, 1) as follows : F{x) -1 for irrational values but F{x)— ~ 1 
for rational values of x in (0, 1 ). In this case | F{x) | = 1 and is therefore 
integrable. On the other hand, in any sub-interval tho upper and lower 
bounds of F(x) are 1 and - J respectively so that S -s~2 whatever 
division of (0, 1) he inarle and therefore F{x) is not integrable. 


Theorem VII. If the interval (a, b) is divided into m partial 
intervals (a, af), (a^, ag), b) by the fixed ntamhers 

a 2 » • • • > ^m-x where a<a^<a^<...< < b and if F(x) is 

integrable over (a, i) it is integrable over each partial interval 
(a, %), («!, a^)y ... , b). Conversely ^ if F(x) is integrable 

over each partial interval it is integrable over the whole interval 
(a, 6). In both cases 

r F(x)dx^[' F(x)dx + F{x)dx+ F(x)dx. 

J a .* a Jai - i 
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The proof is obvious. If there is a division of (a, 6), the 
numbers Ug, being fixed points of the division, such 
that S for the whole range is less than e, then S ~s for any 
one of the partial intervals is certainly less than e. Again, if 
there is a division of (a, b) such that S - s for each partial 
interval is less than ejm then S -s for the whole interval (a, 6) 
is less than m(elni) or e. 

110. Discontinuities. It has been seen in § 108 that every 
continuous function is integrable ; the third form of the 
condition of integrability (§ 106) shows, however, that a 
bounded function may be discontinuous and yet integrable. 
The following theorem throws some light on what may be 
called “ admissible discontinuities.’’ 

Theorem I. A hounded function F(x) is integrable over (a, b) 
(i) if there is only a finite number, m say, of points of discontinuity 
in {a, b), and (ii) if there is an infinite number of points of 
discontinuity in {a, b) provided this infinite set of points has only 
a finite number of limiting points in (a, b). 

First, let there be only one point of discontinuity, c, and let 
I F(x) I be less than K for every value of x in (a, b). Choose 
6 (<5>0) so that the length 26 of the sub-interval (c - c-f- 6) 
may be less than ej^-X ; then the part ol S -s arising from the 
interval (c -(5, c + d) can not exceed the product of 2K and 2d 
(the length of the sub -interval), that is, cannot exceed 
In the intervals (a, c - 6) and (c+ 6, b) the function F(x) is 
continuous so that there is a division of the intervals (a, c - 6) 
and (c -h d, b) such that the part oi S - s arising from these two 
intervals jointly is less than Thus there is a division of 
the whole interval (a, 6) for which S - s is less than e and 
therefore F{x) is integrable over {a, b). 

Next, let there be m points of discontinuity C 2 , ... , and 
enclose these in sub-intervals d^, c^ +d,.), r--l, 2, , m, 
such that the sum (2Sd^) of their lengths is less than e/4^, 
where K has the same meaning as in the first case. The part 
of 8 -s arising from these m sub-intervals cannot exceed 
2K X (2Sd,.), that is, ; on the other hand, in the partial 
intervals (a, - d^), -f d^, Cg ~ dg), ... , (c„, + d,,,, h) the function 

F(x) is continuous and therefor^ the part of 8 -s arising from 
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these partial intervals jointly can by a suitable division of the 
intervals be made less than Hence there is a division of 
(a, b) for which S less than e and therefore F(x) is integrable 
over (a, b). 

Finally, suppose that the set of points for which F{x) is 
discontinuous is infinite but has only a finite number, say, 
of limiting points. If there is only one limiting point — say f — - 
all but a finite number of the points c^, Cg, ... can be enclosed 
in a sub-interval - d, f -f<5) where 2d <ej^K (K as before) ; 
the remaining points ... can be enclosed in sub-intervals 

whose total length is less than ej^K and there is left a finite 
number of partial intervals in each of which F(x) is continuous. 
The contribution to S - s from the interval (f - f + d) is less 
than 2K x (ej^K) or and the contribution from the sub- 
intervals that enclose Cj, Cg, ... is also less than le ; further, 
there is a division of the partial intervals in which F(x) is 
continuous for which the contribution to S ~s in less than | f . 
Hence on the whole there is a division of (a, 6) for which S - s ih 
less than s so that F(x) is integrable over (a, b). 

In the same way the proof is carried out when there are jli 
limiting points. 

The theorem just proved leads to an interesting result. If 
the bounded functions F{x) and f(x) are equal for the range 
a^x^by except for the values c^, Cg, ... , of x, and if F{x) 
is integrable over (a, b) so is/(a:), and further 
rb rb 

f\x) dx ^ F(x) dx. 

(I a 

Suppose that \F{x)\<H and \f(x)\<K when a^x^b. Let 
the points be enclosed in sub-intervals (c^ - dr, -f dr) ; then 
the values oi S ~s for F{x) and f(x) respectively differ only in 
the parts that arise from the m sub-intervals (c^ - d^ Cr + dr). 
But that difference cannot exceed (2 II ^2K) x (225^) and will 
therefore be less than e H S dr is chosen (as is possible) to be less 
than e/(4lI-’r4X). Since F(x) is integrable over (a, b) there is 
a division of (a, 6) such that Sf-s for F(x) is less than e ; 
therefore for that division and for the function /(a;) the difference 
iS - 5 is less than 26 so that f(x) is integrable over (a, b). That 
the two integrals are equal follows from the facts (i) that the 
integrals are constants and (ii) that their difference depends 
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solely on the contribution from the sub-intervals (c^ - dr, Cr + Sr), 
which can be made arbitrarily small ; but two constants whose 
difference is arbitrarily small are equal. Hence we find the 
following theorem : 

Theorem II. The values of an integrable bounded function 
f(x) may be arbitrarily changed at any finite number of points 
in the range of integration (a, 6) without changing the value of 
the integral over (a, 6) provided the new values of F{x) are 
finite. 

It is easy to see that this theorem is still true when the 
number of points for which the value of F{x) is changed (the 
new values of F{x) being finite) is infinite provided the set (c^) 
of points has only a finite number of limiting points. 

Ex. 1. E{x) is defined for the interval (0, 1) by the condition that 
if r is a positive integer, r ~ 1, 2, 3, ... 

F{x) ~2rx when -----< x< ; 

^ r ^ ] r 

prove that F{x) is integrable over (0, 1). (Nielsen, Flemmte der 
Fitnktionenlehrey p. 143.) 

If tS is positive and sufficiently small, 

fr" '5)-2r(J- -1, 2. 3,...; 

+ = 3,... 

SO that F(r~^ ~ d)->2 and -f r5)->2(l when r5 ->-0. Hence, 

however F{x) may bo defined for x -1/r, r--2, 3, ... the points x — lfr 
are points of discontinuity. F{x) will be continuous for x tending to 1 if 
i^(l) -2 and 2 will be taken as the value of F{\). 

The set of numbers | ... has only one limiting point, namely 

the point x ~0; let F{x) —2 when x —0. 

Now enclose the point 1/r in the sub-interval ~ Sr, r~^ + Sr) where 
r = 2, 3,..., (m-fl); furt4ier enclose the limiting point 0 
in the sub-interval (0, p~^) where m + l<p<m-\-2. The total length * 
of these sub-intervals is 


T 1 11/ 

n ^ 2^ T) 2 V 


1 1 

<-+ Af, 

V 2 


and is less than r if m is chosen so that tn-t 1 > 2/r and therefore l/jo<e/2. 
Hence F{x) is integrable over (0, 1). 

The iutegrability of F{,v.) follows at once from the fact that the set 
of points for which F{x) is discontinuous has only one limiting point; 
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the above determination of the sub-intervals that enclose the points of 
discontinuity is merely made in order to indicate one way of securing 
the required sub-intervals. 

For the evaluation of the integral see § 112. 

Ex. 2, Show that sin(l/a;) is integrable over any finite range, 
whether the range includes the point x —0 or not. 

Ex. 3. If F(x) is bounded and inonotonic for the range 
prove that the limits for <5 tending to zero of F(c d) and F(c + (5), 
where a< c< b; both exist ; also that, if 6> 0, the limits of F(a + <5) 
and F{b - 6) both exist. 

111. Properties of the Integral. It has been assumed up to 
this stage that the upper limit b is greater than the lower limit a ; 
this restriction will now be removed. 

If h ~~a the integral is defined to be zero. 

Defiyiition 1 f F(x)dx — ^. 

J a 

If b<^a the numbers in the division [a, Xj, ^Vi» ^1 

the interval {a, b) satisfy the relations 

a>x^ >a-2> ... >6, 

and each difference Xr+~^^-Xr is negative. The sums S, s and 
their limits L, I simply have their signs changed ; hence the . 
definition : 

rb ra 

Definition 2. F(x)dx^ -I F{x)dx. 

J a Jb 

If the three numbers a, 6, c all lie within an interval over 
which F(x) is integrable we have 

F{x)dx+^ F{x)dx-\-^ F(x)dx=:0j 
as an equivalent form of the equation 

r F{x)dx 4- f F{x)dx = r F{x)dx, 

•1 a J c J a 

which was previously (§ 109, Th. VII) proved for the relation 
a<c<b. 

In § 124, pp. 298-301 of the Elementary Treatise, some 
inequalities between integrals are proved, but these all depend 
on Theorem III, p. 298 ; when that theorem has been proved 
for the integral of a bounded function Theorems V, VI and VH 
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of that article will then hold for the integrals of bounded 
functions. We now prove that theorem. 

Theorem. If a<b and F{x) ^ 0, |* F(x)dx 0 ; if F{x) g 0, 

F{x)dx 0. 

If F{x) ^ 0 the lower sum $ cannot be negative and therefore 
the integral cannot be negative ; similarly, if /'(.r) s: 0 the 
integral cannot be positive, since the upper sum S cannot be 
positive. 

On account of their frequent use the two Mean Value 
Theorems for bounded integrable functions are stated : 

First Theorem of Mean Value. If a<b, (p(x) 'Z gZ ^ ^ 

for a^x^b, then 

(i) f{x)dx'^^ (p(x)'\i){x)dx Z(l{ q^(x)dx \ 

.'a J(t 

ri) rb 

(ii) (p{x)ii){x)dx — Kl qj(x)dx, g ^ K ; 

a .1 a 

ify^ix) is not merely integrable but continuous for a ^ .r g 6, 

(iii) I (p{;x)y>{x)dx ^y}{a t 0{b - a)\\ (p{x)dx, 


Equations (ii) and (iii) are valid if a b. 

Second Theorem of Mean Value. If for a x Z b the function 
(p(x) is bounded, j)ositive and decreases {or at least does not 
increase) as x increases, and if y^{x) is bounded and integrable, then 

(i) f g){x)y){x)dx~(p{a^~i))[ y){x)dx, aZ ^^b\ 


if (p{x) is simply bounded and monotonic, then 


(ii) r (p{x) y}{x) dx -- <p(a + 0) I t/^(:t;) dx 

J a a , 

+ 9 ?( 6 - 0 )j' ip(x)dx, 


The proof already given of the Second Theorem {E.T. 
pp. 452-454) is valid for the theorem as now stated. The 
following points should be noted : 

(1) <p(x), being bounded and monotonic, is integrable and the 
product of the two integrable functions (p{x) and y){x) is 
integrable ; 

(2) the limits ff{a> +0) and (f){b - 0) exist, and if u, b are ]>oints 
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of discontinuity of (p(a:) these are to be taken as the values of 
90(a) and 99(6) ; further, if a<Xr<b, and if is a point of 
discontinuity of q>(x), the value of (p{Xj.) may be taken to be 
(p{Xj, - 0) or (f(x^ +0) or any number between these ; 

(3) as will be proved in the next article, the integral 

I f(f)(U is a continuous function of x and therefore there is a 
.hi 

value i of X such that, for a: — that integral is equal to the 
mean value 31 {E.T. p. 452 ) ; 

y){x)dx g I ^){x) I (lx 

SO that if I 'ip{x)\<K for a^.x^b, and if n is chosen so large that 
each difference {Xr-Xj._^) is less than e/A", the integral just 
written will be less than s ; 


(5) X {<Pi^r~i)-T{^r)}^<p{a+0)-(p(b-0). 

r- 1 

It will be a good exercise to go carefully through the proof. 
It is sometimes more convenient to express the theorem, 
not in terms of the mean value 31 but in terms of the two 


numbers between which 31 lies. Let /(a;) be the integral from 
which the mean value 31 is derived, namely, 

f{x)^^y>{t)dt. 

Ja 

As X varies from a to 5 , the function f{x) being continuous 
will take once at least every value between its lower bound, 
g say, which is in this case the least value of f(x), and its upjier 
bound or greatest value, G say. The Mean Value Theorem 
may therefore be expressed in a third form, namely, 

(hi) g(p(a -f-0) g f cp{x)y){x)dx'^ G<p(a -f-0). 

J a 

Cor, In form (i) let x—a-\~b~ u, gj(x) ™ 9?j(a), yj(x) - ipiiu) ; 
(Pi(u) is bounded, positive and increases (or at least does not 
decrease) as u increases from a to 6. Thus 


f ^i(ii)y^i(w)da = 9?i(fe -0)fy)i(a)di^, a^rj'^b, 
J a 

9i<Pi{^ - 0) ^ I (Piiu)y)i(u) du£G^<p^(b^ - 0), 


wht^re Gj are the least and greatest values of \p^{u)du as u 
varies from a to 6. 
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The change of variable is valid by § 114. Here 
9?(a +0) — 99^(6 -0) 

rf cb fb 

and y){x)dx - I fj{u)du~ I yj^{u)du, a 4-6 - f —r;. 

J (I •' Ct -f ■ & ~ ^ •/I] 

See the other forms of the Second Theorem of Mean Value 
stated in § 112, Ex. 2. 

112. The Integral as a Function of its Limits. Take x as the 
upper limit of the integral and, to avoid ambiguity, t as the 
variable of integration ; F{x) is supposed to be bounded and 
integrable for a^x^b. 

Let 99(x) = f F(f)dt (1) 

J a 

and for x put x + h, x + h-^ b ; h may be either positive or 
negative. Now 

rx + fi f.r rj:-rb 

(p(x -f h) F{t)dt - F{i)dt f j F{i)dt, 

a J a J X 

f 'x \ h 

F{t)dt (2) 

J* 

The function F{t) is bounded, say | F{f) | < X ; therefore 
\q{x + h)-(p{x) \ <K\h\, 

so that (f{x \ h)' -(p{x) when A->0. We thus find the very 
important theorem : 

Theorem I. The integral of a bounded function F(x) is 
co?iiinuous tvhether F(x) is co7itinuous or not. 

Again, if F{t) is continuous for x - \ h\’^t'^x -\-\h\y the First 
Theorem of Mean Value gives (A > 0 or A < 0) 



[ 'F{i)dt=hF(:x^Oh), 0<e<l, 

X 


and therefore 



(p'{x) 


....(3) 

that is 



...(3') 

Cor. 



...(3') 


From the equation (3) the following fundamental theorem is 
deduced ; 
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Theorem II. If F{x) is contmuous for a ^ x g b and if 
F(x)~f'(x), then 

r F(oc)dx=f{b) -f{a) (4) 

J a 

For, if qj{x) is defined by (1) it has been proved that (p(x) is 
continuous and that q>'(x) ~ F{x) ; hence g^'ix)-f'(x) is zero 
and therefore (§ 34) qj(x) -f(x) is a constant, C say. Thus 

f F{t)dt-fix).= C, ov, f F{f)dt-^f{x) + C (5) 

J a J a 

When a: the integral is zero, so that 0 - f{a), and therefore 

f F{t)dt=f{x) -f(a) (S') 

a 

If x - b the equation (5') has the same meaning as equation (4), 
since the variable of integration may be taken to be x instead 
of t. 

When the integral in (5) is considered simply as a function 
of its upper limit x we may omit the lower limit a and write 

J F(t)df - f(x) 4 - const., or, j* F(x)dx —fix) -f const. . . .(T)") 

The two symbols ^F{t)dt and ^F{x)dx mean the same thing, 

namely “ the indefinite integral of F{x) with respect to ir ” ; 
since f'{x)=^F{x) we thus verify the usual rule that “the 
derivative of the integral is equal to the integrand.” 

When F{x) is continuous the integral (p{x) exists, and when 
the function f{x) has been found it may be said that the integral 
has been “ evaluated ” and tl;ie equations (/>), (5'), (5") give 
the “ value ” of the integral. It has to be noted, however, 
that Theorem II has Ix'cn proved on the assumption that F(x) 
is continuous for the closed range (a, b) or (a, x) if a<x<b. 
When F(x) is not continuous the theorem given in (3) requires^ 
modification and therefore also Theorem II. 

Discontinuity of F{x). Suppose that F(x) is continuous 
in (a, b) except for the one value c of x, and that the discon- 
tinuity is of the first Jcmd. If a<c<:b the limits F(c - 0) and 
F{c +0) exist but are not equal ; if c is a or b the limit F(a -f-0) 
or F{b - 0) exists but is not equal to F{a) or F(b). 



THE INDEFINITE INTEGRAL 


281 


§ 11^] 

In equation (2) let x^c and take A>0. Since (p{x) is con- 
tinuous (p{c) is a definite number and the Mean Value Theorem 

(p{c ^h) ~ cp{c)=hF(c +eh), 
so that 99'(c-hO) — 


in the same way it is seen that (p'(c -0) = F(c - 0). 

On the other hand, if c is a point of discontinuity of the second 
kind either F{c - 0) or F{c +0) or both will not be definite and 
one or both of the derivatives (p'(c - 0), (p'{c -f 0) will not exist. 
Thus when c is a point of discontinuity for F{x) it is also a 
point of discontinuity of the same kind for (p'(;x) while, it must 
always be remembered, it is a point of continuity for (p{x). 

When F(x) is integrable over (a, h) and is discontinuous, sa}^ 
for X equal to . . . , where a ^ and b ^ enclose in 

the sub-interval ~ -f 6^) ; we may put each 6^ equal 
to 6 where 6 is positive and so small that when x is in the 
partial interval (c^, Cr+i) we shall have -+■ ^ a; ^ ~ d. The 

limit for ^->0 of the sum 


A'l 6 m-ircy-f-i-i n 

F{x)dx-\- ^ I F{x)dx-^. F{x)dx 

is, since each integral is continuous, 

F{x)dx \- ^ F(x)dx-\- F{x)dx U F{x)dx, 

Now F(;x) is continuous for 4- (5 .r Cr^-i - d, and therefore, 
by Theorem 11, if F{x)—f\{x) for c,. 4 d x - 6 we have 

['"F{x)dx= £ - d) -/,,(C,+ d)| - fr(rr-,i) -friCr). 

Hence, for symmetry, denoting a by Cq and b by we find 

Cb w 

F{x)dx='^ [/r(Cr+i)-/r('^r)l- 
"'(I r=0 

In practice, when it, is known that the integral exists, we 
may at once write 


pr-M 

J Fix)dx~f^{c,^i)-f, 


(Cr). 
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Ex. 1. As an illustration, take Ex. 1 of § 110, In this case 
F(x) — 2rx when 1 /(r + 1 ) < .r < 1 /r. 

Let 2rx therefore 

1 \ 

F(x)dx irxdx =.r . 

r+1 f+1 

The integral of F(x) is obtained by giving to r the values 1, 2, ... m, 
adding the partial integrals and letting m tend to infinity (1/p tends to 
zero when m tends to infinity). Hence 

m 


I F{x)d.x = V) r ( i - > — 4r 2 1 = -d - 


m 

(m+Tp 


w + l 


and 


/' 

J n 


F{x)dx = YjL 


Ex. 2. Prove that in the form (i) of the Second Theorem of Mean 
Value (§ 1 1 1) it is admissible to substitute A in place of (p{a + 0) provided 
that A is greater than (f(a -f- 0), A being finite. 

The value of the integral of (p(x)y)(x) over the range (a, b) is not 
changed by substituting A y.ia) in place of (p(a -f-O) by Theorem II 
of § 110; further, the monotonic character of (p(x) is preserved since 
.4 > (f{a f 0) so that the proof is still valid. 

Similarly, in the form (ii) wo may put A in place of (p{a~\-0) and 
B in place of (p{b - 0) provided the monotonic character of (p{x) is pre- 
served ; that is, A >(p{a + 0) ><p{x) >(f'{b - 0) > B if (p{x) decreases 
or A < (p(a + 0) < (p(x) < (p(b - 0)< B if <p{x) increases. Hence the 
two forms 

(ia) I (p{x)yf{x)dx :~A \ ip{.r)dx, xi > (p{a + 0) ><p{x)j 
■a a 


(6 n {b 

(ha) 1 (^(a’) 7>(ir)dT — ^ \ y){x)dx + B\ yj(x)dx, 

•a -a 

where in (iia) ^ and B suit the monotonic character of g?(x) as explained 
above. 


113. Examples. One method of dividing the interval (a, b) 
into n sub-intervals is to make each sub-interval of the same 
length A, where A — (6 -a)ln. In this case the integral of F{x) 
over (a, b) is the limit for A->0 of the sum 

(i) ^ a+(r- l)Ag + 

r 1 

if we first put f^~a + rA and then a-f- (r - 1)A we find the 
following two sums, which are specially useful : 

(ii) X F{a-\ rh) Jt, (iii) ^ P (r - 1)A} . A. 

r---l r=l 
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When A->0 each of the sums (i), (ii) and (hi) tends to 

J F{x)dx. 

Ex. 1. If 2 when 

n->x. 


Tlero we may write 


r ^ T • h=^ , 

^ 1 -f r/t n’ 


and comparison with form (ii) above shows that we may take F{x) ~ 1 jx, 
a = 1, 6—2 or F{x) — 1/(1 + a;), a — 0, 6=1. Therefore the limit of is 

r^:=f =Iog2. 

Ji ;r \q l + :r ^ 

Cor. It is easy to prove that ^ 1 - -i ^ J - i + ... ^ “f " 2 n 

00 

thus to deduce that log 2 - ^ ( - 1 


Ex, 2. If F(x) and F'(.r) are continuous for a -zX . _ 6, and if 
*S’„ “ ^ F( « -t- r6 )6 , / - ^ I i<'( a;) da: 

where 6 — (6-a)/n, j)rove that the limit of n{Eji~l) for n-^oo is 
a(6~a){i^^(6)- i^'(u)}. 

Tor brevity, let a i rh = a = .r,,, 6 - .r„ ; then 

V'' 

do;, since) d.r -- av -a>,.i— 6, 
r-l a-;.. 1 -av-l 

/ - y r y r ■ i^(a:)]da:. 

r--=i-^r 1 r:=:l*a;r -1 

But if Xr_i '"Zx'^ Xry F(x) - F{Xr) (:r,. - :r)F'{^r)* a'r-i <^r a.>. 

Therefore 

'S'n-^ = i^r(-'V -x)/’'(c.)rfa- (1) 


Now suppose that 7:1 F'{x) 6V for av_i V- cr ~ a:^ ; then, 

ra^ rxr rxr 

I (a:^ -a;)da: ^ I {Xj. ~x) F'{^f.)dx'^zGr\ (Xj.~x)dx, 

rr-\ '^r-l ‘«r - 1 


that is, (^r “ F'{^r)dx Gr- 

Hence, multiplying both sides of equation (1) by n and noting that 
nh —b - a, we find 

i(b -a)'^grh-Sin{S„- I)r=i{b -a)'^Grh. 

r^l r-1 
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Hut by the form (i) above, when both '^gfh and '^Gfh tend to 

1*' F'{x)dx^F{h)-F(a\ 

]a 

and therefore 

£ n(S„ l)^Ub-a){F(b)-F(a)). 

n - > 30 

Ex. 3. HI and h have the same meaning as in Example 2, but if 
now F''(x) is also continuous in (u, b) and 

show that the limit of n^{l for 7 fc->oo is 

^,(6 - anF'ib) - F'(a)). 

Proceed exactly os in Example 2 ; note that for the interval {Xr„i, x,.), 
if a h - c, we have F(cr) - F{c) =(x -c)F'(c) + |(x - c)^F"(^r) 

therefore 


where Ir -i integral lies between J^grh^ and 

Gf and gr being the upper and lower bounds of F"(x) in tho interval 
^r)- Hence 


£ n\I - S„) £ F'’(x)dx {F’(h) - F’(a)}. 


Ex. 4. Show that 


n(log 2 -*8^) — -f J where has the same 


meaning as in Example 1. 

Apply Example 2 ; a = 1, 6 = 2, F(x) ~ 1 jx. 


114. Transformations of the Integral. No change is required 
in the proof of the formula of l7Uegration by Farts {E.T. p. 282) 
when the functions that appear in the formula are continuous ; 
the use of the formula is in practice confined to this case. The 
formula for Change of Variable, however, requires a new proof. 

Suppose that F{x) is bounded and integrable for a^x^b 
and that the variable is changed from a; to where x = p{u ) ; 
let u=oL when x — a and u — ^ when x = b. Both g){u) and 
(p'(u) are to be continuous and (p'{u) is not to change sign as u 
varies from a to /J ; hence (p{u) is strictly monotonic, and as x 
increases from a to 6, either u increases from a to ^ (when 
q>'{'u) is positive) or else u decreases from a to (when (p\u) is 
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negativ<'). When these conditions are satishc^d is a single- 
valued, monotonic function of x, say u - ipix), and the formula 
for cliange of variable is, as before, 

f F{x)dxr f F\q}{u)\q)'{u)du. 

J a J a 

Take the division [rx, %, ... ji\ of the interval (a, fi) 

anti the corresponding division [a, ... , b] of the 

interval (a, 6) where .r,. We have 

-- -J'V ^ ('«r+l “ W^) ( 1 ) 

where Vr lies between and Wr+, ; so that 

between and av+i- Hence 

S /'’('fr)(’er4-J -f’!>/'(Wr)] 9’'(''V)(Mr+l - “r) (2) 

r-H) r 0 

The product of the integrable function F[cp{u)] and the 
continuous function (p'{u) is integrable and, by (1), when n 
tends to infinity in such a way that the length of each inter- 
val t(‘nds to zero so does the length of each interval 

If we use the definition {1\), § (107), we now see 
that the formula stated above is correct. 

The proof contains that for the indefinite integral ; for we 
may suppose x and y;(;r) to be put in place of b and ft, where 
X ”■ (f{u) and a ^ x < b. 

Note. When x is defined implicitly as a function of u by an 
equation /(x, u) 0 special care is required. See E.2\ p. 470, 
Ex. G, for an illustration. 


EXERC18E8 Xlll. 


1. Evaluate the integrals of sin (ro; +c'), cos(cx-}-r/) over the 
interval (a, b) by taking a division of (a, 6) into yi equal j)arts. 

2. If 0 < a < 6 and - -6 so that ^-^1 when ti ^ , show that 

b r 

1 F{x)(h- X F(a(F)(ae^^^ -af) 


n-^00 r“l) 


r n-l 

L (e-DS 


F(aQ')aQ\ 


Deduce that 


« c 


x'*^dx 


5'm-i-l _ ^m+1 

m + I 


, - 1 ; (ii) 


^ dx . b 
— = log - ; 


(iii) 1 log a:c/.r -(6 log 6 -6) - (a log a “*«). 
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3. The base JiC of a triangle is t!i\ ided into n equal j)Hrt8 

r~-0, ], 2, ... (n - ]), (Bq, B^^ denote B, C respectively), and a 
point Pf is taken anywhere in the segment ^ ; if F is any point in 

BC and BP prove that, with the usual notation for the triangle ABC^ 

4. If a > 0, p a positive integer and N —puj prove the following 
resiilts : 


(i) /' V. 1 _iog(i+^’V 

(ii) if also 6 > 0, 

.£s 

iii) Z* >] r/b” - n == i 


a \ rb h 


r^^ rui + W- 1 ) V * ■■’ F ■ 

Show that the results hold if p is not integral but is greater than 1 
and N such that N ^ np < N + \. 

pn , <?« 1 

where p, q are positive integers, show that 


(i) 

^n-1'u 

A*” (- 1)^-^ 

,*=1 I' 

, (P - Q)n 

2 9 ■ ■ 

r*Si 

,-2?- ■'"'1 



- ir^' 

1 (q-P)n 

1 

:ii) 


- 2 2pn 

r«i 

,2, 1’ ?'<-/ 


and prove that, whether p S 9* 

/'(,s„-r„).o,.g2+-Jiog?. 


Deduce a theorem on the change of value of the infinite series 

,111 (-1)"' 

1 ~2'^3"'4‘^* " n 

produced by a certain derangement of its terms. 


6. If = 2 2 ^ 27 ^j. prove tba 

r--i 

7. By use of the identity 


that n^{\og 2 - S„) = glo. 


1)11(1 - 2 


i a cos — + re' 


show that 


I log( 1 - 2a cos X + a^)dx - n log (a®), a^ > 1 , 

.'o 

-0 ,a2<l. 
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8. If/(n, r) is a bounded, homogeneous function of n and r, of degree 
-- 1 , and p a positive integer, prove that 

r ^ 

A> ^ /{^» »') == /( 1» 

n~>-cc f==l 0 

9. If u—xt and if f(u) and all its derivatives up to and including 

are continuous for 0 ^ ^ a; (or for 0 =2 a; when x is negative), 

show that xf'{u) —df{u)ldt and that 

fix) -fi<))=x? r{u)dt 

Jo 

= [ -*(1 -<)/'(«)]* + (1 -t)f{u)dt. 

Deduce that 

%)=/(0) + y; ^iy’->{0)+R„ 

1 

where ^« = (n - 

and, noting that(l and applying 

the First Theorem of Mean Value, show that 

^ _x^{l - d)^-^fi*^){ex) 

(n-l)!p "• 

10. If (p(x), yf{x) and all their derivatives up to and including cfi^){x), 
V^(^h(;r) are continuous for ay^x — b, prove that 

I 99(:r)^(”)(a;)d.'r =rF(;r)'l tp{x)(pi^){x)dx 

.a Jflj 'a 

n - 1 

where F{x) - lY(p(^>{x)y}i*^~^~^}(x), <pi^){x) ~(f(x), 

11. In Example 10, let tp{x) = {b and show that 

r-=0 

where ■Rn=^Y)-j - x)”-^^”Hx)djr 

_{b~ - o) V”>(f ) f f =o + 0(6 - o), 0 < fl < 1, 
(n-l)!p ’ l6-f=r5-oMI -0), ISpSn. 

12. In 10 put n + 1 for n ; then prove that, if yf(x) and y?(x} is a 
polynomial in x of degree n, 


a.A.o. 


V 



288 


ADVANfJiU (CALCULUS 


[CH. 


13. Prove that 


where 


dg( ~x) 


dg( ~x) 




dg^^~^)( -x) 


d{ x) ' dx ’ ' r/x' 

In (i) give to 7‘ in succession the values 1, 2, , rt and, by adding the 
n values of the two inembors of equation (i), deduce that 

-x)-f(x)!,m{ -X) (ii) 


where 




14. If /(:r) is any polynomial in x of degree less than n and P^ix) a 
polynomial of degree 7i given by 

P,,^{x) ~aY^{x -6)”}. A -constant, 

deduce from Example 13 that 

( S(x)P,,(x)dx-^{) (i) 

Ja 

[Let g{x) —A{x +bY^, so that P^^{'x) —{ - \)^ gi^^){ x) ; then 

integrate equation (ii).] 

15. If Qni'x) is a polynomial of degree n such that 

\\f{x)QJx)dx^0. 

. a 

where, as before, /(r) is any polynomial of degree less than n, prove that 
Q^(x) ~CP^(x) when C is a constant. 

[We have f(x) {Q^(x) - CP,,(x))dx 0. 

'a 

Now C may be chosen so that ~PPn degree 7i - I (or lower 

degree) ; let it })C so chosen. Since f{x) is any polynomial of degree less 
than 71 we may tak{\f{x) ~PPn then 

C «„(^-) -CP„(x)}%c = 0. 

.a 

But Qn(x) -CP^^{x) is continuous for a'ilx'z=^b and the integral will 
necessarily be positive unless Q,„(:r) - CP„(a:) =0 for a a; ^ 6. 

The integral in Example 14 thus expresse.s a characteristic property 
of P^iix), An important special ca.se is the following if n : 

\' PJx)PJx)dx.::^0 (i) 

'a 

Letf{x) —P^J^x) if m v< n and/(x) ~P^(x) if m > n,] 

16. In Example 14, let a == - 1, 6 - 1, .4 — 1/2^^ . n! .so that 

1 d^ 

This value of P^M is called The Legendre Polynomial of degree n, or 



ix] EXERCISES XJII 289 

The Legendre Coefficient of degree, it ; by ronvention, Po(-''') taken to 
be unity. Prove that 

(i) P„(l) = l. P„(-l)=^(-l)"; 

(ii) ( P„,(x)P„{x)dx = 0, m:^n 

.'-1 

- 2/(2h I 1 ), m —n. 

[If m 9 ?^ n the result is proved in Example 15. \i -n use the above 
form of Pn(x) and note that . (.r^ - 1)^ ~0 for r<n both when 
:r 1 and when x— ~ 1. For the general theory of these functions 
reference may be made to Professor MacRobert’s book on Spherical 
Harmonics. As an exercise the student may sViow that if f{x) is any 
polynomial of degree n, 

f(x) -\-AnXV 1 -f ... f 

it can be expi'essed in tlie form, ~ constant, 

f(x) -^B,PJx) 4 R,iV-,(.T) 4 ...R„_ ,P,{x) + B,Po{x). 

Show that B^f may be chosen so that f(x) - B^^P^^{x) is a polynomial 
fi{x) of degrtjo (n - 1) and therefore /(.r) 4/,(:r) ; the process 
may be repeated with /i(.r), and so on. Further, by ec^uation (ii), show 
1 hat 9 ri 

/(x)P,(x).te. 

If f(x)-.vP.,i{x), a polynomial of degree (n 4 1), deduce from the 
ecpiatioii 

xPJx)----BoP,^^, I B,P„ I B,P„_, t ... +BJ\+B,,^,Po, 

(a) that P^(x) contains tio power that occurs in xP.^^(x) so that By - 0; 

(b) by applying equatioTi (ii) that if r<n~l; (iii) by 

comparing coetiicients of .r”4i and .94* that - (a 4 l)/(2n f 1 ), 
Bn —nl{2n -i 1). Hence the relation between Pn-i 

(n + (in + +n2Vi =0-] 

17, If u and v arc bounded integrable functions of x for the range 
a ™ x~-b, prove that 

This inequality is known as Schwarz’s Inequality. To prove it, let 
A and p be constants ; then 

[ ( hi 4 )^dx — A 2B Xp + C 
Jo 

where A is the integral of u'^y etc. The quadratic form cannot bo 
negative so that B^ ^ AC ; the equality can only occur if ujv is consl/ant. 

18. If F{x) is continuous and positive for a '^x ~b, prove that the 
product of the integral of F{x) and the integral of l(F{x)t each taken 
over the interval (u, 6), is least when F(x) is constant. 
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J9. If F(x)^(i for 0~.r 1, and if f(x)-F(x) except for the 

v^alues X = 1/r, where r = 1, 2, 3, ... , prove that 

( /(ar)cb=log 2. 

.0 

20. If F{x) is defined for the interval (0, 1) by the condition that if r is 
H positive integer, r~l, 2, 3, ... 

F(x) = ( - 1 when (r + 1)“^ < a: < 

prove tliat 

I F{x)dx~\og4: -1. 

Jo 

2 1 . If f(x) -- 1 ^ log (sin t)dty 0 < rj^x-- prove that f(x) tends to a 

J.r ^ 

limit when x~^(). 

Write log sin t =:log (sinf/f) +log t and note that 
I log^d^ — / log < -/, 

while t log t-*^0 when and sin t/t is continuous for 0 ™ r~ ;i/2. • 
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CHAPTER X 

RECTIFICATION. CURVILINEAR INTEGRALS. AREAS. 
REPEATED AND DOUBLE INTEGRALS. VOLUMES. 
SURFACES. 

115. Rectification of Curves.**' Let a curve AB be defined, the 
axes of coordinates being rectangular, by the freedoin equations 

( 1 ) 

By “ the point is meant the point yA where and ?/,. 

are the values of x and y respectively for t~t^ \ A is the point 
and B the point T. As t increases from to T the point (x, y) 
moves along the curve from A to B, 

Let ... T], T be a division of the interval 

(^Q, T) and lot be the point \ A is Aq and B is A^. Denote 
by ArAr+i the length of the chord A^-A^^^; then, the positive 
value of the square root being taken throughout, 

ArAf^.! "-VU^r+l (l/r-hl ~~ I/r)^} 

= n/{[/(W) Wr^l) 

and if is the sum of these chords for r~0, 1, 2, ... , (n - 1), 

In - =’i:V{[/«m) -/(<r)J ^ + [?(<rH-l) - ^(<r)] =*}• 

r«0 r-0 

Definition, If, when n tends to infinity in such a way that 
the length (4+i"^r) of each interval {tr, t^+i) tends to zero, 1^ 
tends to a definite limit I, the curve AB is said to be rectifiable 
and the number I is ’defined to be the length of the curve AB. 

If A R is a curve in three dimensions defined, with respect to 
rectangular axes, by the freedom equations 

* For a discussion of curves, areas, volumes and surfaces that iiwolvcs less 
drastic restrictions on the defining functions the student may (ionsult de la 
Valine Poussin's Cours d' Analyse (2nd ed.), Vol. I, pp. 347*373 or Jordan's 
Cours d* Analyse (2nd Ed.), Vol. I, Chap. VIII. 
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the length of the chord is given by 

”v^{(^t*41 ~^r)^"t(yr+l ~ 2/r)^ (^r+1 “ ^r)^} 

n - 1 

and 

r-O 

The definition just given for the length of a plane curve is 
taken as defining the length of a curve in space. The develop- 
ments that will now be given for a plane curve are applicable 
with little more than verbal changes to a curve in space ; they 
involve less complicated formulae, and the results can be at 
once adapted to the case of three dimensions. 

It will now be proved that AB is rectifiable if /(/), /'(0> ^(0> 
g\t) are continuous for T ; these conditions are sufficient 

but not necessary. Jordan (see his Cours d' Analyse. 2nd Ed., 
§§ 105-108) has proved that the sufficient and necessary 
conditions that the curve AB should be rectifiable are that the 
functions /(/) and g{t) should be continuous and of limited 
variation. 

By the Mean Value Theorem we have 

fiK+l) -fCr) f'ir'rWr+l-tr), 9{h^l) - giK) =9' (K)(tr+i ~ir) 
where r,' and both lie between and so that 


(2) 

This expression for Aj.A^^^ can be put in the form 

ArAr,i=U{[r{tr)]^+ [!7'(M] ^ "O (3) 

where a,, tends uniformly to zero when each difference /,.) 

tends to zero ; the change from the form (2) to the form (3) 
is an essential element in the proof and the equivalence of the 
two forms may be shown as follows. 

Let d^s/{u^-\-v^), - -\- vf) where Vi are real numbers 

and d. are positive ; then 


7 7 <n~d^ 

<h -^=4 — 


d d I V I , dj ^ I I , d^-~\v^ \ so that 

4- d I 4* ?/ I , di+ d ™ I 4* > 




Now 

and therefore 


I -ff I - I sj(u\ +vl) - {s/u^ 4- V*) 1^1 % ~u \ 4- 1 Vj, - V |. 

In the same way we have, w and being real, 

I +v\-¥w\) ~ sj(u^ 4- + W^) I ^ I Wj - W I 4d - id ~w\. 
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Now for u, V put f(tr), g'{ir) ^ 11(1 for put /'(t^), g'{rl) 

respectively ; then 

I v/{ [fiO] ^ + [g'{r;)] - J{U'{K)] ^ + [g’{tr)] I 

-/'(4)l + I Q'(T:"r) -g'itr)\- 

But/'(0, g'{t) are continuous and both tJ. and lie between 
and ; therefore, given e, we may choose ?/ so that 

\r{r'r) -r{tr )\ < \e., \g‘(r''r) - g'{K)\ < 
if only ~tr<rj, r — 0 , 1 , 2 , ... , n- 1 . Hence we have 

V{f/'(r;)J^ +[?'(r;)]^}-v'{[7'(<r)J^ +[?'(<r)]^) +'X„ 
where | (jl^ | ce if so that a,, tends uniformly to zero 

when - tr tends to zero. 

We now have, using the form (3) 

k'i[/'(a7 +[<7'(^)P) - tr) 

0 

and therefore, since the function J{[f(t)Y + [g'{t)]^} in eon- 
tinuous, by applying § 107, (D^) we see that /„-> I where 

I + \mr. <u I (f j'} M. ...(4) 

If P is the point t on the curve and arc A P we have, with 
0 as the variable of integration, 



and, for a curve in space. 



Note. The class of rectifiable curves may obvious! 3 ^ be 
extended to include a curve of the following type (a composite 
curve). Let the curves ACy^, be joined up at 

the points Cj, Cg, . . . , C„^ so as to form one curve .<45 and suppose 
that A, Cj, ... , B are the points ty^, ^ 

respectively where <t^< T. If the functions 

f{t), g(t)y h{t) are continuous for the curve AB is 

continuous ; if also the derivatives f{t), g'(t), h\t) are con- 
tinuous for each of the closed hitervals {t^y, ),(/,, ^ 2 )? • (^m> 

then each j)art ACy, GyC ^, ... , C^,B of the composite curve is 
rectifiable, and the sum of the lengths of the parts ACy^ 
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CjCg’ ••• > is defined to be the length of the curve AB. At 
the points Cy, Cg, one or more of the derivatives 

/'(/), g'{t)y h'(t) will usually be discontinuous and there will be 
two tangents at such a point, there being an angle between the 
backward and the forward tangents at the point (as at the 
point H, p. 161, Fig. 33 of the Elera. Treat.), The simplest 
example is that of a ‘‘broken line” C^B in which 

each of the parts ACy, CyC^i , C^^B is a straight line and no 
two consecutive parts are collinear. 

Cor. 1. The expression for s as an integral in (6) gives 


ds 

dV 


l{/dx\^ fdy\^ fdz\^\ 


.{(l) 


and therefore, in terms of differentials, 

ds^ = dx^ + dy^ + dz^ (/i) 

(The corresponding expressions deducible from (5) are obtained 
by supposing dz to be identically zero.) The equation (P) 
holds whatever the independent variable may be. 

Cor. 2. If y — (p{x) and if <p{x) and (f\x) are continuous for 
the curve has the freedom equations ^ = 
so that, replacing t by x, we have 

ds"^ =dx'^ dy’^ [(p\x)Y}dx'^^ 

and 4 - [(p'{^)Y}d^. 

Similarl}^ in three dimensions, we may write 
a: = f, y = (p(t), z=y)(t), 

and + [ 9 >'(f)]H 

J a 


Cor. 3. If for the functions /(/), g{t), h{t),f{t), g'{t), 

h'{f) are continuous and the derivatives are not all zero for the 
same value of t, the function s defined by the integral (6) is a 
continuous, monotonic, increasing function of t and ds/dt as 
well as s is continuous. Hence Hs a continuous, monotonic, 
increasing function of & and x, y, z may therefore be taken as 
functions of s which, with their first derivatives, are continuous 
functions of s for the range 0^5^ Z where I is the length of AB; 
that is, the curve AB may be represented by freedom equations 
of the form x = F(s), y=^G{s), z=H(s). 
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In this case dxjds^ dyjds, dzjds are the direction cosines of the 
tangent to the curve at the “ point 5,” as is easily seen ; the 
derivatives dxjdt, dyjdt, dzjdt are proportional to these direction 
cosines (for a plane curve dz may be taken to be identically zero). 


Ex. 1. If the curve ^ jB is plane and given by an equation r ~f(6) in 
polar coordinates, show that 




dv ^ 

I df? + constant. 


In the equation ds^ =^-dx^ +dy^ put x - r cos Q, y —r sin d ; then 
dx =008 Odr ~r sin OdB^ dy —sin Qdr ^ r cos BdB, 
so that ds‘^ z dr^ -f r^dO®. 


Ex. 2 . If for a curve in space the coordinates x, y, z are changed to 
spherical polar coordinates r. By q) by the transformation 
X —r sin B cos 9 ?, y —r sin B sin 99 , z —r cos B, 
show, in tlie same way as in Example 1, that 

ds^ ~dr^ r^dO^ +r^ sin^O d(p^. 

Here dx =:sin B cos (pdr -\-r cos B cos (p dB ~ r sin B sin (p d(p 
with similar expressions for dy and dz ; substitute in the equation 
ds^ —dx^ ^dy^ -Vdz'^ 

and the result follows. 


Ex. 3. If and are the points and respectively on the 
curve AB, prove that the ratio of the chord to the arc 

tends to unity when ^^41 tends along the arc to A^, or, when 

For simplicity suppose AB o. plane curve. The integral (5) gives 

arc ArA,^,-^l^{[r{t)f + [gV)f)dt^^^^ 

where lies between and Also by § 1 15, equation (2), 

chord A,Ar,, Hg'Km 

where Xr and both lie between and 

But, as proved above, if y, we have 

IV{[r(r;)]»+[9'(T;)]»} -N/{[/'(T,)P+[sr'(T,)?}|< £ 
and therefore 

[ chord AfAf+i ,1 e 

I arc~A,A;;7 " I N/{l/'(Tr)]‘^ + 

so that, if f'{t) and g'(t) are not simultaneously zero for the 

ratio of the chord to the arc tends to unity when A^.^^ tends to >4^. 

This property of the ratio of chord to arc was assumed previously 
{E.T. p. 109) as an axiom ; with the definition of what is meant by 
“ the length of a curve,” b^sed on the integral, the axiom now appears 
as a theorem capable of proof. 
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Ex, 4. Prove Example 14, p. 361, of the Elementary Treatise. 

Ex. 5. If a curve is represented by freedom equations x f(s) the 

parameter s being the length of the arc from a fixed point on it up to 
(a', y, z)y and if accents denote derivatives with respect to s (x' —dxjdSy 
x" —d^x I ds^y ...)» prove that 

x'x'" + y'y" +z'z" — 0, 

and if ~-(x"Y ^ {y")^ show that the line whose direction 

cosines are Qx"y Qy", qz" is perpendicular to the tangent to the curve at 
(;r, y, z). Find also the direction (cosines of the line 
that is perpendicular to these tw^o lines. 



Note that 


- 1 . 


Fm. 1. 

function of 

[dy Xj^y X^y ... 


{xy -f (yy + (zy: 

116. Curvilinear Integrals. Let y — 

where (p(..c) is single -valued and continuous 
for the range be the equation, 

referred to rectangular axes, of the curve 
APB (Fig. 1), ^ being the point (a, a') and B 
the point {h, h'). 

Suppose that F{Xy y) is a single-valued 
and y where y~(p{x) and form a division 
.j, b] of the interval (a, b). Take such that 


r+l. Ift »/, 

= Vr)(^ 

r^-0 


(p{^r)^ consider the sum where 

X,) ^ F{tr, q>{^r)}{Xrn " -^r)- 


Definition. If, when n tends to infinity in such a way that 
the length {x^^^-Xr) of each sub-interval (o:^, tends to 
zero, tends to a limit, that limit is called an integral of 
F{Xy y) along the curve AB curvilinear integral) and is 
denoted by the symbol 

r 

F(Xy y)dx. 




The limit will certainly exist if F{Xy y) is a continuous 
function of x and y because F{Xy (p{^)} will be a continuous 
function of x for the range a^x^b, since (p{x) is so. The sum 
Sn is in this case merely a particular example of the general 
theorem in integration, so that 

f F{x, y)dx=- F S„ = f F{x, 9 j(a;)} dx. 

Jab n-^oo 

It is supposed in what follows that F{x, y) is a continuous 
function of x and y. 
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The definition can be extended to cases in which y is not a 
single-valued function of x. Consider the curves [Fig. 2, 

(^). (y)J. 




r“J (i^) (y) 

Fig. 2. 

Along AC let y — a^x^c; along CD let y~(p 2 ,{x), 
along DB in (a) and (/?) y~(p^{x), d^x^b \ while 
in {y) X ---(i along DE and y - d^x^b along EB, 

The functions (pr{x) and F{x, (pr{x)), r = l, 2, 3, are supposed 
to be single-valued and continuous in the respective intervals ; 
along DE in (y) x is constant and the integral arising from DE 
is therefore zero. Thus the integral along AB is defined as 
the sum of the integrals along AC, CD, DB (or DE and EB), 
each of which has a definite value : 
r n rd rb 

F{x,y)dx -~ F{x, (p^{x)]dx-\- F{x, (p 2 (x)}dx-\- F{x, (p 2 ,{x)]dx 
J AH J a D. J d 

- I y) + f F{x, y) (lx + 1 F{x, y) dx. 

In the same way the curvilinear integral 

Ql^x, y) dy 

J 

is defined, x being a single-valued continuous function y^(y) say, 
of y when every line parallel to the a;-axis meets the curve A B 
in only one point at most, or different single-valued continuous 
functions y>i(2/), when aline parallel to the .r-axis may 

meet AB in two or more points. 

Again, the curve may be closed, like a circle or an ellipse ; 
in this case B coincides with A and the direction of describing 
the curve may be indicated by taking two points C, D on the 
curve and using the form AC DA instead of AB. 

The definition may be extended to a curve in space. If the 
curve is defined as the intersection of the cylinders y~(p{x), 
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z— y){x) and if F(x, y, z) is a single-valued function of x, y, z 
the curvilinear integral 


means 


f F(x, y, z) dx 

J AH 

f F{x, (p{x), yi(x)) dx 

J a 


where a, b are the a;-coordinates ot A, B respectively. Corre- 
sponding definitions hold for integrals with respect to y and z. 

117, Area. Let y==F(x), where F{x) is single-valued and 
continuous for the range a^x^b, be the equation, referred to 
rectangular axes, of a curve CD and let AC, BD be the ordi- 
nates at C, D so that AC — F{a) and BD = F{b). The area of 
a polygon — that is, a closed plane figure bounded by straight 
lines — has a definite measure, but when the boundary of a 
closed figure consists in whole or in part of curved lines the 
method by which the measure of a polygon is determined is 
no longer applicable and the measure of the area of such a 
figure needs definition. The measure may be defined in the 
following way. 

First, suppose that F{x) is positive for aSx^^b and take a 
division [a, x^^, X 2 , b] of the interval {a, 6). Let 

and nir be the maximum and minimum values of F(x) in the 
sub-interval {x,., x^^^) of length A,.( -av), and let ArPr 

and be the ordinates F(x^) and F{x^^^). The figure 

ArA^^-J^r^-yP ^ — where P^Pr+i is the arc of the curve CD between 
P^ and Pr+i — between the two rectangles whose areas are 
Mrhj. and respectively. Thus the figure ABDC lies 

between two sets of rectangles whose total areas are 8 and s 
respectively where 

n-l n ~ 1 

8 and 

r=0 r=0 

When and each the numbers 8 and have a 

limit which is the same for each, namely, the integral 

^^F(x)dx. 

This integral is defined to be the mmsure of the area ABDC, 
or more simply, the area ABDC, when it is obvious that its 
measure is in question. 
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The extension to other cases then follows exactly as is shown 
in §§ 80 and 128 of the Elementary Treatise ; the rule ior 
determining the sign of the area, § 80, p. 187, and § 128, p. 318, 
should be noted. 


118, Area of a Closed Curve. Let AC DA be a closed curve 
without a double point, and let its freedom equations be 

(1) 

the point (x, y) describing the curve as t varies from to T, 
If and ^2 ar® unequal values of t and if both lie between t^ 
and T the points and will be different because the curve 
has no double point ; on the other hand, the points and T 
are the same. 

If it be assumed further that f'{t) and g\t) are continuous 
in the interval T) it may be proved, as in § 128 of the 
Elementary Treatise, that when the point (x, y) moves round the 
curve in the positive direction the area enclosed by the curve 
is given by each of the three integrals 




dx 

y lA 




The functions /(/), f'(t) and g(t), g'(t) are by hypothesis 
continuous and therefore the curve AC DA is rectifiable. 


Next suppose that the closed curve is a composite curve, that 
is, as explained in the Note, § 115, a curve formed by joining 
up the curves AC^, C-fi^, C^C^, ... , C\nA at the points 

Cl, Cg, A. If ^ is the point (or T since the curve 
is closed) and Ci, (72, ... , C,n the points /.j, ifg? where 

/o<^i<< 2 < ••• <^m< if functions /(^) and g{t) give 

the coordinates x and y of any point on the curve, we assume 

(1) that/(/) and g{t) are continuous in the closed interval (<q, T) 

and (ii) that/'(0 and g'{t) are continuous in each of the closed 
intervals (Iq, t^), {t^, t^), ... , T). The curve is rectifiable and 

the area enclosed by the curve will still be given by the integral 

(2) . 

One or more of the curves AC^, ... may be straight 

lines ; in particular they may be segments parallel to one or 
other of the coordinate axes. For example, might be 
part of the a:-axis, CyC^ and AC.^ parallel to the ^-axis while 
the abscissae of the points C^, C^, . . . , might all lie between 
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the abscissae of A and (.\ ; in this case the closed area is “ the 
area under the curve just as (E.T, p. 185) the area 

ABDC is the area under the curve CD. 

It is sometimes useful to define j\t) and g(t) for values of t 
that lie outside the interval T) ; the definition is simply 
to make them periodic, with period {T so that 

f[n{T- g + 1\ =f{t), g[7i{T - /„) + /] =g{t), 


where n is any positive or negative integer. 

Again, if the origin of coordinates be changed and the axes 
turned through an angle (jl the old and new coordinates, {x, y) 
and (^, r}) are connected by equations of the form 

a; = I cos iiL-rj sin a + u , y — ^ sin a -f ?; cos a + 6. 


Now since the (closed) curve is rectifiable the length s of the 
arc, from a fixed point on the curve up to the variable point 
(x^ y)y may be taken instead of t in the freedom equations ; s 
will be taken to be positive when measured in the direction 
that is taken as the positive direction of motion of the point 
(x, y). If I is the length of the curve, its area is given by the 

. r', dy dx^ 


iff 

.'0 


(Is ^ ds 


>■ 


and it is easily proved that this is equal to 






so that the number that measures the area is independent (as it 
should be) of any particular coordinate axes. 

Note. Conditions to be satisfied by a curve. It will be 
assumed in all that follows that a curves may be defined, in the 
manner illustrated, by freedom equations x y~g{t) where 
^(t) and g{t) are continuous and the derivatives f{t) and g\t) 
in general continuous — that is, continuous except for a finite 
number of values of A curve as thus defined is both recti- 
fiable and quadrable — that is, any arc of the curve has a 
definite length and the area enclosed by the curve (if it be 
closed) or the area bounded by the o^-axis, an arc AC (for which 
the ordinate is single- valued) and the ordinates at A and 6' is 
measured by a definite number. 
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EXERCISES XIV. 


1. A curve is given by the freedom eqxiations 

X — a cos t - J(a - b) cos® y ^~b sin ^ J(a 6) sin® t ; 
the length of the curve, measured from the point t ~0, is 
l(a ■i-h)t ~l{a ~b) cos t sin t. 

2. The length of that arc of the curve 

4(a;2-f2/2)^3r,5a;-^ +a^ 

which lies in the first quadrant is and the length of tlie wliole curve 
is 6a. 


3 . The length of each of the following curves is x +Zy when the point 
on each curve from which the hmgth is measured is properly cliosen : 
(i) 2 a;i!/ Cya^z .r* ; 

(ii) y -x‘), z Ja log " Ir ; 

(iii) (Sohlomilch) 


4 . The whole length of the curve given by the freedom equations 


. 2 sJ() 

IS 3 .^a. 




I 

37 ^ 1 ' 


5 . If X - a cos 0 , y -~-a sin 0 , z cO, show that 6* ->sj(a^ f c^) . 0. 


6. If X ^at cos L y at sin L —cf, show that 


•^ll{a- \-r- |-a2f2)i j, 


a2 + , / at + (a2 -f c2 aH'^ x 


2a 




(a 2 


f- 


7 . If a: ~ a cosh t cos t, y - a cosh t sin L - at then s -- 2 . r? sinh t. 

8. Given that 


aO n 1 ■ (^0 . . ad\ 

X a cos cos 0 f b sm sm 0 , = s/(62 - a®) ( I - cos j , 

aO . .. j . aO . 

y “ a cos sm 0 - b sin cos a, 

show that s —bzla. Prove that a tangent to the curve makes a constant 
angle with the ;3-axis. 


9 . On the sphere given Vjy the freedom equations 

X ~a sin 0 cos <p, y ~a sin 0 sin (p, z~a cos 0 , 
a curve is determined by the equation sinOcosli ar/’ 1 ; show that, if 
a=:cota, the length of an arc, measured from the point (0, 0, a) is 
aO sec a and that the curve cuts the curves 99= const, at a constant 
angle (cjl). 
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10. The area enclosed by the curve 

+2/^)2(6V -KaV) 

is 7ib{a -6)*(2a -}-6)/2a®. 

1 1 . The area enclosed by the Curve 

a^(b^x^ +a^y^)^ -b^}^b\v* 

is Znh(a^ ~ b^)^fSa^. 

12. Show that the curve given by the equation 

x* + 4:X^y^ - 6a2;r- + = 0 

consists of two ovals and that the area of each oval is Tra*. 

13. A curve is given by the equations 

X cos 0, y ~a{2 +sin 0) sin^ 0/(3 +cos® 0) ; 
show that the area enclosed by it is (16 - 9s/3)na^l^JS. 

14. The area enclosed by the curve (x^ a^fy^~a^^(a^-x^} can be 
expressed in terms of Gamma Functions. 

15. 1 (x'^ -\-y^)dx ~ - 5 a(a^f 26*) where ABA' is the upper half of 

}ABA' 

the ellipse x^ja^ -\'y'^Jb^ = 1, .4 being the end of the major axis A' A. that 
lies on the positive side of the origin. 

16. \ xy (lx round the cardioid r ~~a(\ - cos 0) is 5na^l^, 

17. I yz(Jx along the curve defined by the equations 

x~a cos 0, y ~~ a sin 0, z—cO 

from the point (a, 0 , 0) to the point (a, 0 , 2jrc) is - 7r*a*c. 

18. I (y dx ^zdy ~\rxdz) along the curve in which the plane a; -f = i? 

intersects the sphere a:* + y® + 2 * = jK* is equal to ; the path 

begins at (i2, 0, 0) and lies at first in the positive octant of the sphere. 

19. j [(y* +z^)dx + ( 2 * +x'^)dy -f- {x^ +y^)dz'] ~ - 27iab^, when the path 

of integration is that part for which 2 ^ 0 of the intersection of the 
surfatiCs 

4 - 2/2 -f _ 2ax and x^ +y^ = 2hx, a >b >0 ; 
the path begins at the origin and runs at first in the positive octant. 

119. Integral as Function of a Parameter. When the 
integrand contains numbers y, 2 , ... besides the variable of 
integration .r the integral will usually be a function of these 
numbers or parameters as they are often called when they 
become subsidiary variables ; these parameters are constants 
so far as integration with respect to a; is concerned, but they 
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usual Jy \rary within some prescribeid range. Some properties 
of the integral as a function of one parameter, y say, will now 
be considered ; the discussion when there are more parameters 
than one may be carried out on similar lines. 

The integrand F{x, y) is assumed to be single-valued and 
bounded and the integral of F{x, y) over (a, b) will be denoted 
by f(y) so that 

f(y)^\ F{x,y)dx. 

J a 


Further, the function F{x, y) is supposed to be defined for a 
region bounded by a closed curve, the boundary being included 
in the region, and every curve is assumed to be rectifiable 
(§115, Note). 

The property of J{y) that will be first considered is its 
continuity and the following simple examples give some 
suggestions regarding the behaviour of f{y) when discontinuities 
occur in F{x, y). 


Ejc. 1. Lot F{x, y) bo doHnod for the square bounded by the lines 
;r -0, X ~a and ?/ — 0, y ~a as follows : y) +y^ points of 

the square except for the sides x -~0, x—a and the diagonal x—y, in 
which cases F(x, y) — 0 . 

By int.egration it is found at once tha,tf{y) ~ay^ so that though 

F(x, y) is discontinuous for all points (except the origin) on the lines 
x—i), x~a and x--y the integral f(y) is a continuous function of y in 
the closed interval (0, a). 

The three lines x—O, x and x~y are called lines of discontinuity 
for the function F{x, y). 

Ex. 2. The same as Ex. 1 except that F(x, y) —0 when y — a so that 
the line y --a is a fourth line of discontinuity. 

In this case /(^) -f Ja® when 0'^y<a but f{y)-~0 when y —.a 
so that/(?/) is discontinuous at the end a of the interval (0, a). 

If F{x, y)—0 when y~~h<a, as well as on the other four lines of 
discontinuity /(^) would be discontinuous at h as well as at a. 

Ex. 3 . For the cube bounded by the planes ir — 0, rr y — (), y 
z “0,2=0, let F(Xf y, z) ~x^ -\-y^ except for points in the pianos 
X - y and x —.z in which cases F(x, y, z) =0. If /(y, z) is the integral of 
F{;x, y, z) with respect to x over ( 0 , a), show tha>tf{y, 2) is a continuous 
function of y and z in the square given by 3/ =0, 1/ and 2 - -0, z~a. 

Consider the continuity of /(t/, z) when the planes y — a and z ~a are 
also planes of discontinuity for F(x, y, z). 


Discontinuities. The integrand F(x, y) will be assumed to 
be in general continuous in its region of definition but it may 

Q.A.O. X 
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l)c discontinuous at a finite or at an inlinite number of points 
in the region. When the number of points of discontinuity 
is infinite they will be restricted by the condition that they 
will be assumed to lie on a finite number of curves (including 
straight lines) none of which is parallel to the a:-axis or can be 
cut by a straight line parallel to the :r-axis in more than a finite 
number of points. At a point (.Tj, y^) of discontinuity F{x, y) 
will be assumed to be defined — that is, F(x^, y^) will have a 
definite value ; the precise value does not matter so long as it 
is finite. 

Wh(m the discontinuities satisfy the above conditions they 
may be said to bo normal ; if a line of discontinuity is 
parallel to the .r-axis this case must be explicitly stated and 
discussed. 

Of course if x is the parameter and y the variable of integra- 
tion the normal discontinuities of F(x, y) would exclude lines 
of discontinuity parallel to the y-axis while no line of dis- 
continuity would be met by a parallel to the y-axis in more 
than a finite number of points. 

Notation, When the region of definition is the rectangle R 
bounded by the lines x -a, x--h and y~~a', y the region 
will, for brevity, be sometimes called ‘‘ the rectangle 
i?(a, a' ; b, h') ; the points {a, a') and (/;, 6') are opposite 
vertices of the rectangle. 

120. Continuity with respect to a Parameter. Suppose first 
that F{x, y) is defined for the rectangle R{a, a' ; b, //). 

Theorem I. Let F(x, y) be integrable with respect to x for 
every fixed value of y in R. If F{x, y) is continuoiis in R or has 
only normal discontinuities in R then f{y) where 

f(y) f F{x, y)dx 
J a 

is continuous function of y for the range a' ^y 

Case (i), F(x, y) continuous. Let c and c-^khe two values 
of y in i? ; then 

f{c -t- k) -f{c) = r {F(x, c + i) - F(x, c)}dx. 

J a 

Now F{x, y) is continuous and therefore, by the property of 
uniform continuity, there is a positive number rj such that, 
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whatever value x may take in {a, b), e having the usual meaning, 
I F(x, c + k) ~ F{x, c) I < e if | A: | < ?/, 
and therefore |/(c + k) -f(c) | < e(6 - a) if | ^^ | < rj. Hence f{y) 
is continuous at c where c is any number in {a\ h') so that/(y) is 
continuous in the (closed) interval (a', 6'). 

Case (ii), F(x, y) discontinuous. 

Let there be one curve of discontinuity DD' (Fig. 3) and let 
it be met by a parallel to the a:-axis in only one point at most ; 
say that y — c meets DD' 
where x~(l. 

If 6 is an arbitrarily small / ib' 

positive number it is possible ^ 

to choose rj so that if (t, y) ^ 

is in either of the rectangles ^ ^ ^ i >4" . q 

EF(a, c - (l~ d, c - 4 - 7 ;) and , p' j 

GH{fx c-7] ; b, c -i-r/) the A | B 

function F{x,y) is continuous, n « ^ 

If I F(x, y) I < M in the small ^ 

rectangle FG whose centre is the point (a, c) the contribution 
from that region to the difference |/(r -\-k) -f{c) | is less than 
2Mx26 when |/:|< 7 y. Since d, and therefore 4:MS, is 
arbitrarily small it now follows by Case (i) (because F(x^ y) is 
continuous in the rectangles EF and GH) that f{y) is continuous 
at c. 


t 

A 



\b' 


F 



H 


- TTI ^ 



r/ 1 n 


E 


G 


A 



B 


If there were more lines of discontinuity than one the line 
y~c would meet these in a finite number of points at most, 
say the points wliich had rx.^, ... respectively for 

abscissae. The neighbourhood of each of these points {(Lj., c) 
could be treated as has been done in the case of the point (a, c) ; 
the contribution to |/(c-f-^") -/(r) | from these neighbourhoods 
would be less than (?n x 4Md) when |^’|<?y, and therefore 
would be arbitrarily small. Outside the small rectangles with 
centres (a^, c) the function F(x, y) is continuous so that/(y) is 
continuous. 


Note, It is now clear that there will be no loss of generality 
in assuming that there is only one line of discontinuity and, as a 
rule, the proof will be given for only one line. 

Suppose next that F{x, y) is defined for all points inside or 
on the boundary of an area D, bounded by a closed curve C. 
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Theokem II. Let F(x, y) be integrable with respect to x 
for every fixed value of y in D, If F{x, y) is continuous in D or 
has only normal discontinuities in D then f(y) is a continuous 
function of y. 

The curve C will be assumed to be such that it can be cut by 
a line parallel to either axis in not more than two points ; if 
this condition is not satisfied it will be assumed that the area 
may be divided into a finite number of parts for each of which 
the condition is satisfied, so that when the theorem has been 
proved for one part it will hold for the region composed of the 
sum of the parts. See, for example, Fig. 11 (a) ; the lines 
PQ, RS and TfJ divide the area into three parts each of which 
satisfies the required condition. 

Let C be the curve EFOH (Fig. 4). The curve lies wholly 
between the lines x==a, x--b and y~a\ y==b' and we suppose 

that the equation of FHG is a; = (Pi(y) 
and that of EFG is x — <p 2 (y), so that’ 
(Pi(y) and (p^iy) are each single- 
valued, continuous functions of y for 
the range a' ^y^_h'. 

The theorem to be proved can be 
reduced to the Theorem I in the fol- 
lowing way. Let the function y) 
be defined so that y) = F(x, y) for 
all points inside or on the boundary 
of the area EFQH, but Ffx, y) — 0 
for all other points in the rectangle ABB'A\ If the curve C, 
that is, EFQH is taken as a line of discontinuity for Fy{x, y) the 
discontinuities of F^{x, y) are the same as those of F{x, y) and 
in addition those that lie on C, The function f{y) where 

/(!/)=£ y)dx 

is continuous for a' -^y^ b' by Theorem I. But if y ~^ON ~c, ^ 
Fj(x, c)dx= I F(x, c)dx~ F{x, c)dx 

NH' J SR J <fn(c) 

because Fj(x,c)=0 if NR'^x<NR or if NS <x^NS' and 
F-^{x,c)~F{x,c) if NR-^x^NS, Hence /(^) is continuous 
at c and c is any number in (a', 5'). 
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The curve C may of course consist in part of straight lines. 
For example, C might be formed by the arc FOH and the 
straight lines HA, AB, BF. 

Ex. 1. If F{x, y, z) is bounded when (x, z) is any point of the 
cube given by a: ~0, .t = a, y y —a, z =0, z —a, and if 

ra 

f{y,z)^\ F(x,y,z)dx, 

.'o 

show that j(y, z) is a (continuous function of y and 2 ; if F(x, y, z) is 
continuous or if, when discontinuous, its discontinuities all He in the 
planes x ~y and x -~z. 

Ex. 2. If F{x, y, z) is bounded when {x, y, z) is any point in the 
tetrahedron whose vertices are the points (0, 0, 0), (a, a, a), (a, a, 0) 
and (0, a, 0) and if 

f(y, 2 ) F(x, y, z)dx, 

show that J(y, z) is continuous if F{x, z) is continuous or if, wlien 
discontiguous, its discontinuities lie in the plane x +y +z 


121. Differentiation and Integration. Consider first the 
differentiation of f{y). 

Differentiation. With the notation of the preceding article 
let F{x, y) and the partial derivative dFjdy be continuous 
functions of x and y in the rectangle E ; then f[y) has a deriva- 
tive given by the equation 

dfiy) 


dy 


^dF(x. y) 

■J. 


(1) 


that is, given ‘‘ by differentiating with respect to y under the 
sign of integration,” 

If y and y^-h are both in {a', b') we have 


P y + ^) - y) 

J a 


dx — 


P dFjx, 

Ja ^y 


Vi) 


dx, 


where, by the Mean Value Theorem (§ 34), 2/1 lies between y 
and y + h. But by hypothesis dFjdy is a continuous function 
of x and y, and therefore 77 can be chosen so that, for a^x^b 
and a' ^y^ b\ 

I dF(x, 7 / 1 ) ^ dF( x, y) | 
dy 


dy 


< e if \k\<r]. 


If we now write 

f{y+^) -f(y ) ^ f rfa- + r / d.x 

k Ja Sy Jal Sy dy j 

equation ( 1 ) follows at onbe. 



308 


ADVANCED (CALCULUS 


[(’H. X. 


If a and h are not constants but differentiable, and therefore 
continuous, functions of y, write f{y) in the form f{y, a, b) and 
then the total derivative is given by 

y dfda dfdh 
dy dy da dy dh cly ' 

da'' ~ 


and dfjdy is given by equation (1) so that 


dy 


(“dF(X, 


(2) 


dy ^>d,j ' ^ '■’’dy 

Cor. A curvilinear integral is reducible to an ordinary 
integral and therefore the above investigation applies to the 
integral of F{x, y, A) when F and dFfdX are continuous functions 
of X, y, X. If the points A and B are fixed 

dF{x, y, ;.) 


ill,/'*- 


( 3 ) 


Integration. The function f{y) may, as we have seen, be 
continuous for a' ^y^ b' even though F(x, y) is discontinuous 
in B, but for the present F{x, y) will be supposed to be con- 
tinuous in R ] f{y) is therefore integrable over (a\ b') and the 
integral may be written 


r /(?/)#"= r [[ F{^yy)dx\dy^[ dy[ F(x,y)dx (4) 

J a' J a' wa / J a' Ja 


the latter form being the usual one. The two-fold integration 
gives a ‘‘ repeated ” (or “ iterated ”) integral, with the meaning 
that F(x, y) is to be first integrated as to x, the parameter or 
variable y being treated as a constant in this first integration, 
and then the result of the a:-integration is to be integrated 
with respect to t/.” 

It will now be proved that if F{x, y) is continuous in R we 
may interchange the order of integration and write 

f f{y)Ay=[ dy^ F(x,y)dxA dx\ F(x,y)dy (5) 

J a' J a' J a J a J a' 

SO that the integral of f(y) is found ‘‘ by integrating under the 
sign of integration.’' 

The integrals of F{Xy y) over (a, b) with respect to x and 
over {a\ b') with respect to y exist and are continuous functions 
of y and x respectively so that both of the repeated integrals 
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in (5) exist. Let t be any chosen number in {a, b) and put t in 
place of b in both of the repeated integrals in (5) ; both of these 
integrals will be zero if ^ — a, and therefore they will be equal if 
their derivatives with respect to t are equal. 

Let y) and be defined as follows : 


f i'(x, y)dx (p{l, !/), f F(.r, , 

J a J a' 


then we have 

1C' 


and therefore 
Again 


ore == F(t, y)dy. 

J a' 

oiv - j* F(f, y)dy. 

J a' 


and therefore - y)dy. 

J a' 

Thus f ({y{ /"(a:, ?/)r/:r - f 6?.r f F{x, y)dy, 

J a' Ja Ja J a' 

and t is any number in (a, b)y so that b may be put for i. 

It must be noted that this change in the order of integration 
without change in the value of the repeated integral assumes 
that the limits a, b and a\ h' are constants. 

For an extension of the conditions on which this change of 
order of integratioji is allowable see § 126. 

rr 

Eu- Jf / (■' ' tn wr-^^ • " > 0. ^ > 0, 

a vos^O H-e mn^O 2s/ {ah) 

show by differential ine; I with respect to a and b that 
1- vos^OdO rr 1 


Here (i 


}q (a cos'^0 4-6 sin-O)- 4 as^^(ab) * 

.... sin^O dO __ n 1 

) 0 ( cos“ (9 + 6 sin ^6 )* ~ 1 6 absj(ah ) 

dJ _ j - - 008^6 dO _ 1 . 

(a cos- 6 4-6 Rin^W)^ 4 a<d{ab) * 


.. d^I f- 2 cos^0 siii^O _.'7 1 

dd {a 008^6 + b sin26)-'*~ S nb,^(ah ) ' ^ 

Tlio usual forms are obtained by putting nnd 6^ for a and 6 respec- 
tively after differentiation. 
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122. Double Integrals. Let A be an area bounded by a closed 
curve C and F{x, y) a function of two independent variables 
X and y that is single -valued and bounded in A \ the integral 
of F{x, y) over the area A will now be defined and, as the 
preliminary considerations that lead to the definition are in 
substance identical with those on which the definition of the 
integral of a function of a single variable is based, the statement 
of them may be made in a condensed form. 

Let a division, D say, of the area A be made by dividing it 
into n elementary areas , (t„, which may for brevity 

be called meshes ; for example, the meshes may 
be formed by drawing two sets of curves that 
cover the area like a net (Fig. 5). The longest 
chord of the mesh — that is, the upper 
limit of the distance between two points on the 
boundary of — will be called the diagorial of 
the mesh, and the area cr,. will tend to zero 
in all its dimensions when d^ tends to zero. 
Obviously Gr< df ; there can be no ambiguity 
In using the symbols A to denote both the areas and their 
measures 

Now let Mf m and be the upper and lower bounds 

of F(x, y) in A and in respectively ; the sums S and s where 

n n 

S rn^Gj. 

are called the upper and lower sums respectively for the 
function F{x, y) and the division D of the area A. 

The properties 1 ... 5 stated for the sums S and s in § 102 are 
also true in this case, the nomenclature used in the discussion 
being suitably interpreted. Thus, the division Dj of the area A 
is consecutive to the dividon D if it is formed from D by 
dividing one or more of its meshes into two or more smaller 
meshes. The division is formed by superposition of the 
divisions D and when the net for the division Dg contains 
all the lines that are present in the nets for the divisions D 
and Dj ; of course, when a mesh of coincides completely 
with a mesh of D that mesh appears only once in D^, 

The change from the work of § 102 to the present case is 
simply made by substituting area A ’’ and mesh g^. for 
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interval (a, b) ” and “ sub-interval ” ; for '' < h ” 

such a phrase as or will be used. As an 

example, consider the property 3, § 102. 

Let <7,. be a mesh of the net for the division D and 8 the upper 
sum for that division. If is divided into two or more meshes 
(t', cr",,.., in which the u})per bounds of F{x, y) are Mr, Mr, ... 
respectively, and if S\ is the upper sum for the new division 
D\ which is consecutive to D {a^ alone being divided), then 

8-~S\ -■■-M.Gr - (MX +3r;.a: +...) 

™ {M^ - Mr)Gr H- {M^ Mr)Gr + ... 

since or,. ” 0 “' f cr" f ... . But M', Jlf", ...are each less than or, 
at most, equal to Mr and Mr^ M while ilf', Jf'f, ... are each 
not less than m ; therefore 

0 < 8 - 8\^{M - m)ar<{M - m)d^ if Or<d^ (a) 

If /I of the meshes (/^ ^ n) are each divided into two or more 
meshes, thus forming a division consecutive to D, and if 8^ 
is the new value of 8, then 

0 ^ 8 -- 8^< y(M - m)d^ (ft) 

when the diagonal of each mesh in the division D is less than d. 

It is therefore merely a repetition of § 103 to show that 8 
and s tend respectiveh^ to the lower limit L and the upper limit Z 
when n tends to infinity in such a way that the diagonal oteach 
mesh tends to zero. On account of its importance Darboux’s 
Theorem will be stated explicitly. 

Darboux’s Theorem. If D is a division of the area A for 
which the wpper and lower sums are 8 and s respectively then, to 
any given e, where e is an arbitrarily small positive number, there 
corresponds a positive number d such that 

0^8- L<e, 0^l~s<e, 

when the diagonal of each mesh is less than d. 

Or, L and s~> I when n tends to infinity in such a way that 
the diagonal of each mesh tends to zero. 

Note, For the special but important case in which L~l the 
theorem may be put in the form : If one division of the area A 
can be found for which 8 ~ s<e then 8 and s tend to limits 
which are the same for both. 

For, (i) 8 and s are bounded and S' ^ s ; (ii) 8 is monotonio 
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and decreasing and therefore tends to a limit L while 6* is 
monotonic and increasing and therefore tends to a limit 1. 
The condition that L — l i^ then simply S ~s<e. 

Double Integral. Defiriitions, The limits // and I are called 
respectively the upper and the lower double integrals of F{x, y) 
over the area (or field, or region) .4 and are denoted by the 
symbols 

Fix, y)do, Z—J F{x, y)do. 

If the common limit of 8 and s is called the double 

integral of F{x. y) over the area (or field, or region) A, and is 
denoted by the symbol 

The symbol do corresponds to the elementary area cr^, and 
is often called “ the element of area ” ; the letter A annexed to 
the symbol of integration indicates the area over which the 
integration is taken. Other notations will be given later. 

123. Division of the Area. In the division D of the area A 
the meshes Or may be of any shape ; the limits of S and s exist 
provided the diagonal of each mesh tends to zero. The 
division of the area into elementary rectangles by lines parallel 
to the coordinate axes is, however, of special importance, and 
the form taken by the sums S and 6* for this case will therefore 
be explicitly stated. 

Let the area be the rectangle R given by 

x=^a,x = b and y = a',y-b', 

and let [a, x^, x^, , Xm-i. and [a', yj, ••• . .Vn-i, 

be divisions of the intervals (a, b) and (a\ b') into m and n 
sub-intervals respectively ; parallels to the coordinate axes 
through the points of division of these intervals will divide 
the rectangle R into mn rectangular meshes. If ~ (^r+i ^r) 

and ~ (y^+j - y^) the area of the mesh, ^ say, bounded by 
the lines x =Xr, x=Xr^i and y = y^, y = y^^j is Arkg ; the diagonal 
dr, g of this mesh is -i- kf) and the mesh ar, s tends to zero 
in all its dimensions if and only if hr and each tend to zero. 
At the boundary of the area, when it is not a rectangle, the 
meshes will usually be only part of a rectangle. 
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If M, m and are the upper and lower bounds of 

F{x, y) in R and in respectively, then 

^ ^r,s ^'r^s, ^ ~ '^r,s (1 ) 

rjS r, 8 

where r and s take indej^endently the values 0, 1, 2, , (m - 1) 
and 0, 1, 2, ... , (n - 1) respectively. S will tend to L and 5 to / 
when m and n tend to infinity provided that J{h'f + tends 
to zero ; the order in which m and n tend to infinity is irrelevant. 

A slight variation in tlio proof of the property, § 122, (/I), namely, 

0 '.^ S - A', < - m)dr 

is needed. Take ^ so that x^ < ^ ^ ^ and draw through ^ a oarallel 

to the y-axis. 

Each of the n rectangles cr^, j, ... , will be divided into two 

rectangles, and if S[ is the new value of S wo shall have 

n - 1 

0 ™ S - 6’i < ( M - 'fn)h'^ks —{M - ni)h(h' - a'), < h, 

s=o 

If ij is now taken so that ys< r]< and a parallel drawn through ?; 
to the .r-axis will become where 

0 V. E'l - <(M ~ m)k{b -a)y kg < k, 

and therefore 

0 ^ /S’ - /S’l < {M “ m){h{b' - a') -f k(b a)} . 

More generally, if is derived from D by inserting /i numbers 
between a and b and y' numbers between a' and 6', the sum S becoming 
*Sj, w’e shall have 

0 ~ iS - aS’i < {M - 7n){yh{b' - a') + y'k(h - a)} 

where h^ < /?, kg < k for r — 0, 1, . . . , (m - 1 ) and 5—0, 1, . . . , (/i - 1 ). 

It is obviously possible to choose h and k so that 

(M - ni){yh(b' - a') f y'k(b - a)} < 

as required (see § 103, equation (4) ) for the proof of Darboux’s Theorem. 

EsC. Establish the result for an area A boiuided by any curve C by 
enclosing ^ in a rectangle i?, as in § 120, Theorem Tl. 

The meshes of § 122 may of course be rectangles with sides 
parallel to the coordinate axes, but the division of the area 
just discussed supposes that the meshes are arranged in a 
particular way, namely, in such a way that if Xr<i<Xr+^y the 
line runs through a whole set of meshes of the same width 
~ Xr)j and if yg<rj<ys+] the line y^7] runs through a whole 
set of meshes of the same height {y^^^ - y^). 
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In the more general case of § 122 the corresponding sets of 
meshes would usually have different widths and heights. 

The rectangular mesh suggests another notation for the 
element of area in the double integral, namely 

^F{^y y){dxdy) 

where (dxdy) takes the place of do ; for the present the brackets 
are retained in the symbol for the element. 

For polar coordinates the element of area would be (rdrdO) 
and the integral of F(r, 0) would appear as (see E,T. p. 338) 

J F(r, 0)(rdrd0). 

124. Integrable Functions. The condition for the integra- 
bility of a bounded function follows at once from Darboux’s 
Theorem. 

Condition of Integrability. The condition that the hounded 
function F{x, y) should he integrahle over an area A is that, e 
being given {as usual) there should be a positive number ?/ such 
that 8 - s will be less than e when the diagonal of each mesh in 
the division of A for which 8 and s have been calculated is less 
than rj. Or, 8 -s must tend to zero when the diagonal of emh 
mesh tends to zero. 

It will be useful to state here another form of the definition 
of the double integral. If (f,., lyj is any point in the mesh a,., 
then nir ^ and therefore 

S ^ i ^ ^ j At — /S 

so that I F(x, y) dcr = Vs)Or (1) 

If the meshes are rectangular and (l^., r/,) any point in (h^k^) 
y){dxdy) = n,)KK- 

In each case the limit is taken for the number of meshes 
tending to infinity in such a way that the diagonal of each mesh 
tends to zero. 

The position of the point r]^) in the rectangle (h^k^) is 
arbitrary ; it is permissible therefore to choose so that the 
point chosen in each of the meshes contained between the lines 
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X and x — x^j^^ ahall have 4V a*s its abscinsa. The limit given 
by (2) cannot be affected by this choice. 

Of the functions that are integrable the first and most 
important class is that of continuous functions. 

I. If F(x, y) is a continuous function of x and y m A, then 
F(x, y) is integrable over A, 

The bounds and are values of F{x, y) since F[x^ y) is 
continuous in A. Further, by the property of uniform 
continuity, the number r} can be chosen so that {M^ - m,.) will 
be less than ejA for every value of r, and therefore 

S - s< (^r ) » that is, < e 

when the diagonal of each mesh is less than >/, and this is the 
condition for the integrability of F(x, y) over the field A. 

Cor. If F(x, y) — l, J {(Ixdy)^A. 

II. If F{x, y) is discontinuous in A, but if its discontinuities 
are either finite in number or else, if infinite in number, all lie 
on a finite number of curves then F(.r, y) is integrable over A. 

It must be remembered that F{x, y) is bounded and that 
every curve is supposed to be rectifiable. It will be sufficient 
to prove the theorem for the case (Fig. 6) in 
which F{x, y) is discontinuous at all points 
on the curve EF and on the part GFH of 
the bounding curve C, 

Draw curves abc and dej which will cut out 
the lines of discontinuity from the area A ; 
in the remaining parts, A^ and A^y of the area 
A the function F{x, y) is continuous. 

Now the curves abc and def may be drawn so close to EF 
and GFH that the area they cut out of A will be as small as 
we please, say less than £/4Jlf where M is the upper limit of 
F{x^ y) in A . (Since the curves are all rectifiable, this assump- 
tion is easy to prove, if it be not considered to be '' obvious.’^) 
The contribution to S -s from this area is therefore less than 
2M X (e/4Jf), that is, less than 

The curves abc and def, when chosen as stated, are to be kept 
fixed. In the areas and A^, F{x, y) is continuous and 
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therefore, as hi Theorem I, there is a division of and A 2 
such that the contribution to j8 from these areas is less 
than je. Therefore a division of the area A has been found 
for which S ~s<e and thus F{x, y) is integrable over A. (See 
Note, § 122.) 

If there were other lines of discontinuity the method of proof 
would be the same. 

Cor. If F{x, y) is integrable over A the values of F{x, y) 
may be arbitrarily changed at isolated points in ^ or at all 
points on a finite number of curves without changing the value 
of the integral, provided the new values of F{x, y) are finite. 
It would be sufficient to reckon these isolated points, or the 
curves, among the discontinuities of F{x, y) \ the function 
would still be integrable over A, and it is evident from the 
nature of the proof of integrability that the value of the integral 
would not be changed. 

125. General Theorems. The following theorems are sb 
simple that their formal proof may be left to the student. The 
functions F{x, y), F-^{x, y) and F 2 {x, y) are supposed to be 
integrable over an area 

I, J CF{x, y)(1a F{x, y)dG, C' — constant. 

n. \ F^(x, y)da±^ y)da. 

III. The product F^(x, y) F 2 (x, y) is integrable over A. 

IV. The quotient F-^{x, V) integrable over A if 

2/)l -4. 

V. When F(x, y) is integrable over A so is \ F{x, y) \ and 
j F(x, y)da j g £ \F{x, y) j da. 

VI. If the area A is divided into a finite number of partial 
areas A^, A 2 , , 

J F(x, y)da-¥^^F(x, y)da+... . 

VII. Mean Value Theorem. If F(x, y) is positive or zero in 
A then the integral of F{x, y) is positive or zero. Hence if 
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F{x, y)^ (p{x, y)yix, y) it way be deduced, as in §111, that if 
(p{x, y) > 0, and 

g y^{x, y) G, when {x, y) is in A , 

(i) fi'£ y)d<y S </'(••», y) V'k‘, y)d(^ > o ^(x, y)da ; 

(ii) (p{x, y) yj(x, y) da A'| ^ (p{x, y) da, g£K<G; 

(iii) if y>{x, y) is continuotis in A, 

y)V’(^> ?/)fZ(r=- yii, (f(x, y)da, (i, y) in A. 

Note. Ill the next article it is ])rov(‘(l that when the dis- 
continuities of F{x, y) are of a certain ty])e the double integral 
of F{x, y) can be exjDressed as a repeated integral. It will 
subsequent!}^ bo assumed that this restriction on F{x, y) is 
made, unless it is explicitly stated to })e removed. 


126. Reduction to Repeated Integrals. It will be assumed 
that, if the function F(;x, y) is not continuous, all its discon- 
tinuities lie on a finite number of 
curves none of which can be cut by 
a line parallel to either axis in more 
than a finite number of points ; with 
this restriction on the discontinuities 
the double integral of F{x, y) exists. 

This restriction is not necessary, but 
these admissible discontinuities in- 
clude a very wide range of functions. 

(See also § 127.) 

Consider first the case in which the 
field of integration is the rectangle A BE' A', or E, given by 
x = a, x~b, y = a', y — b' (Fig. 7); then by § 124, (2), 

I F{x, y)(dxdy) of (1) 

* m, n r, s 

where r takes the values 0, 1, 2... , (m-1) and s the values 
0, 1, 2, ... , (/I - 1) while m and ?i tend independently to infinity. 

First, let the numbers 7^,,, rn being kept constant, 

and consider the sum where 

S„A-^mr^y.)K (-’) 

«=0 
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is supposed to have the same value in every mesh that lies 
between and 

The function F{ir, y) is ^ bounded function of y in (a', b') 
and therefore when 7 i-><x> (and -0) it has upper and lower 
integrals, (p(^r) aiid yj{ir) where 



y)f^y^ 


V'(fr)"- I* y)(^y ('!) 


-But, by hypothesis, y) has at most a finite number of 

(finite) discontinuities and therefore cp{^^) y^i^r) so that 

jC (4) 

In (1) let rn now tend to infinity ; the limit exists since it is 
equal to the double integral. Hence 

{ F{x,y)i(lx(hj)- - £ [ ^^(:x)(^x (5) 

^ it m-^00 r-*') ‘^a 

so that f F{x,y){(lx (ly) ~ f dx f F(x, y)dy (0) 

J n Ja J a' 


Next, let rn tend* first to infinity, 1%, rj^ and being kept 
constant. As before, we find 

z' w - L rb 

X nr,V.)(i.r 

m '•oc ''a 

and f F{x, y){clx(1y) r f <Jy\ F(x, y)dx. (7) 

J n J a' J a 

The double integral is thus expressed in two different ways 
by repeated integrals and the repeated integrals are equal 
because each is equal to the double integral. 

As a corollary we have an extension of the conditions for 
the validity of changing the order of integration in a repeated 
integral with constant limits ; namely, if the discontinuities 
of F{x, y) in the rectangle R satisfy the restriction stated at the 
beginning of this article, change of order of integration is per- 
missible, that is, 

C ' rb cb rb' 

<iy F(x, y)dx=::\ dx F{x, y)dy. 

' Ja J a J a' 

Consider next the case in which the field of integration is 
the area A bounded by the curve C or EFGH (Fig. 7) ; it is 
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BUpposed for the present that C cannot be cut by a parallel 
to either axis in more than two points. This case can be 
reduced to that of the rectangle R given by x—a, rr==6, y ~ 
y==b'. 

Let Fi{x, y) = F(x, y) when the point (x, y) is on or inside C 
but F^{x, y) — 0 Avhen the point {x, y) is in R but not on or 
inside C. The lines AB, A'B' and AA\ BB' touch the curve C 
at E, G and H, F respectively. 

The equations of BEF and HOF may be taken to be 

y = MP = (p^(x) and y~MQ — (p 2 {x) 
respectively where a: = OJf ; a'—MP\ b'~-MQ\ 

r rb r '/V' 

Now I Fj^(Xj y)(dxdy)~ \ dx\ F-^(x, y)dy 

Jr J a J MR' 

since the investigation for the rectangle R remains valid 
provided the curve C is considered to be a curve of discontinuity 
for F^{x, y) ; the curve G satisfies the condition for a curve of 
discontinuity. But F^{x, y)—0 for all points of R that are 
outside the curve (7 so that 

f r rM<j' R i/Q 

I\(x, y)(dx dy) = F{x, y) (dxdy), F^ix, y)dy = F(x,y)dy 

J n J A J MV' J MV 

and 

r cb c<\>M 

Fix, y){dxdy) dx F(x, y)dy (8) 

J A J a J ffniar) 

In the sam(5 way it may be seen that if the equations of EHO 
and EFG are 

x^NR~y)i(y) and x — N8=^y)^{y) 
respectively where y~ON, we find 

f F(x, y){dxdy)^\ dy y)dx (9) 

J A J a' J ^lip) 

When the area A is bounded by a curve that may be cut by a 
line parallel to an axis in more points than two, it may be 
divided into a finite number of partial areas A-^, A 2 , ... bounded 
by curves ... each of which cannot be cut by a parallel 

to either axis in more than two points. The integral over A is 
the sum of the integrals over .4 .4 2 , , and the reduction to 
repeated integrals is made for each partial area. (See Fig. 11.) 

G.A.O. Y 
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Notation, It is usual, in view of the expression in terms 6f 
repeated integrals, to denote the double integral by the double 

symbol J|* and to omit the brackets round dxdy ; thus 

^^F{x,y)dxdy, ^^F(x,y)d-a. 

(See also E.T. § 136.) 

Kx. Integrate F(Xy y) over the area A bounded by the circle 
(x-n.)2+(4/ - /3)®=c*. 

The tangents to the circle parallel to the t^-axis are 
x~(x.~c—a and x^fjL+c~h. 

Tlie values of y for a given x are 

MF p ~ sj{c^ ~ {X - ol) 2} and MQ = p 4- - {x fx)^) 

where the root is positive. Hence 

n fa 1 c 

F(x, y)dxdy dx\ F{x, y)dij (i) 

and there is a similar form if integration is first made with respect to x. 

Frequently, however, it is preferable to use the polar element of area, 
rdrdO. In this case transfer the origin to (a, />) and then change to 
polar coordinates (r, 0) so that 

X '~<JL -f r cos 0, y — p+r sin 0. 

The limits of 0 are 0 and 27i and of r are 0 and c ; therefore if 0) 
is the value of F{x, y) in terms of r and 0. 

/-(( F,(^r,0)rdrd0^[\drr 0)dQ, 

JJ.j .’o -0 

Since the limits are constants tlie order of integration is easily 
changed. 

It will be a good exercise to work out the value of the integral by 
both methods when 

F{x, y) ^x^y^sJic^ ~ (a; - (lY -(y - pY}, 
and to verify that the value is the same for both. It should bo noted 

that [2rr 

(A sin2^0 cos 0 f B cos^^^O sin d)dd 
Jo 

is zero when m and n are positive integers or zero ; much needless 
labour is saved by attending to a simple matter like this. 

126a. Another Proof. Let S and s be the upper and lower 
sums given by equation (1) of § 124 for the function F{x, y), 
the field of integration being the rectangle R ; the upper 
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integral L and the lower integral I of i\x, y) over R exist and 
satisfy the inequalities 

1^8 (1) 

The only restriction on F(x, y) is that it is single-valued and 
bounded in the rectangle R. 

It will be first proved that 

{ dx{ F{x,y)dy^L, ^ dx? F(x,y)dy^l (2) 

J a J a' J a J 

A little consideration will show that the various steps in the 
proof that involve upper and lower integrals are legitimate. 

Darboux’s Theorem, § 122, shows that, given s as usual, it 
is possible to choose d so that when the diagonal of each mesh 
is less than d we shall have 


LS8:=:"^Mr,sKK<L-¥E (3) 

r , » 

If X is fixed, say x — ^^ where x^^ function 

F{^f, y) of y has an upper integral, (p{ir) say, and 

h\ir,y)dy^'Z Mr, >K 

•’a' s 

Again, (p{x) is a function of x which has an upper integral 
over (a, b) and, if Mr is the upper bound of (p{x) in (Xr, Xr+i) 


f (p(x)dx ^ 2 M,hr g S Mr, S Kk, <L+S. 

a r r^s 

But € is arbitrarily small and therefore 

rfO fb' 

<p(x)dx —\dx\ F(x, y)dy ^ L. 

J a J a' 


Let it be noted that the inequalities for the lower integral 
corresponding to those in (3) for the upper integral are 

I — S S = Utrt 8 ^ 

r, s 

and it may be proved in the same way that 


1: 


; f da; j F(x, y)dy. 
J tt J a* 


Thus the relations (2) are established. 

Suppose now that F{Xy y) has a double integral over R ; 
in this case L ~ I and the repeated integrals in (2) will therefore 
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also be equal to each other and to the double integral of F{x, y). 
Hence if 


and therefore 
we have 


f Fix, y)dy = f F(x, y)dy. 
J a' J a' 

= f F(z, ij)dy, 

a' 


-( 4 ) 


f F{x, y){dxdy) ={dx{ F{x, y)dy= \ dx{ F(x, y)dy. 
J li J a J n' Ja J a' 


that is, 


f F(x, y)(dxdy) = f dxf F(x, y)dy. 

J A* J a J a' 


.(5) 


If, however, the two integrals in (4) are not equal the 
repeated integral 

\dx\ F{x, y)dy (6) 

is equal to the integral of F{x, y) over R whether the upper or 
the lower integral with respect to y be taken ; equation (5) 
will therefore hold even in this case provided (5) is interpreted 

by (6)- 

A similar investigation shows that equation (5) holds when 
the order of integration is changed. The general theorem 
when the field of integration is not a rectangle is dealt with 
as before. 

Nofe. The student should, before reading the following 
articles, work through the Examples 1-6 of § 130. 


127 . Conditions for Repeated Integrals. There is one exten- 
sion of the conditions prescribed in Article 126 that may 
be noticed. If one of the curves of discontinuity were a 
straight line parallel to a coordinate axis the double integral 
would still exist but there is a peculiarity as shown by the 
following simple example. 

Ex. For the rectangle R given by a; = l, 2/=0, y~\y let 

F(x, y) — 1 except when a; = J, and let F(|, y)~ + \ for irrational valuey 
of y but y)— - 1 for rational values of y. 

From the rectangle R cut out the rectangle given by 

y=^0, t/ = l, 
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where e and t' are positive and arbitrarily small, and let i?' be the area 
that is left. The double integral of F{Xf y) over 2?' is (1 - e - e') so that 
the integral over R is, by definition, equal to unity. 

Again 

( F(x, y)(dx dy) ~ 1 da;! 1 . dy +1 d.x\ 1 d?y — 1 - e - e' 

‘ Jo Jo ' Ji-j-«' Jo 

J F{x, y)(dxdy) “ | dyj 1 djr t j %j \dx~\ -e - F 
and therefore wlien e and t' tend to zero we find in this ease 
IJ F{x, y)dxdy~^ dx\^ F{x, y)dy=^ di/| F{x, y)dx. 

.1 

The point to be noted is that I F{x, y)dy does not exist for the value 

Jo 

J of a’ ; if J{x) denote this integral /(x) is discontinuous for x - When 
X - J the upper integral of F(x, 2/) is +1, the lower integral is - 1 and 
their difference measures the discontinuity oi f(x) when x~^. 

In general, if the lines x=Ciy x — C 2 y ^ are lines of 

discontinuity, and if f(x) is given by 

fix) = [ Fix, y)dy, 

J a' 

f{x) will be discontinuous at Cj, Cg, (see §119, Ex. 2, 

interchanging x and y), but f(x) will still be integrable since 
the number of discontinuities is finite. A similar remark holds 
when there is a finite number of lines of discontinuity parallel 
to the ic-axis. 

It may be stated that one of the repeated integrals may exist 
or even that both may exist and be equal and yet the double 
integral not exist. (See Hobson’s Functions of a Beal Variable, 
1st Ed. p. 428.) The existence of one or of both of the repeated 
integrals is no warrant for assuming the existence of the double 
integral. 

128. Volume. Area of a Curved Surface. The equation of 
a surface, the axes of coordinates being rectangular, is in general 
of the form cp(x, y, z)~0, and a line parallel to the z-axis may 
meet the surface in more points than one ; a part of the surface 
which is met by a line parallel to the 2 -axis in not more than 
one point will be represented by an equation of the form 
z ^ F{x, y) where F{x, y) is single-valued and continuous. 
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Suppose now that F{x, y) is single-valued, continuous and 
positive (or at least not negative) when the point (x, y) is in 
an area A bounded by a closed curve C and lying in the plane 
2: =: 0. A cylinder which has the curve C as its section by the 
plane 2; = 0 and its generators parallel to the 2;-axis will intersect 
the surface z ~ F{x, y) in a curve C' of which C is the projection 
on the xy plane ; let V be the volume that is intercepted by the 
cylinder between its base A and the portion of the surface 
bounded by the curve 6". The measure of the volume V will 
now be defined. 

Let the volume V be divided by two sets of planes parallel 
to the yz and zx planes respectively into elementary volumes 
that may be called columns ; the area A will at the same time 
be divided into meshes that are, except possibly near the 
boundary, rectangular. If a is a typical mesh and if F(x^, 
and F{x2, 2/2) least and greatest values of F{x, y) when 

{x, y) is a point in a, the column which has o for base will lie 
between two cuboids (that is, rectangular parallelepipeds) 
which have as their measure the products F{x-^ yy)o and 
Fix^y ^2)^- Hence the volume F will lie between two sets of 
cuboids whose measures are S and s where 

S:=:Y.F(x^,y^)a, s^:^ F(x^,y^)a, 
and the summation extends over all the meshes of A. 

Now F{Xy y) is continuous in A and therefore 8 and s have 
a common limit when the number of meshes tends to infinity 
and at the same time the diagonal of each mesh tends to zero ; 
this limit is the double integral of F{x, y) over A and is taken 
as the definition of the measure of the volume V or, when the 
measure of the volume is obviously meant, simply the definition 
of F. Hence 

F=:f F{x,y)da=\\ F{x,y)dxdy (1) 

J A J J A 

Further, since the integral is independent of the shape of the 
meshes so long as the diagonal of each mesh tends to zero, the 
element of area da is itself arbitrary in shape. 

Again, if there are two surfaces or two parts of the same 
surface that are each met by a line parallel to the z-axis in only 
one point, their equations will be of the form z ™ F{x, y) and 
z =- F^{Xy y)y so that if F^(x, y) is greater than or equal to F(x, y) 
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the volume intercepted by the cylinder between the surfaces 
will be 


f F^(x, y)da - f F{x, y)da^--- f [F^ix, y) - F{x, y)]da. 

J A J A J A 

The form of the result shows that the formula holds even 

when F{x, y) is negative as would be the case, for example, 
if the surface were the sphere -\ ~ and 

F-^{x, y) ~ {a^ -x^ - y^)- and F{Xy y) — - (a^ - x^ - y^)^- 
If the curve C is EFGH, Fig. 7, p. 317, then 

F =\ dx\ F(x, y)dy . dy F{x, y)dx. 

J a J J//’ J a' J yii 

When C may be cut by a line j^arallel to an axis in more points 
than two, it may be divided into a finite number of curves each 
of which will be cut by a line parallel to an axis in not more than 
two points and the volume would be given by the sum of the 
integrals over the partial areas. 


Ex, 1. The voliiino intercepted between the plane x 1 / —a and 
the paraboloid 2nz — i- is given by the integral 

J I { (o - X - 2 /) - — I dx dy = 4na^ 

whore A is the area bounded by the circle z~0, x^ +?/“ ■'r2a{x +?/) =2rt“. 

Here Fi(x, y)~a-x-y and F{x, y) 4 2 /^)/ 2 a and these surfaces 
intersect in a curve whose projection on the xy plane is the circle. For 
the evaluation of the integral see § 130, Ex. 6. 


Area of a Curved Surface. If S is the part of the surface 
- ~ F(x, y) that lies within the curve C" it is natural to assume 
that it has an “ area,’’ but as the surface is not in general a 
plane surface some definition is needed of the measure of such 
an area. This definition will now be given. 

If jP = dzjdx — dFjdx and q = dzjdy ~ dFJdy, and if y is the acute 
angle between the 2 :-axis and the normal to the surface at 

cos y = \{ 2 }- + q^+ 1 )"”^ I ; 

hence, if p and q are continuous, and therefore finite, when the 
point (a;, y, 0) is in the area A, the normal will not be parallel 
to the xy plane and therefore no tangent plane at an}^ point of 
8 will be perpendicular to that plane. It is assumed that p 
and q are continuous. 
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The column (in the previous construction) which has the 
mesh a for its base will cut the tangent plane at any point 

P{x, y, z) of the surface 
that is inside the column 
in a quadrilateral 
(Fig. 8). The area, a' 
say, of this quadrilateral 
is O' secy because a is the 
projection of a' on the xy 
plane. The sum of all 
the quadrilaterals for the 
meshes of A is 

Ssec 7. + l)cr. 

Now J -]- \) is a 
continuous function of x 
and y and therefore when the number of meshes tends to infinity, 
the diagonal of each mesh tending at the same time to zero, 
this sum has a limit, namely the integral 

I' l)da. 

This integral is defined to be the measure of the surface S or, 
as before, the definition of S when it is the measure that is 
clearly meant. Hence 



111 the next article it is shown that this measure of the area 
is independent of any particular choice of the coordinate axes. 
See also Exercises XVI, 33. 

From equation (2) it follows that dS = da sec 7, so that, if 
dS is the measure of a small area of the surface at P, 





cos 7 = 1. 


Hence, in finding dS we may substitute a' for dS — that is, we 
may suppose the area dS to be the quadrilateral that lies 

in the tangent plane at P and the arcs that bound the area dS 
to be the sides of the quadrilateral. When o' is a rectangle c' 
may be taken to be a parallelogram of which 0 is the projection ; 
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the area o may, however, be of any shape, as was noted in 
dealing with the integral (1). 

If the surface is a cylinder, y ~f{x), it is obvious that dS =dzds 
where ds is an element of the curve, z — 0, y ~f{x). 

Ex. 2 . Apply the integral (2) to prove that HA, B, C are the points 
in which the plane ^ 1 

cuts the coordinate axes the area of the triangle A BC is 

|s/(6%2 , 

Here p “ eja, 7 ™ ~ cjb, and therefore 

dx dy y taken over the triangle OAB 

— |<sy(6V‘* -f cW 

The integral thus gives the usual value, so that the two methods of 
measuring the area agree in this case. 

Ex. 3. Th(? area of the surface of the paraboloid az —x^ ~\-y^ that lies 
between the planes ;r =0 and 2: --a is \n{bsj6 - l)a^. 

The projection on the xy plane of the cnirve in which the plane z^a 
cuts tlio paraboloid is the circle (A ) given by 2: - 0 , + y’^ ; therefore 

Now transform to polar coordinates. (See also § 129, Ex. 5.) 

129. Curves on a Surface. Element of Surface. Let the 

coordinates x, y, z of a point P in space, the axes being rect- 
angular, be defined by the equations 

x=:r:f{Uy v) , y - g(u, v), z--^h{u, v) (1) 

w here /, g, h and their first derivatives with respect to u and v 
are single -valued, continuous functions when u and v vary 
independently within some given range. If the Jacobian 

ig not zero n and v can be expressed as continuous 

d{Uy v) 

functions of x and y and, when these functions are substituted 
for It and v in h(u, v), an equation, z — F{Xy y) say, is obtained 
so that the equations (1) define a surface. It will be assumed 
for the present that the above Jacobian is not zero. 

When V is constant, say v ~Vq, and u varies, the equations (1) 
define a curve, C(vq) say, which lies on the surface and, similarly,, 
when u is constant, and v varies, they define another 

curve C{Uq) on the surface ; the values and Vq determine a 
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point Pq on the surface which may be called “ the point Vq) ” 
— that is, the point on the surface in which the curves G{u^y) 
and C{Vq), that is, u=Uq and v = Vq, intersect.* 

The direction cosines of the tangent at the point {u, v) to the 
curve C{v), that is, z;=:constant, are, by § 115, Cor. 3, pro- 
portional to the derivatives /tt, and those of the tangent 

to the curve C{u) are proportional to the derivatives g^, 
so that, by the usual formulae of three dimensional coordinate 
geometry, if Z, m, 7i are the direction cosines of the normal to 
the surface at (u, ?;), 

I _ m _ n ± 1 

Ji “e /2 "**^3 ~ P 2 ) 

where 

\ QtJ^V ~~ Vi ^^ufv Vi ■ ju9 V ' ' Oufv \ /,y\ 

=Jl + 9 I ■ /../f -I 0 -- ft +</i I- hi) 

If 0 is the angle betweeji the tangents at (?^, to G{u) and 

^,{EO). cos O^F, J(EG).smO^J{EG-F^-) (3) 

and it is easy to prove that at the point (w, v) 

(A\ 

dx e/jj ’ dy e /3 ^ ^ 

Again, an equation between u and v will define a curve 
G which lies on the surface. If P is a point (x, y, z) or (u, v) 
which lies on G and if s is the length of the arc AP, measured 
from any fixed point A on (7, then (§ 115, Cor. 1 ) 

ds^—dx^ -\-dy^ -{-dz^. 

Now dx — J^du -rf t,dv, dy ™ g^du -\-gyiv, dz — h^dn ^-h^dv, 
and therefore ds^ — E du^ + 2 P du dv + 0 dv^ (5) 

If and ^2 are the lengths of the arcs of G{v) and G(u) then 
dv=^0 for G{v) and du=--0 for G{u) so that 


ds^ ~ JE du, ds^ == JG dv 


( 6 ) 


where JE and JG are to be taken as positive. The direction 
cosines of the tangent to G{v) are dxjds^, dyjds^, dzjds^ ; but 


dx 

ds^ 




* See Bell’s Coordinate Geometry of Three Dimenaiom (2nd Ed.), pp. 348-352, 

with the rciferences in the Footnote on p. 352. 
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with similar expressions for the direction cosines of the tangent 
to C(u), so that as before J{EO) cos Q = F, 

Suppose now that the curvilinear quadrilateral in Fig. 8 is 
that which is determined by the curves C{u), C{v), C(u -\-du), 
C(v +dv) ; the quadrilateral in tangent plane may, 

as has been seen in § 128 , be substituted for dS and considered 
as a parallelogram with sides ds^ and ds2, so that the element of 
area dS is given by 

dS —ds^ds^ sin 6 ^J{EO)dudv^\n 6 ^J{EO - F^)du dv ...( 7 ) 

where J{EO - F^) is positive. The area S is given by the 
integral 

S=^^^J{EG-F^)dudv (8) 

Suppose next that the Jacobian J3 or {Ju^v “ 9 ufv) is identically 
zero. The functions f{u, v) and g{Uy v) are therefore not 
independent so that / and or x and y, arc connected by a 
relation, (p{x, y )~0 say. In this case the surface is a cylinder 
with generators parallel to the 2:-axis ; it may be given in 
general by the equations 

y= 9 ii'f^)y z = h(u, v), 

where and are functions of u alone. 

Here F — 0 =hl. If we take simply z = v then F = 0 

and 0 = 1. 

If a second Jacobian, say, were also zero so that an 
equation y){y, z )=0 would hold in addition to (p{x, y)~ 0 y the 
equations (1) would represent a curve and not a surface. 

Change of axes. If the coordinate axes are changed to 
another set of rectangular axes with a new origin (a, 6, c), the 
usual equations of transformation give, f being the new 
coordinates, 

a;=a y =6 -f ^ 2 ^ +•••> +... . 

The known relations between the direction-cosines • • • , ^3 give 
ds^—dx^ ^dy^ +dz^=:di^ -^drj^ 

so that the values of E, F, 0 are not changed and therefore the 
value of S, given by the integral (8), is not changed. Thus 
the measure of the area is independent of the coordinate axes, 
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as it should be. The functions E, F, 0 are independent of any 
particular choice of coordinate axes, so that the value given by 
(8) depends solely on the surface. 

Change of 'parameters. If the parameters u, v are changed 
to Vj by the transformation 

u = vj, V = y>{Ui, v,), 

and if j&\, 0^ are the new values of E, F, O, it is not hard to 

show that - F\) =J{EO -F^).\J\, 

and therefore (by § 134, Problem I), 

\l^(EO - F^)dudv=jl^(E,G, - F\)du,dv^. 

Hence 8 is independent of the particular parametei:s u, v, as 
well as of any particular set of coordinate axes. 

Ex. 1. The curves C{u) and C(v) are orthogonal if F =0. 

For cos d —0 and therefore 0 - 7r/2 when F ~ 0 . In this case dS takes 
the simple form sJ(EG) dudv. 

Ex. 2. For a sphere of radius B we may put 

x = B sin 6 cos cp, y — R sin 6 sin q), z = R cos B 
and dS -- R^ sin 0 dO dq? 

Here 0, q> take the place of u, v and 

E=R^ F=:0, G^R^sin^O ; s/(EG) ^-R^ sin 0. 

Ex. 3. For a surface of revolution about the ;s-axis we may put 
x—uQQsv, y^usmv, z — F(u) 
and dS -\-[F'(u)Y}ududv. 

Ex. 4. If the curve given by the polar equation r—f{d) makes a 
complete revolution about the initial line 

dS =s/{[f {6)]^ sin Odd dtp. 

Here we may take 

X =f{6) cos 0, y ^f(B) sin B cos q>, z ~f(B) sin 0 sin (p. 

Ex. 5. For the paraboloid of § 128, Example 3, we may put 
x—uco&v, y^usinv, z=u^la 
^ = (4w2+a2)/a2, F=:0, G=:uK 

S = !(V5-1|«-. 


and 

Then 
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A>. i\. If ^ so that tho aurface is a piano sur'facc, siiow tliat the 
area eiiclo«ed by a piano curve C is given by 

llllfef!!''”*- 

In this case EQ - - 1 \\ See § 1 34, Pro)>lem I, Cor. 


130. Worked Examples. Some examples will now be worked 
out to illustrate certain .elements in the evaluation of double 
integrals. 

When a double integral is given the first consideration is to 
determine the field of integration, and the student is strongly 
recommended to sketch, roughly it may be, the area over 
which the integration extends. There is no necessity for a 
detailed drawing, but the essential elements of the figure 
should be noted. 

A\r. 1. Evaluate \^xydxdyy the field being the positive quadrant 
(that is, the quadrant in which both x and y are positive) of the circle 

A figure shows at on(X) that the integral is 


.•tt i-vCa* x^) :a , 
dx\ xydy~ \ xdx' 
.'o lo vO 


~ jp ax{a^ - 
ydy--- * 

0 . 0 



Ex. 2. Evaluate || ydxdy over the part of the plane bounded by the 

line y ~x and tlie parabola y - 

The line and the })arabola intersect at the points (0, 0) and (3, 3); 
the field of integration is that segment of the parabola that lies above 
the line, and if the ordinate MP at the point P{x, y) on the parabola 
meets the line at Q the limits for the integration with respect to y are 
MQ =x and MP~4x~x^ while the limits for the r-integration are 
0 and 3. Thus 




Ex. 3. Integrate (ir^ -\-y^) over the circle -i-y^ — a^. 

In this case rectangular coordinates are laborious and it is simpler to 
suppose that the area is divided by tho use of polar coordinates r, Q. 
The element of area is then {E.T. p. 338) rdrdO and the integrand is ; 
the angle 6 will vary from 0 to 2;r and r from 0 to a. The integral is 

therefore [ rMr . 

Jo ^ Jo ^ 


Ex, 4. Integrate F(x, y) over the positive quadrant of the ellipse 
x^la^ +y^lb^ “ 1 . 
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This example is taken to illustrate the method of changing 
the variables of integration in a double integral ; at each stage 
the diagram should be drawn. The integral is 

y)dy, 

Jo Jo 

Now let y :=brjy dy — hdtj. The limits for t] are 0 and r^j - x^)y 

so that 


“rfa: y)dy=b[‘‘dx (” 

.0 Jo Jo Jo 


F(Xy b7j)drj. 


Let the order of integration be changed. The limit is an ordinate 
(in the first quadrant) of the ellipse ahj^ - When the order of 
integration is changed the limits for x will be x — 0 and x ~Xi ~as/{ 1 - r}^) 
while the limits for will be // = 0 and rj — 1. Thus the integral becomes 

n . 


1 J.I 

b dtj F{Xy by]) dr}. 
n n 


Tf now x~a^y dx—ad$ and the limits for i are 0 and - rf) 

HU that the integral becomes 

ab [ di] by])d^y =^(1 

Jo Jo 

The field of integration is now the positive quadrant of the circle 
— I, This transformation is often useful, as in the next example. 

Ex. 5. Evaluatej j integration 

being the positive quadrant of the ellipse x^la^ -vy^fb'^ — 1. 

Integral =a6|| d^di] over pos. quad, of circle H- yf — 1 

nf 71 1 \ , 

To evaluate the integral in use polar coordinates ; the integral 
becomes, if the factor ab be omitted, 

1 x/(l -r®)rdr r2 ^ aw o , « 


0 V( !+»•“) Jo "“211 

Ex. 6. Evaluate jj{2a* - 2o{x + 2 /) - (x® + 1 /*)} (/ajdi/, the field of inte- 

gration being the circle x^ -f y* + 2a(x +2/) =2a^. 

Transfer to (-a, -a) as origin by putting y-\a~r]; the 

integral becomes 


jjo 


(4a2 ~ - r}^)d$d7] over the circle +ry^ =4a*. 

Now change to poi«,r coordinates"; the result is 
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Ex. 7. The volume common the sphere ~a^ and the 

cylinder + y^ —ay is J (Stt - 4)a*. 

Tlie volume required is double the volume that lies above the plane 
2—0 and is therefore if z — s/(a^ -x^ 

2^\^zdxdy, taken over the circle -f?/^ —ay. 

Transform to polar coordinates and inte^’ato over half the circle, 
that is from 6 = 0 to 0 — 7r/2 ; the volume is therefore 

2x2 d0\ r^)r dr — 5(3.^ - 4)tt®. 

Jo Jo 

Ex. 8. The volume common to the surfaces y- -\ z^ -~4ax and 
;r2 ■] y^ -.:2nx is lC^7i + 8)a^. 

The volume is given by the integral 

r“« (Vi 

4 dx\ ,^l{4ax-y^)dy, y^=sl(^cix ~ x^). 

Jo Jo 

Now, X is constant when integration is made with respect to y ; we 
may change from y to 0 w'here -“\/(4aj?) . sin 0 and then tlie intogi’al 
bec'omes 



If for X is put 2a cos the result comes at once. 

The fact that one of the variables is constant when integration is 
made with respect to the other should not be forgotten when change of 
oiic of the variables is being made. 

Ex. 9. When the integrand is the product of a function q)(x) of x 
alone and a function v’(.v) U alone and the limits a, 6 for the ;r- integra- 
tion and a', b' for the 2 / -integration are constant, show that 

C <p{x)dx^ X y^{y)dyy 

The following examples refer to the change in the order of 
integration ; a diagram of the field of integration is useful, and 


the student should make one, however rough. 

dx (■" F(x, y)dy=rr.[^ dy P F(x, y)dx (i) 

}a }a jet }y 

dx F(x, y)dy - dy (*' F{x, y)dx (ii) 

a j .<■ j ii J (I 


Ex. 10. 
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The field incase (i) is the triangle ADC (Fig. 9), and in case (ii) the 
triangle ACD; AD, BC are the lines x x - 6 and AB, DC the lir^es 
y =a, y ~h while AC is x =y. 



Taking the triangle ABC as the area of integration we have 
r* Cx (h r*vv rA'.v 

1 dx \ F{x\ y)dy -=\ dx F(x, y)dy — \ dy F{x, y)dx 

ja )a ' .'a .Mr ' ' U. ‘ } xk 

I*” (ly f F{x, y)dx. 

'y 

The other equation is proved in the same way. The special easels in 
which a “0 are frequently re(|uired and are sometimes called Dirichlet's 
Formulae, 


Ex. 11, Prove that if n~- 0 

f dy {y ~x)”f(x)dx - Uf* ({, - x)’'+^f{x)dx. 

}a 'a u + l.'rt. 


Apply (ii) of Example 10 ; thus the double integral is equal to 
(b 


dx 


f (y - x)”f{x)dy r-. !''/(*) , dx T = I* 

}x a L u -I- 1 J.r a all 


ra ra - ;r ra ra - y 

Ex. 12. Prove \ dx\ F(x,y)dy — \ dy\ F'ix, y)dx. 

0 'o * -O ' 0 

The field is the triangle bounded by ir =0, y ~ 0 and x + y ~a. 


Ex. 13. Prove that 



Sa-x Ca C2'd(ay) r3a (M~y 

F{x, y)dy = \dy\ F(x, y)dx i- dy\ F(x, y)dx. 
iEl .'0 .0 .a .0 

4a 


(Todhunter, Int. Cal. p. 212.) 


The field is the area bounded by the straight lines a; — 0, y -~Za ~x 
and the parabola y~x^j4a. The parabola and the line y—Za-x 
intersect at A (2a, a) and the field is the area OAB where OB— 3a. 
the lines MN, CA^ PQ are parallel to the x-axis and OC —a (Fig. 10). 
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In this case the area OAB must be divided into the partial arenas 
OAC and CAB ; the arc OA and the line AB give MN —2^/(ay) when 



DM ~y and PQ ~3a - y wiien OP ~-y. The double integral becomes, 
when the .r- integration is taken first 

ror ,M/,\ 'Oil rru 

dy \ F{x, y)dx dy \ F{x, y)dx 

• 0 -0 

ftt [2\/{ay) ;3a fSa y 

— dy \ F{x, y)dx + \ dy \ F{x, y)dx. 

.'0 .'o .0 

Ex. 14. Show that if 0< a< 6 

[h ( -r fa Cb fb fb 

y)^y '-"\„i^y Ls-^(^' y )*^ ^ y)dx. 

.« 'a }y 

r by 

The field is the sector bounded by the hyperbola xy—cP and the 
straight lines y -x and x — b ; it must be divided into two partial areas 
as in Example 13. 

131. Green’s Theorem. Let F{x, y) and G{x, y) be two * 
single-valued functions of x and y which, with the partial 
derivatives dFjdy and dOjdx, are continuous when the point 
{x, y) is inside or on the boundary C of an area A. Green’s 
Theorem gives the following relation between a double integral 
over A and a curvilinear integral along C 

<‘l 

where the integral along C is taken in the positive direction.* 

* The relation (1) is a particular case of Green’s general Theorem for 
expressing an integral taken through a volume by an integral over the surface 
that bounds the volume. See § 138, 

G.A.C. 


z 
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Suppose first that no straight line parallel to either axis can 
cut C in more than two points and take the notation of Fig. 7, 
p. 317 ; then ^ 

II dy^ ^^dx=^ 0{NS, y)dy-^ 0(NR, y)dy “ 

where NS NR~y>^{y), Hence 

11 y)dy=^Ody (2) 

Again, 

where MQ ™ and MP ~ q>x{x) ; therefore 

\\^J,d^ dy f F(X, y) dx ~ [ F{x, y)dx=r-{ F dx (3) 

J J A "y J nUF j ilKF j C 

From (2) and (3) equation (1) follows. The particular cases 
(2) and (3) should be noted. It is obvious that the curve C 
may consist in whole or in part of rectilinear segments ; for 
example, C might consist of the arc FOH and the segments 
HA, AB, BF. Along AB, y is constant and the contribution 
to the integral (2) from AB is zero ; similarly the contributions 
to the integral (3) from HA and BF are zero. 

Next, if C can be cut by a 
line parallel to an axis in more 
than two points, as in Fig. 11, 
(a), the area may bo divided, 
by the lines PQ, RS, TU into 
partial areas whose boundaries 
satisfy the condition first im- 
posed on C, The double integral 
over the whole area is the sum 
of the double integrals over the 
partial areas, while the curvilin- 
ear integrals along the auxiliary 
lines cancel since along each line 
the integral is taken twice in 
opposite directions. TThe area 
might be the ring-shaped region between two closed curves 
(Fig. 11, m 


u 
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Ex. 1. If dGjdx dFjdy for every point (!r, y) in A and if a, and ^ are 
any two points in A, prove that the integral 

( (Fdx-\ ady) 
hfi 

has the same value for every path from cl to fi, provided the path lies 
in A. 

Let (Lyp and a. <5/5 be any two curves joining cl and p that lie in A and 
have no points in common except ol and p. Green’s Theorem holds 
for the area A' bounded by the curve ocypScL (or C') ; but the double 
integral over A' is zero since dOjdx = dFjdy at every point in A' and 
therefore the integral along C' is zero. Now 

1 ( Fdx + O dy) ( {Fdx + O dy) - I ( Fdx dy) 

so that the two curvilinear integrals are equal. 

Ex. 2. If the curvilinear integral in Ex. 1 is independent of the 
path (lP when cl and p are any two points in A and the path lies in .4, 
show that dOjdx — dFjdy for every point (x, y) in A. 

If .1 ' is th(i area bounded by any closed curve C' that lies in A then 

I ( Fdx + Gdy ) ~ 0, so that j | ^ ^ ^ dx dy -- 0. 

Now if the continuous function (0^, - Fy) is not zero at P, any point 
in Ay there is a region A' surrounding P in which - Fy) has the same 
sign as at P and the integral over A' could not be zero. 

Ex. 3 . If dOjdx — dFjdy for every point (Xy y) in A then Fdx 
is a complete differential (E.T. § 94). 

Let P(f, ry) be any point in A. It is always possible to choose 
another point M(a, 6) in ^ so that the path MNPy where N is the point 
(I, 6), lies in A. Let/(|, rj) be defined by the equation 


Now 
so that 
Also 


/(I, ^/)=1 (Fdx +Gdy) + const., 


V.V/* 

4 


F{Xy b)dx + G(^y y)dy + const. 
a. .b 


u 

3/. 


=m b) + 


?Miy) 

.b 


dy==F(^,b) + 


fi dF(S, y) 


dy 


dy. 


F(i, b) + F(i, y) - f’(|, b) = F(^, ri). 


Hence F{i, +0(f, r])dt) +|/d»? =d/(f, tj), 

or, X and y being put for f and jj respectively, 

F{x, y)dx +a(x, y)dy =df(x, y). 
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EXERCISES XV. 

1 . The volume common to the cylinders 

p.2 4 yi . ^2 4^2 

and the surface of one cylinder that lies inside the other is Sa*. 

2. A sphere of radius a is pierced by a circular cylinder of radius 

b{b< q), the axis of the cylinder passing through the centre of the 
sphere. Prove that tlie volume of the sphere that lies inside the 
cylinder is - (a^ -b^)‘} and that the surface of the sphere inside 

the cylinder is 47ra(a - (a^ ~b^Y). 

3. The sphere -\-y^ +z‘^ ~a^ is pierced by the cylinder — ay ; 

the area of the spherical surface inside the cylinder is 2(n ~ 2)a^. 

4. An arc AB of a circle of radius r subtends the angle 6 at the centre 
O of the circle ; show that the volume of the sector of the sphere 
formed by the revolution about OA of the sector OAB of the circle is 

~ I - cos 0). 

Deduce the expression (E.T. p. 346) for the polar element of volume 
of a surhice of revolution about the initial line, 

5. One loop of the curve r^cos^ 0 ^a^cos 20 makes a complete 
revolution about the initial line ; the volume of the solid generated is 
\7i{l0 - Zn)a^. 

6. The area of the surface of the sphere’a;^ +2/2 4 2-2 _ j that lies inside 
the cylinder 2x2(.r2 +2/^) — ^x^ -y^) is 

271 - 4V2 . (V3 log ( V3 4 V2) - 2 log ( 1 + V^)} . 

7. The volume and the surface of that part of the cylinder 

x^ja^ 4 z^jc^ — I, 

which lies between the planes y - 0 and y —nix {in >0) are Jma2c and 
rna^ 1 2 4 - - - log ^ | respectively . 

8. ABC is a spherical triangle and the angle ABC is n 12 ; if the radius 
of the sphere is unity, show that the area of the triangle ABC is 
A + (7 -In where A and C are the numbers of radians in the angles 
BAC and BCA. 


9. The sphere x^ ^y^ +z^ is pierced by the cylinder 
(x^ 4-y^Y -y^) i 

prove that the volume of the sphere inside the cylinder is 


3V4' 3 3 

and that the area of the spherical surface inside the cylinder is 


8(1+1 -^2)0*. 
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10. The part of the volume of a sphere of radius a that lies inside a 
right circular cone of semi- vertical angle cl whose vertex is on the sphere 
and whose axis is a diameter of the sphere is J:^(l - cos^rx.)a®. 

11. O is the centre of the ellipse x^ja^ — I and P, Q are two 

points on the ellipse whose eccentric angles are a, (ol< /?) respectively. 
A cylinder with OPQ as base and with generators parallel to the s-axis 
intersects the paraboloid x^ja -hy^lb ~2z ; prove that the area of the 
surface of the paraboloid inside the cylinder is 

J(2v/2-l)(/5-a)a6. 


12. The area of the paraboloid x^/a +y^lb ~2z inside the cylinder 

x^jcP -^y^jb^ is H^{(1 - l}(ib. 

13. * The area of the surface of the sphere +;?y“ 4 2^ ™ 2cs, c . - 0, 
inside the cone ~x'^ tan^a. ^y^ tan^/^ is 4 jtc^cos ol cos/i. 

Take the coordinates x ~c sin 6 cos (p, y — c sin 6 sin 99, z — c +c cos 0 ; 
the element of spherical surface is sin OdO dq> and the values of 0 and cp 
at the intersection of sphere and cone are connected by the equation 
( 1 -f cos 0 ) = ( 1 - cos 0 )( cos^ (p tan^ a. 4- sin- (p tan^ /i ), 


■2»r f2ir 

( 1 “ COS 0)d(p —C^ 

•’0 


r2ir 

A 1 -t" 


2 dq) 


.! Q i 4- COS® (p tan® rx, 4 - sin ® 9? tan® /j 
14, If in Example 13 the cone is replaced by the paraboloid 


, etc. 


az =:=a:®tan®rx. 4- 2/® tan®/? 


the area is 27iac cot a cot p. 

15. The area of the surface az—xy that lies inside the cylinder 
(:r® +2/^)® — 2a^xy is ^,(20 - 871)0®. 


16. 11 p is the peipendicular from the centre of the ellipsoid 
a;®/a® 4-2/®/6® -¥z^lc^ = 1, o® > 5® > c®, 


on the tangent plane at the point P{Xy y, z) and dS the element of area 
at the point, prove that, p being positive, 


(i) I pdS =47tabc ; 


(ii) J 

the integration being in both cases over the whole surface. 

Deduce from (i) the volume of the ellipsoid. 

17. The surface of the ellipsoid of Example 16 is given by the integral 



62 -c® 

b* 




dxdy. 


the integration being over the ellipse a;®/o® -hy^jb^ = 1. 

Evaluate the integral for the spheroids given by (i) 6-0, (li) c ~b 
{E.T, p. 310). See also Examples 21, 22. 


* Examples 13 and 14 are modified forms of examples given by SchlOmilch, 
Vhungfibnch, ii* pp. 281, 282. 
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IB. The coordinates of the point (x, y, z) on the ellipsoid of Example 
16 are given as 

tr =cr. sin 0 cos 97 , y =6 sin 0 sin 9 ?, z=cco9 6; 
show that dS may be expressed in the form 

dS = sin *0 cos^g? + c*a® sin *0 siii^g? + cos* 0 } - sin 0 dO d(p, 

and that the whole area of the surface is obtained by integrating with 
respect to 0 and qj from 0 to jr and from 0 to 2n respectively. 

Evaluate for the cases h~a and c = 6 . 

19. If r, 0, 99 are the spherical polar coordinates of a point P on a 
surface and y the acute angle between the radius vector OP and the 
normal to the surface at P, prove that the element of surface may be 
expressed by the equation 

dS = secy sin 0 d 0 d 99 . 

[Let dS' be the element of surface of a sphere with centre at the 
origin 0 and unit radius, and let a cone with 0 as vertex and d*V' as 
base cut the given surface in the element dS ; then dS cosy =r^dS' 
so that 

dS = sec ydS' =r* secy sin 0d0 ^ 99 .] 

20. Find, by applying the form of dS given in Example 19, the total 
area of the surface given by the equation 

(x^ + 2 /* + 2 *)^ = aV +h^y^ 

and show that it is equal to the total surface of an ellipsoid whoso 
semi-axes are 6 c/a, cajb and abjc respectively. 

21 . In the notation of Example 16, if 0 is the angle between the normal 
at P and the 2 -axis, cos 0 =pzlc ^ ; show that if 0 is constant P lies on 
the curve C in which the surface 

cos® 0 (a;®/a* + 2 /^/ 6 * 4-z*/c*) —z^lc* 

intersects the ellipsoid. Suppose 2 > 0 and 0 0 < nl2 ; let S bo the 

area of the surface bounded by C (and containing the point ( 0 , 0 , c) ) 
and a the area bounded by the projection C' of C on the piano 2 — 0 . 
Show that the surface dS lying between the curves C and that 
correspond to the values 0 and 0 +d 0 is equal to da secO where da is 
the area between the projections O' and G[ of O and O^ and that 

a = 7i(ib(\ -cos®0)/V{(l -ej cos*0)(l -c| cos®0)} 
where ef = (a® - c^)ja^ and e| = ( 6 * - c^)lb^, 

[Obviously the equation of O' is 

( 1 - ef cos® 0 )^ -f ( 1 - e| cos® 0 )|j =: 1 - oo 8 * 0 , 
and the expression for a is the area of this ellipse. ] 
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22, The area 6' within the curve O (Ex. 21) in given by the integral 

cv_ f ^ (‘o‘8inO(/0 

^ “ Joos0~"cos0 ) cos^ O 

the initial value of 0 being zero. 

[To evaluate the integral, let 

Cl cos 0 — sin (ff ell el - • k^< I, 77 ™ sin’“^ei when d —^0 


then it may be shown tliat Slnab is equal to 


^(1 ~e\)sl{\ -ei) 


[(] --ef ) - CgCos^T?] sin ^ 
6iCOS7?iv/(l -Psin^T^jr 



C«m dtp 

.^( 1 - ifc^isinV) 


Hi 

s/(l - Psin*7?) (^7?. 


The transformation is somewhat laborious, but it forms a good 
exercise. The whole area of the surface is found by putting 77 =0 and 
doubling the result.] 


23. Apply the method of Example 22 to Example 12. 
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iMULTIPLE INTEGRALS. SURFACE INTEGRALS 

132. Multiple Integrals. Suppose that a single-valued, 
bounded function F(x, y, z) of three independent variables is 
defined for all points {x, y, z) in a volume F, the surface of the 
volume being included in the region of definition ; the volume 
may be, for example, a tetrahedron or a cuboid (that is, a 
rectangular parallelepiped), or an ellipsoid. 

If the volume be divided in any way into n elementary 
volumes and if M, m and 31 are the upper 

and lower bounds respectively of F(x, y, z) in V and i\ we 
may form the sums 

n n 

S = S = '^mrV, ( 1 ) 

r=l r-l 

as was done for functions of one and two variables ; as before, 
S and 6* will be called the upper and lower sums for the function 
F{x, y, z) and the particular division , v^] of F. After 

the discussion of the corresponding sums for the cases of 
functions of one and two variables there pan be no difficulty 
in establishing similar conclusions for this case, and we will 
therefore simply state, without further proof, the fundamental 
results and then give the definitions of the integrals. 

It is assumed as before that all curves are rectifiable and 
that all plane areas bounded by curves are quadrable ; the 
measure of a volume is defined in § 128. 

By the diagonal dj. of an element of volume is meant 
the upper limit of the distance between two points on the 
surface that bounds the element ; clearly When 

the element will tend to zero in all its dimensions. 

The sum S has a lower limit L and the sum s an upper limit I 
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to which they tend when 7 i tends to infinity in such a way that 
the diagonal of each element of volume tends to zero. 

The limits. L and I are called the upper and lower triple 
integrals respectively of F{x, y, z) over the volume (or region, 
or field) F, and are denoted by the symbols 


= \ y, ^ = 1 ^, y,'^)dv ( 2 ) 

When L—l the common limit of 8 and s is called the triple 
integral of Fix, y, z) over the volume V and is denoted by the 

symbol .'...(3) 


The symbol dv represents the elementary volume and is 
called, with reference to the integral, “ the element of volume.” 

The mode of dividing V into elementary volumes is arbitrary, 
so long as the elementary volume tends to zero in all its 
dimensions when its diagonal tends to zero. If F were a 
cuboid given by the equations x=^a-^, x~b-^, = 

z=^b^, the intervals {di, b^), (a2> ^2) (%> ^3) iiiight be 

divided into m, n and p sub-intervals respectively and planes 
drawn through the points of division parallel to the coordinate 
planes. The typical elementary volume would then be 
(KkJt) where A, = - a;,, K^y,+i-y,. lt==Zt+,-Zt, the 

numbers being representative numbers in the intervals 

(ttj, 61), (ttg, b^), (ug, 63). If (fr, Ct) is any point in the 
elementary volume the triple integral over F would be 

defined as the limit of the sum 


r = 0, 1, 2, ... , (m- 1) 

D ^ = 2 ,..., ( 71 - 1 ) ( 4 ) 

^-0, 1, 2, ...,(p-l) 

when m, n and p tend to infinity in such a way that the diagonal 
sj{hl + k\ + lfj of each elementary volume tends to zero. The 
corresponding notation for the triple integral would be 


J F{x;y,z){dxdydz) or E F{x, y, z){dxdydz) ( 5 ) 


the element of volume being now (dx dy dz). The three symbols 

J of integration become appropriate when the evaluation of 

the triple integral is made by three repeated integrations ; it 
is usual then to omit the brackets round dx dy dz. 
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Integrable Functions, The condition that F{x, y, z) should 
be integrable over V is found as before ; L will be equal to I if 
there is a division of V for which /S' - 5 is less than e (see § 122, 
Note), or if 8-s tends to zero when the diagonal of each 
elementary volume tends to zero. 

If F{x, y, z) is continuous in V it may be shown as before, 
by using the property of uniform continuity, that F{x, y, z) 
is integrable over V. If F{x^ y, z) is discontinuous in V it will 
be integrable over T if its discontinuities arc finite in number 
or if, when infinite in number, they all lie on a finite number 
of surfaces, which can therefore be enclosed in a finite number 
of volumes whose total volume can be made arbitrarily small. 

The reduction to repeated integrals is effected by the same 
method as in § 126. Take the case given by (4) for the cuboid. 
In the sum keep all the numbers except those that refer to the 
division of b^) constant and let be the sum 

t 


when p—>co this sum tends to a limit, ;/,) say, where 

F{$,,rj,,z,az, 

because F{^^, 7]^, z) is either continuous or has only a finite 
number of discontinuities. The sum 
treated in the same way and we find 


ill F(x,y,z)dxdydz=\\jx [“dy [^F{x,y,z)dz, 

J J J v J (ti J Ui J 


The order in which m, n, p are made to tend to infinity 
makes no difference to the value of the triple integral and 
therefore the six repeated integrals, of which that in equation 
(6) is one, are all equal ; in other words the order of integration, 
when the limits are all constants, is indifferent, just as for the 
case of two variables. The repeated integrals will exist even 
though there be a finite number of planes of discontinuity 
parallel to the coordinate axes though the separate integrals 
may not exist (see § 127). 

If F is not a cuboid the reduction to repeated integrals may 
be effected in the same way as for a double integral by enclosing 
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F in a cuboid and taking F^{x, y, z) ~ F{x, y, z) for points in 
V, but F^{x, y, z)—0 for points in the cuboid that are not in F. 
(See § 126.) See also E,T. pp. 338, 339. 

If F(x, y, z, w) is defined for a four-dimensional region iJ, 
say for the points (x, y, z, w) where 

a^'^z^b^ and 

the quadruple integral 

J F{x, y, 2 ;, w){dx dy dz dw) 

would be defined as the common limit of sums S and s where 

r=l j-=l 

and Mr, are the upper and lower limits of the function 
F{x, y, z, w) in the elementary region W^, and the integral 
would be reducible to four repeated integrals 

r cbi rb 2 r&> cb, 

F{x,y,z,w)dxdydzdw=\ dx \ dy \ dz \ F{x, y, z,w)du\ 

J It fli v* fta *' «3 •' «4 

In the same way quintuple, sextuple, , 7^-ple integrals may 
be defined. 


Ex, 1. 


throughout the volume bounded by the 


dx dy dz 
(x +y + If 

pianos 07 =0, 2 / =0, 2 ; — 0, a; +1/ +3 = 1. 

See Fig. 78 (E.T. p. 339) and let OA ~OB ~OG ~ 1. The integral is 

dz 


1 cl-x c\ X ~y 

dx \ dy\ 

0 0 0 




Ex. 2. If + 2 /® 4 2 * =r*, calculate the integral of ;•* wlien the field of 
integration is the volume inside the sphere a;* 4 - 2 /* + 2 * = a*. 

In this case it is most convenient to take the polar element of volume 
f* sin 0 drddd(p (E.T. p. 346). The integral is 

f a CiT c2v 4-7T 

^ r*dr sin 0 d(p aK 

Examples 6-14 (E.T. pp. 348, 349) furnish easy cases of double and 
triple integrals. 


133. Change of Variables. The method will first be con- 
sidered for special cases that will illustrate the general process 
and emphasize important details. 

The first point that must be grasped is that in the case of a 
double integral, for example, when the variables x and y are 
changed to u and v by the substitutions x~f{u, v), y-g(u, v) 
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and u is to take the place of x and v the place of y, the change 
from y to V is made on the supposition that x is constant ; the 
variable u may be supposed to be eliminated between the 
equations x—f{u,v)yy^g{u,v) so as to give an equation 
y:=q){x, v). li u is not eliminated the relation between dy 
and dv would be obtained by differentiating the equations 
x~f, y~g, treating x as constant and eliminating du from 
the equations 

0 — ^ du + dy^^du + dv. 

du dv ^ 


~^du 
du dv 


Next when v has taken the place of y the order of integration 
must be changed ; the value of dx is then obtained from the 
equation between x, u and v, the variable v being now treated 
as a constant. 

Care must be taken to assign the limits of the new integrals 
properly, and in any given example the use of a diagram is 
strongly recommended. 


Ex. 1. Transform the integral/ da: I /’(a:, 3 /)d 2 / by the substitutions 
X + y ~u, X ~uv. ® 

We can at once express y in terms of x and u and since the first 
integration is with respect to y we replace y by u ; thus we find 

( a ra ra :a 

dx\ F{Xy u ~x)du = 1 da^ F^{x, u)du (i) 

0 Jx JQ Jx 

where /'i(a:, u) is the value of F(x, y) in terms of x and u. 

The next step is to change the order of integration ; we get 

I = [du[ i^i(a:, u) dx (ii) 

-^0 Jo 

Finally from the equation x=uv we have dx =udv and the limits for v 
are 0 and 1 so that 


/ ” I dtt I Fi{uv, u)udv =\du \ F^iu^ v)udv 

, Jo Jo Jo Jo 

where F^iUy v) is the value of F(a:, y) in terms of u and v. 

The integral has therefore been expressed as an integral with constant 
limits. 


Ex. 2. By means of the substitution in Example 1, show that 

( dx f x^~^y^~^(l ~x -y)^~^dy~\ ■~u)^~^du ( ~t;)"“^dv 

-'o 'o Jo 

where m, n, p are each not less than unity (so that the integrand may 
be bounded). Prove that the value of the integral is 
r(m) r(n) r(p)lT(m + n -f p). 
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Ex. 3 . Transform the integral 1 dx \ dy \ F{x, y, z)dz by 

■0 0 'o 

the substitution x -^y ■\-z^Uy x + y —uv, x ~uvw. 

First, let z —u - x ~y and change from z to u \ then 

( a ^a-x Ca 

dx \ dy \ Ej^(Xf y, u)dUf (i) 

•0 0 

where F^ix, y, u) is the value of F{x, y, z) in terms of x^ y, u. 

The next step is to change the order of integration. The integral 


dy F^(x, y, u)du 

• 0 • l/ + .r 

is taken over the triangle bounded by 3/ = 0 , u—a^ u—y+x (a; constant) ; 
a diagram will show at once that the limits for y are 0 and u ~ x and for 
u are x and a. Hence 

( a frt Tu J* I'a fa 

dx I du //, u)dy ~\ dx <p{x, u)dUf say 

where ^ ^ / 

(p(x, ?/) = ! Fiix, y, u)dy. 

0 

The change of order in this value of I is given by Ex. 10 , § 130 , so that 
fa fw Cu-x 

/ ^1 du\ dx\ Fi{Xj y, u)dy (ii) 

0 *0 -0 

Now take the equation y =uv - x ; keep u and x in (ii) constant and 
then dy =:udv so that we find 

/ = ( du[ do; ( F^ix, r, u)udv (hi) 

Jo Jo J5 

u 

where ^2(^7, v, u) is the value of F(x, y, s) in terms of x, ti, v. 

Again, the order of integration with respect to x and v has to be 
changed ; by Ex. 10, § 130 , slightly modified, the integral becomes 
ra rl ruv 


( a rl 'Mr 

du dv F^iXf ^7, u)udx 

. n . n 


Finally, let x = uvw and then dx ^-uvduK so that 


ra rl rl 

= du dv F^{w^ V, u)u^vdw (v) 


where F^(w, v, u) is the value of F(x, 2/, z) in terms of it, v, w. 
The new integral has constant limits. 


Ex. 4 . In Example 3 let 

a = 1 and F(x, y, z) 1 -x - y - zY~^ 

where m, n, p, r are each not less than unity so that F(x, y, z) may be 
bounded ; then prove that the value of the integral is 

r(m)r(n)r(p)r(r)/r(m + n + p + r). 
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Ex, 5. Prove that the integral 

r 1 rl - ;ri r 1 ~ a'l - .r* rl - - Xi 

c?:r 2 dxA E{x^, x^, X 4 _)dx^ 

•'o -0 <'o *0 

can be expressed as a quadruple integral with the limits 0 and 1 for 
each of the new variables. Extend the result to an n-ple integral. 

ra cx 

Ex, 6. If / = do? F(x, y)dy and ic(l +u) =v, y —xu, prove that 
^'o -'o 

rl ra(l-fu) ^ 

whore E 2 (^^, v) is the value of F{x, y) in terms of w, v. 

Hero the equation y ~xii at once suggests that ti should take the place 
of y and then we find 

ra rl rl ra 

I — 1 dx\ F{Xy rr du\ F{x, xu)xdx. 

•■0 ‘‘o -O -0 

The change of order is easy since the limits are constants. We 
then take the equation x{l +u)—v ; since u is constant for the ar-inte- 
gration — (1 ^uy^dv and the result comes at once. 


Another method may be adopted for integrals of the type of 
Examples 3 and 4 ; we take a -=l and transform the integral 
in Example 3. 


Ex, 7. First, let s = (1 -x -y)( ; therefore 

( Ax, y, Z)dz =(i -a: -^)( y, (I -x-y)0dC 
•0 -'o 

= (1 -a; - y)(p{x, y), say, 
because the integral is a function of x and y alone. 

Next, let 2/ — ( 1 - x)rj so that 1 - x -y ^{l -:r)(l -rj) ; then 

rl - :r rl 

(1 -y)<p{x, y)dy=-.{l -x)H (1 -r})(p[Xy (1 ~x)r}],drj 

•0 ^ .'o 

where <f[x, (1 F[x, (1 -x)tj, (1 -a;)(l -ry)f]df. 

•'o 

Lastly, lot x — i, for symmetry, and we find that the given integral 
becomes 

j\l -INfjh (1 -f),,. (1 -f)(l 

= ('f [V[f, (1 -|)r/, (1 -f)(l -r,)ai -mi -n)didr,d(. 

The transformation is given by 


The method obviously applies to Example (4) and the general integral 
of the same type. Note that 


y, Z) 
3(f, () 


= (l-f)»(l-»,). 
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134. General Method. In tlie method of the preceding 
article the new variables are introduced in succession, and when 
the first new variable has been introduced a change in the 
order of integration is necessary before the second new variable 
can be brought in. In the general method that will now be 
explained the same procedure will be adopted, but no attempt 
will be made to specify the limits of the individual integrals 
either before or after the transformation has been made. The 
equations that connect the old variables x, y, with the 
new u, le, ... will transform the old field of integration into 
a new field, and when the integral over the given field has been 
transformed into one over the new field the actual specification 
of the limits of the integral in both forms of it is left for deter- 
mination in each particular case. The following observations 
may be useful. ^ 

Let I be the integral of F{x, y, z) over a region A and suppose 
that it is expressed as a repeated integral, say 


Ch nM c 
.^\dx\ dy\ 


C'Pzix, y) 

F{x, y, z)dz. 

^ V) 


The integral will be said to be in standards form if the upper 
limit of each of the repeated integrals is algebraically greater 
than the lower limit. The student might write down the 
values of the functions ^ region bounded by 

a simple surface (such as an ellipsoid) which is cut in not more 
than two points by a line parallel to any coordinate axis ; 
there is no real limitation in supposing that the region can 
always be divided into partial regions that satisfy this condition 
and the integral over the whole region is the sum of the 
integrals over the partial regions. In any particular case this 
division is usually made (see, for example, § 130, Examples 13, 
14). 

It will be assumed that every integral is expressed in standard 
form and that the change of order of integration can be effected 
though the actual limits of the integrals will not be specified. 
The importance of the assumption of the standard form will 
be seen in the discussion of Problem I. 

Again it will be assumed that the old variables are expressed 
in terms of the new by functions which are not only continuous 
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but have continuous partial derivatives of the first and second 
orders and that the correspondence is “ one-to-one ” — that is, 
that to each point, (x, y, z) say, within and not on the boundary 
of the old region there corresponds one and only one point, 
(u, V, w) say, within and not on the boundary of the new region 
into which the old region is transformed by the equations of 
transformation. 

Problem /. Two variables. The field is a region A and the 
integral is I where 

/ — F{x, y) dx dy do: F{x, y) dy : j' dy |* F{x, y) dx. 

Let the transformation be given by the equations 

x=::f{u, v), y=-g{u, v) ( 1 ) 

and let J be the Jacobian 


J _ J ( g) __ 



Vuy Vv 


If J is not zero and does not change sign the correspondence 
is one-to-one (§ 56, Theorem III, Ex.). 

(i) Substitute for y in terms of v. In this operation x is 
constant and u may be considered to be a parameter ; theoreti- 
cally u might be eliminated between equations (1) and y 
expressed as a function of x and v but, though this elimination 
is sometimes useful, it is in general impracticable. Of course, 
if X is constant and v varies, u must also vary, but this variation 
is taken into account in finding dy. Take the differentials of the 
functions in equations (1) ; then 


0 =fudu dy = gju 4 g^dv 


and therefore, solving for dy, 


dv. 


Now the integral 1 is in standard form and therefore the 
upper limit, i/g say, of the «/-integral is algebraically greater 
than the lower limit y^ and dy is positive ; let the values of v 
given by the transformation be when those of y are 

Vv J /2 respectively. 

If J'Ifu is positive v will increase when y increases and there- 
fore V 2 >Vi- On the other hand, if J is negative v will decrease 



C:HANGE ()1^^ variables 


351 


§ 134 ] 

as y increases and therefore V2<v^ ; the upper limit of the 
«;-integral when in standard form will now be and this 
interchange of the limits is made by changing the sign of the 
t;-integral, or the sign of the integrand, so that {J If u)dv becomes 
( -Jlfu)dv. In both cases therefore 



Ju 


1= 



i\{x, v) 


\J 

\Tu 


dv 


where v)=F{x, y) — that is, F^{x,v) is the value of 

F{x, y) in terms of x and v. 

In general, therefore, however many variables of each set 
there may be, when the transformation gives dy~cp. dv, where 
9? is a function of v and other variables, the form to be sub- 
stituted for dy is not </’ dv but \(p\dv. This form will now be 
used, without further remark, in all cases. 

(ii) The next step is to change the order of integration, and 
this change is assumed to be made so that 

I ^dv v) 

(iii) Finally, substitute for x in terms of u, keeping v constant; 
then — I /y I du so that 

I ^^dv^F^iu, v) \ J\dudv 

where F^iu, v) — F(;x, y), 

If/„ were identically zero the above process would fail because 
of the value it gives for dy. But in this case f^ cannot be 
identically zero because, if it were, J would be zero and x 
would be constant. Consequently we can begin by substituting 
for y in terms of u. We may, however, begin by substituting 
for X in terms of v and then dx—\f^\dv, and the integral 
becomes 

/=J dy^ F^(y, v)\f^\dv=^ rfv J F^{y, v)\f,,\dy. 



Next, dy -- \gu\du so that 

/ = j'fiv J F^(u,v)\fJ\\g^\du=z^^ F^{u, v)\J\dudv, 
the same value as before^ because |Jj “ 
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Cor. The element of area dA in terms of the coordinates 
u, V is fJA = \J\dudv, 

as may be seen by supposing F(x, y)~l. 


Ex. 1. If X ~r cos 0, y=r sin 0 then |t/| = r so that 

1 1 F{x, y)dxdy~\^ 0)rdrd6, F^(r, 6)~F{x, y). 

Tliis example shows that J may be zero at isolated points, provided 
it does not change sign. 


Ex. 2. If X y —brjf a > 0. b > 0, then J — ab > 0 so that 

\\ F{x, y)dxdy~ab i])d^ dr]. 

If the field A is the ellipse x^la^ +y^!b^ — I the field A' is the circle 
4 r]^ ~i ; if the field A is a sector of the ellipse the field A ' is the 
corresponding sector of the circle. 

Problem II. Three variables. Let the transformation be 
x=f{u, V, w), y~ g(u, v, w), z = h(u, v, w) (2) 

The Jacobian «/ — must be different from zero and 

d{v, V. w) 

always of the same sign ; the correspondence will xioji be 
one-to-one. 

The work may be carried out in this case with less fulness 
of detail. 

(i) Substitute for 2 in terms of w. The differential dz is found 
by taking the differentials in equations (2), x and y being 
constant ; then 


0 du f- . . . , 0 -g^duA , dz~h^duA dv 4- dtt\ 

so that, if J, 4 0, (Iz - 'I <lw. ./, = . 

Hence 

1 -=| dx I" dy J F^(x, ij, w) 

(ii) Change the order of integration and substitute for y in 
terms of v ; dy is found from the equations x ~ f and y~g, when 
X and w are kept constant. Hence 

0 =/y du 4-/^ dv, dy ~ du a g^ dv. 


dw, F^{x, y, w)^F(x, y, z). 
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(iii) Change the order of integration and substitute for x 
in terms of u ; then dx ~ du and 

1 ~ dv j* F.^{u, i\ JJ j* t\{n, iv)\J \dti dv d w 

where F^{u, v, w) is the value of F{x, y, z) in terms of u, v, w. 

If Jg is identically zero there must be at least one of the first 
minors of J, say d{g, h)jd{v, w), that is not identically zero, 
otherwise J would be zero. The differential dx, when y and z 
are constant, is given by (J jJ^du where is the above minor; 
begin therefore by substituting for x in terms of u. Tn all 
cases the form of the resultant integral is the same. 

Cor. The element of volume dV in terms of the coordinates 

u, V, w is 

d V “ I »/ I du dv dw, 

as may be seen by supposing F(x, y, z) - 1. See also Exercises 
XVI, 34. ' 

Ex. 3. If O' ~r sin 0 cos fp, y - r sin 0 sin q), z—r cos 0 then J — sin 6 
and 

. Ill F{x, y, z)dxdydz =||| F^(r, 0, 99 ) sin 0drd0dq\ 

See remark on Ex. J. 

Ex. 4. If :r y — by, 2 — cf, a > 0, b > 0 , 0 > 0 , J — abc 

and 1 1 1 F(x, y, z)dx dy dz —abc ||| E(a|, by, c() d^ dy df. 

(Compare Ex. 2.) 

Problem, III. Implicit Functions. If the old and the new 
variables are connected by equations of the form 

(p(x,y,z,u,v, w) .=rA), y}{x, ... ,w) --=0, ;^(.r, ... , t/;) :^0, 
express the Jacobian J by means of the relation, § 55, (3), 

x) J x3 . J 

d{u, v,w)' ^ ^ d{x, y, z) 

The transformed value of the integral may therefore be 
expressed by using the solution in Problem II, when x, y, z 
have been determined as functions of u, v, w ; this is possible 
since obviously the Jacobians are supposed to be different 
from zero. 

Problem IV. n variables. If there are n variables 
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Xj, coniiocted with the new variables y^, by 

the equations 

^T^-f riVl, Vi, ••• . Vn), 2 , ... , n, 

the solution will obviously be 


IJ-J F(x^, x^, ... , x„)dx^dx2, ... dx„^- IJ-J Fi\J\dyidy 2 , ...dy„ 

where F^ is the value of Xg, ... ,x„) in terms of y^, y^, ... ,y„ 

j d(x„x„ ...,x„) 


If the variables are given as in Problerji III by equations of 
the form 

, . . , .Vi, 0, r = 1 , 2, . . . , w, 

proceed as in Problem III. 


Ex. 5 . If the variables x, y, z are changed to ?/, ( by a properly 
chosen orthogonal transformation, show that 


[/^{nrir -I- hy + cz) dx dy dz — [||p(A;^) d^ dtj d( 


.( 1 ) 


where!; =1 (a® 4' 6^ -I- c^)^! and the region of integration in each ease is a 
sphere of radius unity with centre at the origin of coordinates. 

The new and the old variables are comiected (Bell, Coordinate 
Geometry of Three Dimensions, Chap. IV) by equations of the form 
£ r.-d^x 4- ni-^y 4- n^z, y == l^r 4- m^y + n^z, f == l^x*-h m^y 4- n^z 
where ~x^ y^ 4- z^ 

and the coefficients Zj, ... , satisfy certain conditions — the conditions 
of orthogonality. (See Bell, lx.. Equations (A), (B), (C), (D) of § 53, 
2nd Ed.) 

Now let a —kl^,h- hm^, C"kn^; this choice is possible provided 
k!^ — a2 ^52 ^^2 ^ taken to be positive. 

Again, 


V. 0 
d{x, y, z) 


h. 

mi. 

n 


m2. 

n. 

^3» 

m3. 

n.. 


-4_i 

r;, 0‘ 


Since | J| =^1 and ax -hby +cz = k^ the equation (1) follows at once 
and the region of integration in the new integral is the sphere given 
by -^y^ 

The theorem may obviously be extended to the case of n variables 
a?i, X2t ... 9 when the transformation to the new variables Ij, ... 
is orthogonal — that is, when the coefficients of the transformation satisfy 
equations corresponding to the equations (A) ... (D) mentioned above 
BO that . +arj + ... +x^ =ff +f| + ... +f^». 
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The function ,,, +a^x^) would become F(k^^) where 

h is I (aj +a| 4* . .. +a2ji 1 ; the Jacobian | J | == 1 and the new variables 
are such that 0 ~ + ... 1, it being imderstood that the 
old variables are such that 0 ^ a;f + + . . . + a:® — 1 . 

THe student should work some of the earlier examples in 
Exercises XVI before reading further in the text. 

135. Surface Integrals. On a surface given by the equation 
(p{x, y, z)=0 let there be a portion Sy bounded by a closed 
curve C, which is such that it cannot be cut by any line parallel 
to the coordinate axes in more than one point ; the relation 
between the coordinates of any point on S may therefore be 
expressed in any one of the forms 

y) (i) 

where /, </, h are single -valued, continuous functions of their 
variables. 

Let C^y Cg, be the projections of G on the coordinate 
planes of yZy zXy xy resjiectively and the areas enclosed 

by these curves. 

If F(x, y, z) is single-valued and continuous when (Xy y, z) is 
any point in S the function depends only on two variables 
because one of them may be eliminated by using the equations 

(1) . Suppose that z is eliminated so that i^(x, y, z) becomes 
F{Xy y, h(Xy y)} or F^iXy y). The area in the xy plane is the 
projection of S and the definition is now made : 

Definition, The double integral of F^(Xy y) over S^y that is, 

^^^F^{x,y)dxdy, {2) 

is a surface integral of F{Xy y, z) over the surface 8. 

Similar definitions hold when the variables x or y are elimi- 
nated and the double integral is taken over 8^ in the plane of yz 
or over 8^ in the plane of zx so that there are three types of 
surface integrals when x, y, z are the variables. 

If ly rtiy n are the direction cosines of the normal to the 
surface 8 at (x, y, z)y and if the element d8 projects into the 
element dxdy then, if n is positive, dxdy=^nd8 and the integral 

(2) may be written 

^YF{x,y,z)ndS ■, .'...(3) 

but questions of sign arise when n is negative and the relations 
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between the forms ( 2 ) and (3) must be investigated. In some 
of the most important applications the double integral ( 2 ) has 
to be transformed into a curvilinear integral round and the 
relation between the positive directions of integration along C 
and along needs elucidation. The following example illus- 
trates the nature of the diflSculties (or ambiguities) that occur. 

Suppose that the partial derivatives Fy and are continuous 
when (x, y, z) is any point on S \ by Green’s Theorem (§ 131, 

^ (4) 

provided the curvilinear integral is taken in the positive 
direction round Cg. 

Now dF^{x, y) _ dF{x, y, z) dF(x, y, z) dz 
dy ” dy dz By 

since x is constant. The value of Bzjdy may be obtained 
from the equation of the surface 8, namely, z^li{x, y) or its 
equivalent (p{x, y, z)~0 ; thus, 

^ + or - ^-= - 

By Bz By By 99 . n' 


because the direction cosines of the normal are proportional 
to 99 .*,, (py, (fg respectively. Hence 




3F{x, y, z) BF(x, y, z) \ dx dy 


- n 




Bz By 

But, by the definition of a curvilinear integral, 

F(x,y,z)dx, 

J C;, J C 

and da: ^ 2 /= projection of dS =ndS, if n is positive ; therefore 


(5) 




.( 6 ) 


The proof of the equation ( 6 ) is, however, unsatisfactory; 
equation (4) assumes that the direction of integration along 
Cg is positive, and we have no guarantee whatever that when 
(x, y, z) moves along C the projection of the point on the xy 
plane moves along Cg in the positive direction. Further, if 
n were negative, the sign of the double integral in ( 6 ) would 
apparently need to be changed. The whole matter therefore 
must be considered more carefully. 
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136. Surface ; positive and negative Sides. A small area a, 
bounded by a curve y, is taken on a surface given by the 
equation y, z)~i) and y' are the projections of cr, y 
on a coordinate plane, say the plane of xy. 

Take any point P in a and let NPN' (Fig. 12) be the normal 
to the surface at P. The “ half-lines ” PN and PN' are drawn 
in opposite directions from the surface a ; one of these direc- 
tions, say that of PN , is chosen as the positive direction of the 
normal at P, and PN may be 
called the positive normal, PN' 
the negative normal. That side 
of the surface a which faces the 
positive direction of the normal 
at P will be called the positive 
side (or face) of the surface a, 
the other side of a which facies 
the direction PN' being the negative side of the surface. If 
a surface is closed — the surface of a sphere, for example — 
the area a on the side chosen as positive may be supposed to 
spread out till it covers the whole surface and the whole of that 
side will be positive ; it is not possible to pass from the positive 
to the negative side without penetrating the surface. If the 
surface is not closed, such as a spherical cap, it has a bounding 
edge and it is not possible to pass from one side to the other 
without crossing the edge. 

The coordinate planes have also two sides. The direction 
of the positive normal to a coordinate plane is the positive 
direction of the coordinate axis that is perpendicular to the 
plane, and the positive side of the plane is that which faces in 
this direction. 

Convention as to sign. The positive direction along the 
curve y, that bounds the area u, is that which is determined by 
the right-handed screw relation ; when the screw advances in 
the direction PN it twists in the positive direction of rotation 
round PN (the arrows in the diagram show the relation). This 
convention agrees with that already adopted for plane curves. 
Further, the area a is always assumed to lie on the positive 
side of the surface and to be positive — that is, measured by a 
positive number. 
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Now suppose that o cannot be cut by a line parallel to the 
s-axis in more than one point and that n, where n is the cosine 
of the angle between the positive direction of the z-axis and the 
positive direction of the normal at any point P in a, does not 
change sign as P varies in a so that it is in general either always 
positive or always negative. 

The area a' which is the projection of o on the xy plane will 
always be assumed to lie on the positive side of the plane. If 
Q' is the point on y' which is the projection of the point Q on y, 
it will now be shown that when Q describes y in the positive 
direction Q' will describe y' in the positive or in the negative 
direction according as n is positive or negative. 

A small area at any point P on a projects into an area 
on the xy plane whose measure is (approximately) na-^ and is 
therefore positive or negative according as n is positive or 
negative ; this relation holds for the complete area cr' since 
n does not change sign. Now \g'\ is given by the double 
integral 

JJ dxdy, taken over the area bounded by y\ 

When the double integral is transformed into a curvilinear 
integral round y' the number that measures the area a' will 
be positive or negative according as the direction of integration 
is positive or negative ; in other words, Q' describes y' in the 
positive or in the negative direction according as n is positive 
or negative. 

The same considerations apply when the projection is made 
on the other coordinate planes, the projections of the area o 
being always supposed to lie on the positive side of a coordinate 
plane. The change from one coordinate plane to another is 
made by the symmetrical change of x^ y, z ; to petss from the 
xy to the yz plane, put y for x and z for y, etc. 

137. Stokes’s Theorem. Consider equations (4), (5) and (6) 
of § 135. If n is positive no change is needed ; when the 
direction of integration round C is positive, as it is always 
assumed to be, so is that round Cg. If, however, n is negative, 
Q' passes round Cg in the negative direction. But in Green’s 
Theorem the direction round must be positive, and therefore 
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in equation (4) the sign of the curvilinear integral must be 
changed so that the equation becomes 

- 1 

where now the integration round is in the positive direction. 
We thus find in this case 

[ y) --- [£ d^dy ( 4 ’ ) 

The equation (5) thus becomes 


^ y)dx^ - 


dF{;x, y, z) dF(x, y, z) 


dz dy 

Now, however, dxdy^ - ridS so that we get 


[ />•. y, z)dx=j^ 


■ dF dF 
dz dy. 


which is the same equation as before. 

Suppose now that G(x, y, z) and H(x, y, z) are single-valued 
and continuous and have continuous partial derivatives 
Gy, and Hy,, Hy when {x, y, z) is any point on S ; it may be 
proved in the same way, or it may be deduced by symmetry 
from equation ( 6 ), that 


J 0(x,y, z)dy 
I H{x,y,z)dz=\^y 


■ dG jdG\ 

n / 

dx dz/ 

(7) 

'dH dH\,^ 

(«) 


and therefore, by addition of (0), (7), ( 8 ), 


ff {,{dH dG\ (dF dH\ (dO dFW 

“JJ.v{ W dz)'^'*‘\dz dxJ'^'^Vdx dy)^^^' 

Equation (9) is Stokes’s Theorem for transforming a curvi- 
linear integral round ^ curve C into a surface integral over a 
surface on which C lies. 


j (Fdx-i-Gdy + Hdz) 

G\ (dF dH\ (dG dF\} 


In equation (9) the surface <p{x, y, z) —0 appears only through 
the numbers Z, m , n which are the direction cosines of a normal 
to (p — 0; any other surface therefore which satisfied the 
conditions to which 97 = 0 has been subjected might be taken 
as that on which the curve 0 lies. 
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It has been assumed that the surface is not met by any line 
parallel to the coordinate axes in more than one point ; but 
this condition is obviously unnecessary if the surface can be 
dividend into a finite number of partial surfaces each of which 
satisfies the condition just stated. The curvilinear integrals 
along any curve that is introduced would, as in the case of 
Green’s Theorem, § 131, cancel and the sum of the surface 
integrals over the partial surfaces would be the integral over 
the given surface. 

Again, it is not necessary that the derivatives 7 ;.,., 7 ^^, 7 a 
should be everywhere continuous, provided they are in general 
continuous. For example, the surface miglit be a tetrahedron ; 
along the edges the derivatives 79 ^, 79 ^, 79 ^ are double -valued, but 
they are continuous in each plane of the tetrahedron . 

138. Green’s General Theorem. Let u. v, w be single-valued 
functions of x, y, z which, with the derivatives dujdx, dvjdy, 
dwjdz, are continuous throughout the volunu^ W bounded by 
a surface S, and let /, ?/?, n be the direction cosines of the normal 
PP' at a point P{x, y, z) on S, where PP' is the inward normal^ 
that is, the half line from P to a point P' near P and inside If. 
The following relation holds : 

IJ/,.. (1^ ^ ■ ■ 11 • • • ( ^ ) 

where dS is the element of th(‘ surface S at {x, y, z). 

Let Fig. 13 re])resent a section of the surface by a plane 



parallel to the zx plane. The parallel to the a;-axis through 
point (0, y, z) will meet the surface in 2 or 4 or 6 or, in general, 
in an even number of points, say P^, P^. P^, P 4 . 
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Now let MP^^ — x^, MP^~^x^ ; then 

III JI^ - ^ 

- “(a^s, 2 /, z) + y, z)) dy dz. 

A cuboid with base chjdz and with lateral surfaces parallel to 
the ;r-axis will cut out of the surface 8 the elements dS^, dS^, 
dS^, dS^ at Pj, P 2 , P 3 , P 4 respectively. If the direction 
cosines of the inward normals at Pj, Pg, P 3 , P 4 are distinguished 
by the suffixes 1, 2, 3, 4 respectively, then 

dy dz - l^dS^ - ~ l^dS^ - yiS^ - ~ l^dS^ 
because dydz is positive and the angle between MP^ and the 
normal is acute at P^ and P 3 , obtuse at Pg, P 4 . Hence, when 
expressed in terms of dS, the element of the double integral is 
of the form ~ lu{x, y, z)d8, so that 

-JJ. 


The other two triple integrals in (1) may obviously be 
treated in the same way as the first triple integral, and the 
equation (1) follows. 


Now let 


and let 


v=U 


dV 
dy 

dW dW dW 


..dV 
u -- U . 
dx 


w- 




-4.- 

dx^^ dx/ 


then 


I' 


\ dx dx ' dy dy 


I \ dx dx 


dlJ dV dUdV\, , , fffrrr-*T/j ^ 7 

~dz + J M 




dV dV 
4 xn 4 n 
dx dy 


fj 


dv 


.(3) 


where [E.T, p. 219, (3)) dVjdv is the derivative of F in the 
direction of the inward normal. 

Equations (2) and (3) give Green’s Theorem. The form (1) 
was given independently by Ostrogradsky in a memoir read 
before the St. Petersburg Academy in the same year (1828) 
as that in which Green’s Essay was published. For a short 
note on the history of Green’s and similar theorems see Pro- 
ceedings of the Edinburgh Mathematical Society, vol. 8, pp. 2-5. 
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In (3) let V =-U ; then 

= 

, In (3) interchange U and V and subtract the members of the 
equation thus obtained from the corresponding members 
of (3) ; thus 

\\\\UV^V-V^^u]dxdydz^ 

In equations (1) ... (5) the sign ( - ) before the surface integral 
will be changed to ( 4 - ) if the outward normal is chosen instead of 
the inward. 

139, Transformation of V^V. Suppose that in equation ( 2 ) 
of § 138 the function U is zero on the surface S that bounds the 
space W ; the equation will then become 

J£[S g (1, 

Now let X, yy z be changed to Uy v, w where 

X=f{UyVyW)y y^g{UyVyW)y Z=h{UyVyW)y 

and the surfaces = const., — const., = const, are orthogonal. 
If ds is the segment joining the points 

(Xy y, z) and {x +dxy y ^dy, z •\-dz) 
ds^ — Idx^ = S {fy^du + f^dv + fwdw)^y 

f,d,h 

or ds^^lt ( + gf, + h^) du^ — gfdu^ 4- gldv^ 4- g^dw^ 

U, l\ w 

where Ql=f^ + gi + hl ei=/l + SrHA?, Ql=fi + gl + H'\ 
hecause fufi}'^gu9v'^^u^v~^j fvfui~^ "* fwfu~^ ...= 0 ^ 
since the surfaces are orthogonal. 

If dsiy ds 2 , ds^ are the elementary segments of the normals 
to Uy Vy w respectively, 

ds g -j^du y ds ^ ' — g^d ^ , ds^"^ g^d^ 

where gi, ^ 2 > ^3 a^re positivCy and the new element of volume is 
dS-j^Sr^S^ ~ ^ j ^2 ^3 dl4f dv d'W , 

(Note that = where J is the Jacobian of x, «/, z 
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with respect to u, iv : this may be seen by forming the 
square of J.) 

From the equations 

dx~f^du+f^dv^fjlw, dy=g^du + .,,, dz — h^du-^ 
we find 


Qldu = fudx + Oudy -f Kdz, gldv =f^dx -f . . . , g^dw fjix -f . . . 
so that 

du _. U 

dx q\' dy"" q\' dz~~ q\' dx 

Hence 


dx du ^ dv ^ dw gl’ dy “ ' ’ dz 

so that 


1 ia?7aF ^dlJdJV 

^ dx dx du du ^ dv dv ^ dw dw 
by using equations (2). 

Thus the integral on the left of (1) becomes 


= rff + (3) 

JJJh'I Qi ^2 g^ dwdw) 

where W' represents the new field of integration. 

Now 


QzQsSUdV d ^ iQiPs^V) 

Qy du du 9m \ \ Qi duJ f duy 9m/' 

If the transformation of § 138 is now applied, u, w simply 
taking the place of x, y, 2 , the surface integral into which the 
fii'st term on the right of the equation is transformed will be 
zero since U is zero on the bounding surface. Hence the 
integral (3) is equal to 



£i £2 ^dudv dw 

^3 dw/ J 


(I) 


which is thus the form taken by the integral on the left of (1), 
C7, V being now expressed in terras of w, v, w. 

The integral on the right of (1) is transformed into 

-JlJ j^t/V^Fj 010203 rfMrfvdM) (5) 
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The only restriction to which U is subjected is that it bo 
continuous and vanish on the bounding surface and therefore, 
since the integrands of the integrals (4) and (5) are continuous, 
it is necessary that the coefficient of U in each integral be the 
same. Hence V^F becomes 


I ^1 Q'l Q'3 i 

The above transformation is due to Jacobi. If x~ f{u, v), 
y — g{u, v) and (so that 2 ; is oy\\j formally changed ; com- 

pare E.T, p. 237, equation (8)) ; we have 


fw = 0-^ 9tv, dW/dw^^dWjdz^ 


and 




where d^Vjdz^ is zero if V is independent of 


140. Worked Examples. The following examples give some 
illustrations of the theorems of Green and Stokes. 


Ex. 1. If Hy-Gzy Fg:::^Hy,y G j. — F y for over^^ point {x, y, z) in a 
volume Vy bounded by a closed surface and if a and p are any two 
points in F, prove that the intognil 

1 (Fdx-rGdy-i-Hdz) 

J 

has the same value for every path «-/5, provided tho path lies in F. 

As in § 131, Ex. 1, take two paths (A.y^ and a. (5^ lying in F and having 
no common points except ol and (i. If C denote the curve n^yflda^j tlie 
curvilinear integral round C is zero by § 137, (9), and therefore the 
integrals along a 7 /I and are equal. 

Ex. 2. If tho curvilinear integral in Ex. 1 is independent of the 
path «./? where ol and fi are any two points in F and the path lies in F, 
show that Hy—Gzj Fg —Hy., Gy. — Fy. 

Proceed as in § 131, Ex. 2. 

Ex. 3. If Hy-Gg, Fg=Hy,, Oy.~Fy for every point (:»% y. z) in F, 
prove that Pdx -^Gdy +Hdz is a complete differential. 

Let P(^, T), f) be any point in F. We can choose the points L(a, 6, c), 
M{^t 6, c), A/’(f, tj, c) so that the path LMNP (or p) lies in V. Now let 
(l» f]* 0 be defined by the integral 

fiSfVtO-l (F dx +Gdy -\-H dz) const. 

= F(x, 6, c)dx -f G(^, y^ c)dy + H(^y y, z)dz 4* const. 

jCL )h 'C 
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Differeiitiait) with respcsct to s ainl uoto that 

Vj c) _ dB\ ^ ,j/, c) aH(^, r}, z ) _ dF{^, z) 
dy ’ dz ' 

ence 

= J?(f, 6, c) +[ ,,, c) - 6, 0 )] +[ r,. 0 - F(i, r,, c)] 

=m, n, 0- 

Similarly dfldt^:=0{^, ly, f), y, () ho that 

ry, 0d^+O(^, ry, i 7y, f), 

and for ?y, f we may put .r, y, z respectively. 

,Ex. 4. If n, e, ?/? satisfy t,he conditions of § 138 and if K is a surface 
inside W bounded a closed curve O, under what conditions will the 
surface intoj?ral 

\ 7nv -i-nw)dS (i) 

depend solely on the cuirvc C and not on the particular surface K on 
which C lies ? 

The numbers /, m, ji are the direction (^osines of the negative normal 
at a point F on the surfac^e K (§ 136) and the integration is taken over 
the positive face of /v. Now let S be a closed surface formed by two 
surfaces and that lie in IT and pass through C but contain no other 
common points than those on C : denote by T"i the volume enclosed 
by S. 

If the integral (i) de^pends only on C then 

{hi niv + nw)dS -- 1 1 (In + 7nv h- nw)dS 

}.Ki .'.' at . 

and therefore^ if is on the j^ositive face of S, 

1 1 (In 'f inv + nw)dS — 0 ; 


because in the integral over the part ivg normal at a point P 

on K 2 is an inward normal to N, that is, is a positive normal to so that 

jj (hi +7nv -\-nw)dS -- j (In -1 mv -\-nw)dS - | (In + mv \ nw)dS. 

Hence by § 138, equation (1), 



du dv dw\ - , , 


” I (lu -i- mx + n w)dS =~ 0. 


Now the surface S is arbitrary sinc(' and surfaces, and 

therefore the triple integral cannot be zero unless its integrand, which 
is a continuous function, is zero. Hence the condition 




du dv dw 
dx'^ dy^ dz 


~0 


(h) 


must be satisfied at every point in W if the integral (i) is to depend 
solely on C and not on K ; tliat is, con<lition (ii) is necessary. 
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That condition (ii) is also suflicient may bo showii by iiiiding, if it is 
satisfied, the line integral round G that is equal to the surface integral (i). 
By Stokes’s Theorem we have to find F, G, H so that 
dH dO dF dH dG dF 


dF_dH_ 

dy dz dz dx dx dy 


.(iii) 


Now if Oj, ifj are values of F, O, H respectively that satisfy (iii) 
so will the fimctions 


F^F^: 


dx ^ dy 


H 


=«.4r 


.(iv) 


where y> is a single-valued function of x, y, z which has continuous first 
and second derivatives ; because 

etc 

dy dz~\ dy ^dydz) \ dz ^ dydz) ’ 

The functions F^y Oj, may be taken to be 

vdz ^-(p^ix, y)y -\ tidz -\-(p^(Xy y)y (v) 

:c jc 

where c is a constant and (p^ are functions of x and y. These 
equations give 

dz 




"V and 


,c\^^^'^^y) ^ dx dy c dz dx dy 


dy 

dG^ dF^ 
dx dy 

by equation (ii). Hence 
dx dy 
dx dy 

Let one of the functions (p^y (p^ be chosen arbitrarily ; the other is then 
determined by the equation (vi) and the functions F^y G^y satisfy 
equations (iii). Hence the functions Fy Gy H given by (iv) are such that 


--^w(Xy ;?/, z) -w{Xy ?y, c) ^ 


=w{Xy y, c). 


^.W{Xy ?/, Z) 


.(vi) 


1 1 {In + mv 4- nw) d/S = j ( Fdx + Gdy + Hdz). 

Solid Angle, Definition. The solid angle subtended at a 
point A in space by a surface 8^ bounded by a closed curve (7, 
is measured by the area intercepted on the sphere with centre 
A and unit radius by the cone with vertex A and the surface S 
as base ; the measure is positive or negative according as the 
positive or negative face of the surface is seen from A . 

If the surface S is closed (like ^an ellipsoid), the solid angle 
will be measured by the complete surface of the unit sphere 
when A is inside S but will be zero when A is outside 8, These 
two results may be obtained from the expression (i) of Ex. 5 
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as limiting cases ; the definition assumes that S is not a closed 
surface but is bounded by a closed curve. 


Ex, 5. Expression for a solid angle. 

Let A be (a, b, c), P any point (x, y, z) in the small area dS and 0 the 
angle between the positive normal PN to SS and the direction PA 
froiri P to A. Let don be the area intercepted on the sphere with 
centre A and unit radius by the cone with vertex A and base ; the 
area of the section of the cone by the plane through P perpendicular 
to PA is (approximately) 6S |cos0| in numerical value where dS is 
positive. But, if lP^4|=r, we have, by geometry, r® | ^co | = ^56' | cos 0 [ 
and therefore, in sign and magnitude, r^doj ~ dS cos 0 so that 


n cosO , 



If Z, 7}i^ n are the direction cosines of PN^ wo have 


cos 0 = [l{a ~x) +m{h ~y) -f /i(c ■~z)}lr 
since the direction cosines of PA are {a ~x)l7\ {b ~y)lr^ (c -z)jr, so that 
Ha -:e) + ni(b -y) + n(c -z) )^ 

If u =z(a -x)lr^y V ~(b -y)//*®, w ~{c -z)jr^, it is easy to verify that 



du 

dx 




:-.0, 


so that (Ex. 4) co is independent of the surface aS’ and depends only on 
the bounding curve. 
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1. Change the order of integration in the integral 

a/? a ,y,a a\ 

“ 2 /*) 


rfi/ y)'ix. 

.'o 

2. When the field of integration is the triangle given by 2 /= 0 , y —x 
and X — If show that 

- y^)dxdy = J (^ + • 


3. dx 


dy 


- - tan~® 


Jo Jo (a;3 _|_2^3 ^(.2)4 C lcV(rt2 + 6® -f C® j 


(, 


ah 


}• 


4. When the field of integration is the circle x^ -\-y^ 2ay, show that 


||v(4ay -x^jdxdy {3 ji 

5. The integral of (.r sin <a. - 2/ cos taken over the ellipse 

+y^lb^ = 1, is equal to 

i7ra6(a®sin®cx. -1-6® cos^a.). 

If the integral is taken over the rectangle given by x—a, x— -a 
and y=:h;y^ - 6, its value is 

Ja6(a2 sinV 4- cosV). 

2 D 


a.A.o. 
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6. If taken over tlie circle lind 1 

]] \/{x^ +c^) 

and show that 

7. II j (ax^ -f hy^ + cz-)dx dy dz, taken through the sphere x^ + y^ 
is f^:7r(a +6 + c)7?®, 

8. Ill zdx dy dz ^ cot /l cot /> 

where F is the voliune bounded by the cone tanV f ?/^ tan^/? 

and the planes 2 - 0 , z~c. 

9. If V' is that part of the volume V of Example 8 for whicli x, y, and 2 
are positive, show that 

1 1 1 xyz dx dy dz - ~ c® (u )t cot - p . 

10. If p is the perpendicular from (.r, ?/, z) on the diamet(»r of the 
ellipsoid x^ja^ which is inclined to the axes at t he 
angles a, /?, y, prove that 

1 1 1 dx dy dz ~ ^ abc(a^ .sin“(c i- 6- sin- p 4 - siii^ y ) 

where the integration is taken through the ellipsoid. 


11. The value of 



dxdydZf taken through the voliune common 


to the sphere x^ +y^ -{-z^ ~a^ and the cylinder x^ -yy^ ~ax, is 



aK 


12. The mean value of {ax ^ by where n is a positive integer, 

over the surface of the sphere x^ +y^ ■^z'^ ~l is 

(a^ ■\-c^)^l(2n + \) 

and the mean value over the volume of tin? sphere is 

3(a2 +62 +c2)«/(2n -f l)(2n. + 3). 

13 . * 1 y'^'^~^dy \ ' 1(1 

Jo Jo 

~jiT{l)T(7n)T(n}lV{l+m -vn), Zi^l, m~l, n~l. 


14. If m, 71, p are each not less than unity. 


(o (x -y)''-^dy'^ (y ~z)^-^J(z)dz 


* h nit n taken to be each not less than 1, so that the integrand may be 
a bounded fimction of x and y. When the improper integral has been defined 
it will be seen that the result holds if I, m, n are each positive. A similar 
remark is applicable in the case of other examples. 
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15, If m 0, provo that tho intogral 

taken over the ellipse :v-!a^ +y^lh^ = I, is equal to 

B(i,m. + l)ab\ {] if {kx)dx. A-=MW + ZW)J. 

n n 

16. i^(l - sin 6 COS </)) sin 5 t/f) - ^( F{x)dx. 

.'0 .'0 ^h) 


i 2 ir ftr 

.“•’L 


fsin^O cos^93 mn^O mn^cp cob^O \ 


62 


C2 J 


sin ddO —inabc. 


18. (i) If c >a, show that the integral 



taken over the ellipse x‘^la^ +y‘^!b^ - 1, is equal to 


2jiab j 

r/2 - 62 ^ 


c 


- \/{c^ -a2 +62)| . 


(ii) If a > h > 0, show, that the integral 
rrr (a z)dxdydz 
{a:2 J^y’i (a - 2^)2} ’ 

taken throughout the volume bounded by +ho cylinder x^-\-y^~c^ and 
the planes z=^h, z — - 6 , is ocpial to 

J7{fc2 +(</ ■■ -[r2 +(a +/|.)2]i -t 2h}. 


19. Prove that when the double integral in x and y is taken over the 
positive quadrant of the circle a ;2 +^2 _ 



dx dy _ 7T 

V( 1 -;r2 - y2)“ 2 ’ 


and deduce that, if :t =:sin d\/( 1 - sin^^?), ?/ = sin (p\/{ \-n^ sin^^), where 

7«,2_|_ J 0 6^ '™ 7ll2j 0 -(p '~ 71 J2, 


V * • \ f [ “ (Wr2 cosy +n ^ cos20 ) dO df _ 71 
” )o .'0 V(1 - ?/i2 sin 29 ?)-v/( 1 -n2sin20)’~ 2 * 

Give a geometrical interpretation of the integral (i). 

[The integral (i) is not a proper integral. See, however, p. 380.] 


20. If F(in) ^ , E(?n) - ^{1 Bin^0)d0, 

JO V(i -ni^sm^O) JO 

and m2 +n2 = 1, deduce, by the help of Example 19, that 
F{m)E{n) + F{n)E{m) - F(m) F(n)=:^. 
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21. If a;~rsin0\/(l - sin <p\/{] -n^sii^O), z — rcosOcos(p 

where, as in Example 19, n-n® = 1, prove that (a:, y, z) is a point on a 

sphere of radius r and change the variables in the integral \^dxdy dZy 

taken over that octant of the sphere + y^ \-z^ — \ for which .t, y, 2: are 
all positive, to the variables r, 0, 9?. 

Deduce the value of the integral in Example 19, (ii). 


22. Prove that 


( d(p f F(a sin 0 cos 95+6 sin 0 sin 9? + c cos 0) sin 0 dQ 
.'0 Jo 

-271^ ^ F{kx)dx, +c*)^. 

By differentiating with respect to a, 6, c other integrals may be 
derived ; thus, differentiating as to c and putting f{x) for F'{x) we find 



f(kx)xdx. 


23. From the sphere x^ 4- 2/^ +2?® —a^ a segment is cut off by the plane 
2 =/<. > 0 ; P is any point on the curved surface Q any point in the 
volume V of the smaller segment and C the point (0, 0. c), where 
c > a. Prove 

"-il! “If 

= |"{(c‘‘ - 2ch +o»)^ +a’} - |(2c= - 6ch + + 3a"). 

If the segment is made by the plane z~ ~ky where k > 0, show that 
the values of l/j and obtained by writing ~ k for h. 


24. If F{Xy y, z) =x^~^ ^(0 } ’ ^ 

positive and the indices are such that F{x, y^ z) is continuous, show 
that the integral of F(x, y, z), taken through the part of the volume 
bounded by the surface 

{xla)^ + (ylb)<^ Hzlcy = l 


in which x, y, z are all positive, is equal to 


pgr 


Cl - -1 , ri-« “-1 , ri 
x^ dx\ y^ dy 
.0 Jo .0 


l-x-y 


•J f(x-{^y ~>rz)dz. 


The example may easily be extended to the case of n variables. The 
integral may be transformed to one with constant limits (§ 133, 
Examples 3, 7). If /(tt) ” ( 1 ~ w)“, the integral can be expressed in terms 
of Gamma Functions. 
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25. Elliptic Coordinates* The equation /(<)“(), where 




yZ 


. , 62 < C2, 


t t -h^ t -c^ 
is satisfied by three real values A*, where 

^ '> 

and the three surfaces A— const., /i= const., const, are confocal 
conicoids which pass through the point {x, y, z) and intersect ortho- 
gonally. The values of ar, y, z are given by 

, (A2-62)()wa-62)(v2^52) ^ (A^ - c2)(//2 _ 

62(62 -c2) 


- bv ’ y - bw-c^) ^ • 

When A, /z, v are fixed, the point (^, y^ z) will be uniquely determined 
if, for example, v, -62) and V(A® ~c2) are allowed to take either 

positive or negative values while A, p and the other square roots are 
kept positive. The numbers A, //, v are called the elliptic coordinates 
of the point (Xy y, z). 

(i) If J — , prove that 

a(A, py v) 


1^1 


(A2-/^2)(A2_,.2)(;^2-v2) 


~ V{(A2 -62)(A2'-c2)(^2~I^2)(c 2 „^2)(t2 _,,2'j(c2 -j,2)} * 

(ii) If da is the distance between the points 

(A, py r) and (A+cfA, p+dpy r+rfr), 


show that 

da^ = dx^ -f dy^ + dz^ 

_ r^) , ,2 , ( A* - Zl") 

~{X‘- b ‘){ ;.2 - c») (ftf '~b^W - fin y {b‘ - v’‘)W- »-2) • 

(iii) If da^y ds^ and ds^ are the respective values of da when A, p and v 
alone vary, prove that 

da^ —AdXy da^=Bdpy ds^ —Cdv, 

I i- / 12 .. 2 \/ 12 -. 2 \ . 

where 





[I (A»-6*KA“-c*') / 


-b'‘)(.c^ -fi^) f ’ 


I \ (6* - J'2)(c2 -v^) J I 

Deduce from (iii) the value of \J\. 


26. If p is the length of the perpendicular from the centre of the 
ellipsoid A = const, on the tangent plane at (A, py v)y prove that 
p2 ^A2(A2 -62)(A2 -c»)/(A2 - ^a)(A2 -r2) 
and deduce, by expressing the volume of the positive octant of the 
ellipsoid as the integral J jj pda^ds^ over the surface, that 
f'' {pt}-v^)dv __n 

J6 ^ .lo - 6 *)(c2 - p^W - v^){o^ - "■ 2 ‘ 

* See Bell’s Coordinate OeomMry of Three Dimensiorhs, CUiapter X, for the 
properties of Confocal Conicoids. 
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27. Prove the following results : 

^ , n 


i‘ <i/4* -‘iv { \y~ifii2pi ] 'i-- -»= i 


28. Express in terms of the elliptic coordinates A, //, v. If 
^ .,r^ dX - 

““■)<! ^{(A* -6*)(A» -c*)} ’ jft V{(7“ -b“)(c*“yT} ’ 


show that 




r a*F 02 P’' Q 2 y. 

V»F =A'{(a.» - +(A* +(A^ 

where JC =a*/(A 2 - fi^){X^ -v^). 

29. E is the ellipse x^fa^ +y^lb^ = 1 and the equations 

.r^/cosh^u -^y^lainhhi =c^, x^jcos^v - y^fsinh) =c^ 
give respectively ellipses and hyperbolas confocal with 

If p is the perpendicular from (0, 0) to the tangent at (x, y) on the 
ellipse w, show that x and y may be expressed in the forms 
x~c cosh cos Vy y=c sinh u sin v 

and then prove 

(i) ,/ ~ I (cosh®?/ sin®y +sinh®?/ cos®y), p® J =c* cosh®?/ sinh®?/; 


(ii) +6») -(a* -6*)* cosh"* . 

30. If :r = ^ cos 9 ?, y = q sin <py z-z and if 17 = Q^Vy prove that 
0®(7 I 0®L7 02(7 U 
^ 0()2 ^ (>2 09?® ^ 02® ^ 4 p® ' 

, .. 6 sinh A 6smca 

ad II P = — 1 — T f z =“• — = — = 

cosh A + cos o) cosh A + cos o) 


p^V*F=(sinhA )2 


0®C7 02C7\ 0®(7 1 


0A® 0/0® 7 09 >® 4 


31. If iTi^rcos^i, ^2 =rsin 01 cos 02» =^rsin 0isin Ojcos 63 and 
x^ -r sin 0i sin 0a sin 0a, show that 

d(X,y X^y 

^r, 01, 02, 0 a) 

and extend to the case of two sets of n variables a?i, a:a» • > 
r, 01, ... , 0„_i. Prove that 

(i) x® -f-rri + ... -\-x^ ~r® : 
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32. If 

and 

and 


r sin 0 cos 9, X 2 =r sin 0 sin (p, - r cos 6 cos y> 

x^~r cos 0 sin xp then — ^2 


0(xj, x<j^^ ajg, x^) 

d(r, 0, (/>, vd 


cos 0 sin 0. 


33. If the rectangular axes of x, ?/, 2; are changed to another set of 
rectangular axes f with a new' origin (uj, ao, 03), show that 



Tlio formulae of transformation are 

X, y, z ~a^ + mj.7] r 1, 2, 3. 

If p - dzjdx, q — dzjdy and P — Q ~ d(ldr)» it i.s not hard to prove 

that 


(i) -f-g2 „ I - ^3 1 . -^l); 


(ii) 


p +7l2q ~ 71^ \ ~ i. 


d(x, y) I 

w:n) I 

The measure S of a surface is therefore independent of any })articular 
set of coordinate axes. 


34. If x~f(n^ V, w), y —g(u, v, 77 ?), z—h{u^ ?% w) aiul if P, .4, P, C 
are the points determined by the parameters 

(u, V, iv), (u hdu, 7\ w), (Uf V ■\-dVj w), (u, v, w -\-dw) 
respectively, prove that the volume of the tetrahedron PABC is 
J I J I diidvdw where J i.s the Jacobian of f, h with respect to u, v, 

w and d'i/, dv, dw are positive. 

The volume of the parallelepiped of which PA, PB, PC are con- 
terminous edges is \J\dudvdw. Deduce the transformation of 
Problem II, § 134. (Compare Exercises VI, 14.) 

35. The value of j j {Ix^ ~\-7iz^)dS, taken over the surface of the 

sphere „ a)^ {- (y - 6)2 + {z ~ cf ^ 

is f^ji{a +c)B^y the direction cosines I, 7n, )i being those of the 
outward normal to the sphere. 

Verify the result by transforming the integral into a triple integral, 
taken through the sphere. 

30. Cm the curve given by the equations 

a:2 4- 2/2 + -2 _ 2ax - 2ay =0, x + y ~2a ; 

prove that 

j (ydx +zdy -\-xdz) - ~-2y/2 . Tia*, 

the path beginning at the point (2a, 0, 0) and lying at first below the 
plane of xy. Transform the curvilinear integral into a surface integral 
over the plane area enclosed by (7, 
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37. Verify Example 19, Exercises XIV, by applying Stokes’s Theorem 
to transform the curvilinear integral into a surface integral over the 
relative portion of the surface of the sphere. 

38. On the perpendicular from the centre 0 of the circle to 

the piano of the circle a point P is taken ; if OP =z >0, show that the 
solid angle co subtended at P by the circle is 

If 2 < 0, what is the value of ? 


39. Prove that, if the symbols have the same meaning as in Example 5, 
§ 140, the integral (i) that measures co is, when S is a closed surface, 
or 0 according as A is inside or outside the surface, the inward 
normal being considered the positive normal. 

If A is outside S, a line through A will meet S at an even number of 
points, Pj, Pg, P3, P4 say (compare Fig. 13) ; a cone with vertex A 
and small vertical angle, having .^.P^ ... P4 as axis, will intercept areas 
... f dS^ at Pj, ...» P 4. If these areas be projected on the unit sphere 
with centre Ay tVie area intercepted on the sphere by the cone being 
do), then 

Sa)= dSi cos 0j/^Pf = - ^iS2COS O 2 IAPI 

- dS^co8 $JAPl— - dSi cos O^jAP^y 

so that the sum of the four elements dS cos OjAP^ is zero. For the 
whole surface it follows that the sum is zero so that to is zero. 

If A is inside it is plain that the sum is simply the area of the unit 
sphere, that is, 47r. 


40. If as in § 140, Example 5, 


show that 


da) 

da 



l(a - .t) +m(6 -y) H-n(c -z)^ 

^ 



If P- 0, show that 


060 

da 


= ( (ady+Hdz)-\ 


where C is the curve that bounds S, 
Prove in the same way that 


- ci)dz ~ (z - c)dx 

dco [ (y h)dx - (x - a)dy 

^ * 
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CHAPTEU XII 

IMPROPER INTEGRALS 

141. Improper Integrals. The definition of an integral in 
Chapter IX expressly assumes that the integrand is bounded 
and the range of integration finite. It is possible, however, 
to extend the definition so that the integral will still have a 
value when the integrand is not bounded or the range is not 
finite ; the integral, as thus extended, is called an Improper 
(or Generalised or Infinite) Integral while, for the sake of 
distinction, the integral of Chapter IX is called a Proper (or 
Finite) Integral.^' 

The following preliminary definition is given as it simplifies 
the expression of conditions in many cases. 

Singular Point. A point c in an interval (a, b) is called a 
singular point of the interval for a function F(x) if F(x) is 
not bounded in the interval (c - <5, c +^') where 6 and d' are 
arbitrarily small positive numbers ; (5 = 0 when c~a and <5' =0 
when c = 6. It is often convenient to say that |i^(a:)| = Qo 
for X = c, but this expression means simply that c is a singular 
point. 

It will be assumed throughout that the number of singular 
points in any interval is finite and therefore, when the range of 
integration is infinite, that all the singular points can be 
included in a finite interval. This restriction on the number is 

* The term “ infinite integral ” is in some respects more suggestive than 
“improper integral,” especially because of analogies with “ infinite series” ; 
but it seems to be too great a strain on language to describe an integral ai 
infinite when the infinity attaches not to the range but to the integrand. 
None of the terms is really satisfactory, but that of “improper integral” is 
in such general use that it seems best to retain it, 
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not necessary for the existence of the improper integral, but 
the consideration of an infinite number of singular points is 
beyond our limits. 

Note. The sketch of the improper integral in the Elementary 
Treatise (Chapter XXI) is based on the sup 2 )osition that tlie 
integrand is in general continuous, but the method is equally 
applicable when the integrand satisfies the conditions for a 
proper integral. The improj)er integral of a function over any 
range will be defined as the limit of a 2 :)roper integral over a 
part of that range ; a necessary condition for the existence of an 
improper integral is therefore that both the corresponding proper 
integral and its limit should exist. It will save much tedious 
re})etition to assume once for all that the ])roj)er integral and 
the limit both exist, and this assumption — which should be 
steadily kejjt in mind — will be adopted ; (explicit reference 
will be made to the proper integral and to the limit only when 
there seems to be special reason for it. 

142. Definitions. A set of deliriitions will now be given. 
Take first the case of a finite range {a, b), where b >a, and let 
d, 6' be two arbitrarily small positive numbers. 

Range Finite. If a is the only singular point in (a, b) the 
imi3roper integral of F{x) over (a, b) is defined by the equation 


f F{x)dx^-^ / f F{x)dx, (1) 

while if h is the only singular point in (a, b) 

Ch Z' - 6 

F{x)dx F{x)dx (2) 


The integral is often said ‘‘to converge at « " (or at 6); 
again, such an expression as ‘'the integral over (a, b) is con- 
vergent ” is often used as equivalent to the statement that 
the improper integral over (a, b) exists. Similar language, 
borrowed from the theory of infinite series, is used throughout 
and will require no further explanation. 

If c, where a<c<6, is the only singular point in (a, b) the 
improper integral over (a, b) is defined by the equation 

F(x)dx=^ /, Fix)dx i 1 F(x)dx, 

•'tt 


(3) 
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provided each of the limits exists ; in other words, the limit 
must not depend on any relation between <5 and d\ 

This proviso is important, as the following simple case shows : 



Neither of the limits for 6 -4) or 6'~>0 exists, so that the im- 
proper integral of l/(a: - r) over (a, 6) docs not exist. If, 
however, we suppose 6' - 6 the limit for 6 >0 is the definite 
nurnbcT log [(6 - c)/(r a)] , and this limit was called by Cauchy 

the Principal Value of the integral, in accordance with the 
definition : 

Principal Value. If the integral of F(x) as defined by 
equation (3) has a definite value when 6' ~ 6, but not when 
d and 6' tend independently to zero, that value is called the 
Principal Value of the integral. 

This so-called Principal Value is clearly of a very special 
kind, and we shall make little or no use of it. (For notation, 
see below.) 

The definitions (1), (2), (3) may be supplemented by the 
following. 

If a and b (but no other point in (a, 6) ) are singular points, 
take any point c such that a<c<b ; the integral of F{x) over 
(a, h) is defined by the equation 

f F{x)dx~-: [ F(x)dx^ F(x)dx (4) 

provided (as in (3)) that each limit exists. 

If there are m singular points c^,c.^, in {a,b) where 

a^c^, Cj < Cgi • • * 5 ^ if each of the integrals 

F{x)dx, ^ F{x)dx,...^ F{x)dx, T F(x)dx 
exists in the sense of equation (4), then 

F(x) dx - F(x) r/r + V F{x) dx + F(x) dx ... (5) 

•bt Ja r- 1*1 

where the first integral on the right disappears if -a and the 
last if c^n~b. 

The case of an infinite range of integration will now be 
considered. 



378 


ADVANCED (5ALCT7LUS 


[CH. XU. 

Range Infinite. Suppose |>a. The definition is now 


[ F{x)dx=^ £ Ti’c 

•'a f 00*^ a 


while if f ' is positive and - < a 

f F{x)dx:= £( F{x)dx ( 7 ) 

* - 00 f'— >**' - 

If each of the limits in equations (6) and ( 7 ) exists when $ 
and f ' tend independently to infinity, then, by definition, 

f F{x) dx — f F(x) dx -f- f F{x) dx (8) 

J-oo J-QO J a 

Let F(x)dx. If when f->oo the integral 

J a 

becomes and remains greater than any positive number N 
(or less than any negative number -N) the integral (6) is 
divergent. It may happen, however, that when >qo the 
integral neither converges nor diverges ; (p(^) may tend to no 
limit and yet be bounded. 

For example, if F^a:)=8ina;, <^(f) =cos a - cos f and 

1 95(1) I ^ 2 for every 

In this case the integral is said to oscillate (finitely). If 
(p{^) neither converges nor diverges to +qo or to - 00 and is 
not bounded when |->oo, the integral is sometimes said to 
“ oscillate infinitely.” 

It may happen that the limits in equations (6) and ( 7 ) do not 
exist when | and tend independently to infinity, and yet 
that the limit 

f F(x)dx 

is a definite number ; in this case the integral is called, as for 
a finite interval, the Principal Value of the integral. The 
notations 


* r F{x) dx and F f F{x) dx 

J a J ~ (T 


are sometimes used to denote the Principal Values. 

If the integral of F{x) over a given interval is convergent, 
F{x) is said to be integrable over the interval. 

Absolute Convergence. If the integrals of F(x) and |F(a:)| 
over a given interval are both convergent, the integral of F(x) 
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is said to converge absolutely over the interval ; or F(;x) is said 
to be absolutely integrable over the interval. 

For an important contrast between Proper and Improper Inte- 
grals in respect of absolute convergence, see § 145, Theorem B. 


143. General Conditions for Convergence. In stating the 
conditions for convergence it is clearly sufficient to c6nsider 
the convergence at one singular point of an interval (a, b) and 
at 00 ; if c is the singular point, a<c<b, the condition for 
integrability at c must hold whether x tend to c from below 
or from above, and it will therefore secure brevity without 
loss of generality to take the singular point to be at an end of 
the interval. It has to be remembered that we always assume 
that the proper integral of which the improper is the limit has 
a definite value — that is, that it exists. 

Let a be the only singular point of F(x) in the interval 
(a, 6), and let 

(p(S)-^^F{x)dx, a<i<b. 

The condition that should tend to a limit when ^ -hi is 
that, given the arbitrarily small positive number e, there shall 
be a positive number d such that 

\(p{a-^) -9?(a2)|<« if a<a^<a^^a -f-d. 

Now 


^K) - t'K) 


= F(x) dxy 

j tti 


and therefore the condition that the integral of F(x) should 
converge at a, or that F(x) should be integrable at a, is that 

r®* 1 

F(x) da: < ^ if a<ai<a 2 -\-d ( 1 ) 


i.e 


or, what is equivalent, that 

I F(x) dx~0 if a<ai<a 2 . 

a2— j-a*' rti 

If b were the only singular point in an interval (a, b) the 
condition would be 


ij: 


F{x) dx <E if b-d^ bi<b^<b, 


•( 2 ) 


bi 


0 if b^<b2<b. 


or 
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In the same way for convergeiicH' at oo there must be, 
giv(^n 8 as usual, a positive number N such that 


or 


{ F(x)dx <eiic^b^N 

h 



dx~Q ii ob. 




The mtegrand always of the sa^ne sign. Suppose, for example, 
that F(x) is not negative for any value of x in the range. In 
this case the proper integral must be positive (or, at least, can- 
not be negative) and therefore must tend either to a (finite) 
limit or to + oo , so that the corresponding improper integral 
must either converge or diverge and cannot oscillate. 

A change of variable, the change being made in the proper 
integral of which the improper is the limit, will sometimes 
transform an improper into a proper integral. For example, 
if f{x) is continuous for 0 g g jr/2, and if 0 g a< 1 the change 
from X to y where x — sin y gives 


apd therefore 


f{x)dx 

Jo V(1 



•^0 v \' 

Again, an integral over a finite range may be; changed into 
one over an infinite range and vice versa. Thus, if x-~e'~^^ and 
0<d<l , 

f‘ /i\ 

I log ( - ) dx ~ I ye~^ dy, 

and if one of the integrals converges so does the other. 

Change of values of the integrand. As in the case of the 
proper integral, § 110, Theorem II, it is obvious that for the 
values of F{x), when these values are finite, there may be 
substituted at any finite number of points in the range any other 
finite values without changing the value of the integral. 

Singular Integral. For brevity, the integrals in (1), (2), (3) 
will sometimes be called the singular integrals at the singular 
points a, b, cc ; if a<c<b there will be two singular integrals 
for the point c, and these may be called the left and the right 
singular integrals. 
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144. Special Test. The following tiNst for convergence covers 
a large class of integrals. 

I. Convergence at a Singular Point. Let a be tlu^ only 
singular ])oint of an interval (a, 6), and suppose there is a, 
neighbourhood {a, a +6) of a for which (x - ay^ F{x) (p(x). 

(i) If 0<r«.<l and if (p(x) is bounded, say | </’(.r)|<A'". F{x\ 
is absolutely integrable at a ; 

(ii) if N I and if cf{x) is always of the same sign (nev(*r zt‘ro) 


in (a. say (f){x)>K^>0 or (p{x) 

constant, F{x) is not integrable at a. 


:0, where K. is a 


( i ) 0< n : 1 , (f < a j • r 


r«2 

j F{x)(lx 


a \ () and | ip{x) | 
K (l x 


K : 


CiH p/2 K {Jr 

ay - (a^ -af-^]. 


K 

I n 

Both ((7.2-^)^“’* and (aj tend to zero when a^ -a \ 

therefore both F{x) and l/'V’)! integrable at a. 

(ii) Su])pose n Cl I and that F(x) is positive* and qix) positivey 
not zero, 99(.^•)>A"J>0 ; then 

\ J P" Ab I 1 11 

Jr,., ^ '* ],,,{•'■ - (>Y - 1 U«1 - «)" ' («2 - “ 

- A'l log [(«2 - rt)/{rti - «)) , « = 1 • 

Clearly the integral does not tend to a limit when a 2 ~ - a, and 
therefore F{x) is not intt^grabk^ at a. A similar proof holds 
if (p{x)< - K^<0. 

If b were the singular point we should put (b - xy^F{x) (p{x) 
for the range b - rfg b-^<b 2 <b. 


Ex. 1. Of the iiitet 2 ;rals 


(i) 


11 (.r - a)dx 
372 » 

e - a) 


i"sin( 
(ii) ) - 


1 


)dx 


X - a ; 

/ 

(x-a) 


(iii) 


^ cos(.r - (()dx 

3/2 

« {x~a) 


the first and the second are convergent while the third is not. For (i), 
note that {x - a)^F{x)->\ when x-^a ; if n were taken to be 3/2 the 
integral might seem to be divergent but then (p{a) would be zero and 
tlie conditions for I (ii) would be violated. 

II. Convergence at go. Suppose that x'^F(x) (p(x) when 

x^b, an arbitrarily large positive number. 

(i) If n>l and |9?(:r)|<A, a constant, F(x) converges 
absolutely at oo ; 
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(ii) if 1 and if (p{x) is always of the same sign (not zero), 
say (p(x)>K^>0 or <p(x)< -iLi<0, where iTj is a constant, the 
integral of F{x) does not converge at qo. 

(i) If n>l, c>b and \(p(x)\<K, 

C^Kdx K / I 1 


\\y{x)dx\^^‘y(x)\dx< 


n~l \h^~^ 


Hence, since 7i>i, (6^-” ~ when 6 “>qo, and therefore 

both F{x) and |i^(a:)| are integrable at qo. 

(ii) Suppose n g 1 and cp{x) positive, 9 ?(a:)>iLi> 0 ; then 
F{x) is positive and 

|V(a:) dx > £ r.. -^1- (ci-« - fci-"), w< 1 

~iLi]og(c/6), n — \. 

The integral therefore cannot converge at qo . A similar 
proof holds if <p{x)< -~K^<0. 

sin X (Jx 


Ex. 2, The integrals ( - -, 3^2 j ^ " 1/2 i^re both convergent. 


r » sin X dx 

j I a'® 

For the first integral n — 3/2 and (f>(x) — sin x. For the second integral 
ihere is convergence at 0 by I (i) above, but the convergence at qo 
cannot be tested by the above rule. However, 

[c sin a? 


Ii, a;'/2 


1 sin if , 2 

yto sin a: ax; dx :^n 72 » 


i,i/i 


but in this case the convergence is not absolute^ as may be proved by the 
method given in the E.T. p. 445, Ex. 1. 


145. General Theorems. The improper integral has been 
defined as the limit of a proper integral, and it is therefore 
necessary to inquire whether certain General Theorems, proved 
for the proper integral in §§ 109, 111, 112, are valid for the 
improper integral. The definitions 1 and 2 of § 111 may simply 
be assumed for the improper integral, and Theorems I, II 
and VII of § 109 are valid for the improper integral as being 
either definitions or simple consequences of the definitions. 
Theorem III, however (and as dependent upon it Theorems IV 
and V), and also Theorem VI, require modification. 

Theobem a. If (p(x) and \p{x) are absolutely integrable over 
an interval so is their product unless the functions ham the same 
singular pointy in which case the product may or may not be 
integrable. 
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(i) luterval {a, b). Let h b(' a singular point for y){x) but 
not for (p{x) and suppose \(p{x)\<K if h-d^x^b; then, e 
and S having the usual meaning, if 6 -- (5 ^ hj^<b2<b, 

rbz i*&2 

I W{^')wi^) \ lv^(^)| (^x<e 

V hi J bi 

because |vK^)| is integrable at b and therefore 6 can be chosen 
so that the inequality is satisfied. From Theorem B below it 
follows that (p{x)y){x) is absolutely integrable over any finite 
interval. 

It may again be noted that the integrals used in the proof 
are ])roper integrals so that the various inequality theorems 
may be used. 

Gor. If (f(x) is bounded and integrable and y){x) absolutely 
integrable so is (p{x)y){:r), because in this case \f(x)\ is bounded 
and integrable. 

(ii) Interval (rr, oo). The convergence at cc alone needs 
investigation since the convergence over any finite interval is 
settled by case (i). 

Obviously neither the integral of |9?(a:)| nor that of 
converge at co unless |9?(x)| and |v^(.t)| are bounded when x^b, 
an arbitrarily large positive number. Suppose | 
wIkui .r'Tz: b ; then if c>b 

|9^(.r)Y>0-)| dx<K'\ \'^(x)\ dx->{) wlien 6 , 

h, H 

because | | is integrable at <» , Hence |9?(.r)y;(.r) | is int(‘grable, 

and, from Theorem B, 9:)(.r)^(.r) is absolutely integrable over 
(a, cx)). 

Ex. 1 . Lot tlio interval bo ( 0 , 1 ). Jf 9 ?(a;) ~ ( 1 ~ y'(x) — ( 1 - 

))oth <p{x) and yf{x) are positive and integrable but their product is not; 
if y(.r) "(1 i)roduct of and ?/»(.r) is intograblo. 

An extension of this theorem is given below, Theorems E 
and F. 

Theokem B. If the integral of 1 -F(.'r)| converges at a singular 
point or at oo so does that of F(x)^ but the integral of F{x) may 
converge while that of |F(.r)| does not converge. 
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Let the integral of |i'^(.r)| eonverge at b ; with the notation 
of Theorem A we have 


I dx ^ h F{x)\ dx~A) if b^->b, 

Uii -^<>1 

since |i^'(.T)| is integrable at b. Similarly, if c>6, 

I f F(:)c) dx I ^ f I dx - -0 if b ->oo . 

The first part of the theorem is therefore proved. 

It follows that if both F(;x) and integrable 

I f F{x)dx\^ f I i''(a:) I rf:r, 1 f F{x)dx ^ f \F{x)\dx, 

\ J a J a ' J a •’ a 


An example of the truth of the second part has been given 
in the Eleinentary Treatise, p. 445, when the range of integration 
is infinite ; the following illustrates the case of a finite range. 


Ex. 2. Let F(x) be detinefl for the ran^o (0, 1) as follows, r being 
any positive integer : 

F{x) -r( ly-^r if (r .r< r'b 

The point ols a singular point. Now 



' ' \ 1 

but I ^ \F(x) \ dx — ^ 00 when 7i - co . 

'■nh 

In the ease of a proper integral, is always integrable when 

F{x) is, but for an improper integral this statement is not correct, 
F{x) may be integrable when ]i^(rr)l is not. 


Tueorem C. An improper integral is a contimious function 
of its limits. 

If x and x + h are both within the range of integration, we 
have in the notation of § 1 12 

(p{x)=^ F{t)dt, (p{x - (p{x)—^ F{t)dt. 

When X is not a singular point, d can be chosen so that the 
interval (x - d, x +d) contains no singular point, and therefore 
when \h\<d the function F{t) is bounded and (p{x ■\-h)~^cp{x) 
when A->0, because the proof of § 112 is applicable. On the 
other hand, if a; is a singular point (p{x) has a definite value 
because, by hypothesis, the improper integral exists ; next, 
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q){x -\‘h)->(p{x) when by the definition of the eonvergeii<‘<' 
of the integral at x. 

We can now prove a theorem that is of constant application. 
Theorem D. Jf,F(x) is inlcjjrahle over (a, b) and if there is a 
fu7iction f{x) such that (i) f{x) is continuous for a ^ x^y^h awl 
(ii) F{x) ~f'(x) except at a singular point, then 

[ F{x)(lx=f(b) -f(a). 

J a 

Let c, where a<c<b, be the only singular point ; then. 
(5' being as before, 

i F{x)dx= f'{x)dx+ jTf f'{x)d.x 

Ja 5'~>oJc4-5' 

= £{f{o - d) -f{a)} + jCifib) -f{c+ < 5 ')} 

~f{b) - /(a), since f(x) is continuous at c. 

If the range is (a, qo) we have, if c>b, 

r F(x)dx -■■if'(x)dx+ 

where we now suppose the conditions to hold for an arbitrarily 
large interval (a, c). Thus 

f F(x)dx=r: -f{a)+ jC f{c)= -f{a) + K 

J a c~>'x 

if /(c) -> A"' when c~>oo. 

The conditions of Theorem A for the integrability of a 
product are supplemented by the following Theorems, often 
called Abel’s Theorem and Dirichlet’s Theorem respectively. 

Theorem E, or, Abel’s Theorem. If (p(x) is bounded^ and 
monotonic and if y)(x) is integrabhy whether the range of mtegra- 
iion is (i) finite (a, b) or (ii) infinite (a, qo), their product is 
hiteg ruble. 

(i) p{x) is integrable since it is bounded and monotonic. 
If 6 is a singular point for tp{x) and if 6 - ^ ^ b^<b 2 <b, we liave 
by the Second Theorem of Mean Value for proper integrals 

1 9i^') 9{b\ -f-fl) I 

J bi J bi J $ 
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Each of the integraLs on the right teiuLs to zero when >6, 
since y)(x) is integrable at b while ^(^> 1 + 0 ) and g^(b 2 - 0 ) are 
finite ; the integral of the product is therefore convergent at b, 
so that the product is integrable over any finite range. 

(ii) Take b so large that all the singular points of f{x) lie 
within {a, b) ; then, if c: >6 and b^ 

fr rf fc 

J t {^') +^)| " fi)J ; 

as before, it follows that the product is integrable over (6, oo) 
and therefore by (i) over (a, oo). 

Cor, The product is absolutely integrable if %p{x) is so. 

Theorem F, or, Dirichlct’s Theorem. 7/ q){x) is monoionic 
and fends io zero when a:- --oo, and if the integral of y){x) converges 
over an arbitrarily large interval (a, b) but oscillates (finitely) at co, 
the integral 

</ix)y,{x) (lx 

a 

is convergent. 

By Theorem E the produ(*t (p{x)'q){x) is integrable over ((/, b). 
If r>6 and b^ c we have 


f (i>{x) 'ip(x) dx — (p{b 4- 0) f y)(x) dx I <K | (p(h -f- 0)| 

ih ' 

since the integral of ip{x) oscillates finitely. But ip{b-\~if) -0 
when b->oc and K is finite so that the integral of the product 
converges at oo. 

Theorems E and F give useful tests for the convergence of 
an integral. Abel’s Theorem shows that a convergent integral 
remains convergent when the integrand is multiplied by a 
bounded monotonic factor, while Dirichlet’s shows that an 
oscillating integral may be made convergent by multiplying 
the integrand by a monotonic factor which tends to zero 
when X tends to infinity. 


Ex. 3. Discus.s Dirichlet’s Theorem for a finite interval (a, h). 

The student should now have little difficulty in extending the 
Fundamental Inequality Theorem and the two Theorems of 
Mean Value to improper integrals ; a sketch of the proofs will 
therefore be sufficient. 
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If a is the only singular point in (a, b) and if F{x) is integrable 
over (a, b) and not negative, then, a < ag, 

f F{x)dx'^0, I* F{x)dx~ f F{x)dx^(}, 

*' as • a (u - ‘-a 

Similarly, if F{x) is integrable over {a, oo), the integral is 
not negative. 

The First Theorem of Mean Value follows at once. In the 
notation of §111 put (p{x){^(x) ~ g) and then (p{x){0 ~ \i){x)} 
for F{x) ; these products are integrable by Theorem A, and 
the method {E.T. § 124) applies. 

For the Second Theorem of Mean Value, with the notation 
of § 111, n>{x) being integrable over (a, b) so is (p{x)f{x) by 
Abel’s Theorem. Now suppose that c, where a<c <b, is the 
only singularity of ^>{x) in (a, b) and enclose c in the interval 
{c - d, c f (5) where d is positive and arbitrarily small ; since 
the integrals of y)(x) and (p{x) ip{x) exist, the interval (c ~ d,c + d) 
instead of (c - 6, c +<5') may be taken. Choose y^i{x) so that 
fi(x) ~\}){x) \i a x ■S_ c - d or c -f d^xS.b, 
but y^i(^) ■ ~ ^ ' c-i- 3. 

Let / — f (p{x) yf{x)dx, ~ f fix) y)y{x)dx, 

*' a J a 

and /(*)•-[ /i(-*')-"f V>S)dt. 

All these integrals exist and /i(^)“^/(^) when ^-^0; 

for, by the definition of yji{x), 

lJc-5 • ^ \Jc-6 

and, since the integrals converge at c, both rj^ and r]^ tend to 
zero when 3 tends to zero. 

The Mean Value Theorem holds for the integral since 
fi(x) is finite ; therefore if and are the minimum and 
maximum value of fi{x) for a^x^b we have 
A ~ +0)^0, 0^(p(a +0) ~ 

Hence, since gi-^g and G^-^0 when ^ ->0, we find 

g(p{a-\-(^)'^{ (p(x)y}{x)dx^ 0(p{a + 0). 

*' a 

The theorem, being now proved when there is one singularity. 
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can be extended to the caj3e of a second singularity c' by the 
method just used and then, in successipn, to the case of m 
singularities. A similar method is obviously applicable when* 
the range of integration is infinite (a, oo ). The usual form 

f (p{x)y){x)dx — <p{a + 0) f \p{x)dx 


is deduced as before, b being finite or + oo . 

Transformations of the Improper Integral. In practice it is 
advisable to carry out a change in the variable of integration 
by operating on the proper integral and passing to the limit ; 
if the precautions required for operating on the proper integral 
are observed there will be, as a rule, little difficulty in com- 
pleting the transformation, so that little or nothing is to be 
gained by elaborating any special rules for the improper 
integral. 

A similar observation is applicable to the rule of integration 
by parts. The student’s common sense ” may be left with 
some range of operations on which to exercise itself. 

Ex. 4. - x^-^dx = [^ ^ i + y)m+n’ ”» > 0, n > 0. 

If 0 < m < 1 and 0 < n < 1, the integral 



(1 ~x)^~^dx 


is an improper integral. Let A and // bo small positive numbers ; 
integral 


rl -fi 

is a proper integral, and if £c — 1/(1 4- ?/) the integral becomes 

] -/I 


the 


The limit of this integral when A->0 and /z->0 is the convergent integral 


lo(l + 




SO that 


.0 




_|.y)T«+n • 


146. Worked Examples. Additional Tests. The Special 
Test, given in § 144, and the Tests of Abel and Dirichlet, 
given in § 145, are siifficient for determining the convergence 
of large classes of integrals, but, as in the analogous theory of 
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the convergence of series, there is no set of Tests that cover 
all cases. In this article examples will be worked to illustrate 
the use of the Tests mentioned, and some additional methods 
of considering the convergence of improper integrals will 
be indicated. The student is reminded of the assumptions 
stated in § 141, Note. 

Such limits as log n>() and ^ {E.T. ]>. 99) 

x 0 X - X 

are often required, and elementary transformations of a very 
simple kind are frequently effective. For example, if 0<a<^, 
let sin X be put in the form (sin xjx)x, taking the value of 
(sin xjx) for a: = 0 to be 1 ; then 

|* log sinrc^.r log ^ |* l^g ^ ) 

Now j* log X (lx X log X -Xy 

and therefore the integral of log sin x converges at 0, because 
each of the two integrals on the right of equation (rr.) tends to 0 
when /j~>0. 

Again, if 0 < x < I, x~^ log {I x^x) — I ~ ^x~\ ... so that the 
integral of log ( 1 4- a:) converges at 0; the singularity in 
this case is “ removable,” as in that of (sin xjx), by defining the 
function for the value .r — O to be the limit for x~>0. (See 
E.T. p. 418 ; also § 29 above.) 

See also the remarks about change of variable in § 143. 

Ex. 1. The integral B{m,n)=\ -x)^~'^dx is convergent 

(absolutely) if, and only if, in > 0 and n > 0. 

So far as the qtiestion of convergence is concerned we may take the 
integi'and to be near the lower limit and (1 ^ near the upper 

limit ; ■ becaiise near these limits the integrand is of the forms A 
and jB(1 -x)^-^ respectively where A and B differ but little from imity 
and the convergence is not affected by the particular values of A and B 
80 long as these are finite. The Test of § 144 then gives tlie relations 
m > 0 and n > 0. 

Ex. 2. The integral 1 dr, where /,„(r) and f^fx) are poly- 

}fi Jn\^) 

nomials of degrees m and n respectively, is (absolutely) convergent if 
(i) provided a is greater than the greatest root of /„(a:)=:0, 
(ii) for every value of a, including * oo , if the equation f ^f x) - 0 has no 
real roots ; it diverges if n < m + 2 for ©very value of a. 
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The integrand is of the form Ax^~^{l+r}J where r}y.->0 if x^oo; 
the result then follows by § 144. 

JiJx. 3. Of the following integrals, 

I*' Ax^ + Bx+C , Ad x dx 

'a -aH* -^')] .'a(ic -a)V(6 -a;)’ jo V{(a^ - l)(a: - 2)2} 
the first and third converge while the second diverges. Show that the 
first is reducible to a proper integral by the substitution 

x—a cos^d +b sin^0. 


Ex. 4. The integral 1 (sin (cos a;)”"’ dx converges if, and onlj?- 
Jo 

if, ni > 0, > 0. 

Here (siii.c)”^”^ - (sin a;/a;)"^“^ . x’^ ~^ so that, near the lower limit the 
integrand may be taken as ; similarly, near the upper limit the 

integrand may be taken to be ( ^ - a: 1 . Apply § 144. 


If 0 < rjc < p< and sin x —y^ we have 


|sin>^ ’I - i -1-1 

y- ll-y)‘- dy; 

Jsin*a 


I (sin x)^' \C 0 B a;)"”^ dx “ J 
let (L 0 and ^ ; the given integral is by Ex. i . 

TT 

( 2 x^^dx 

(sin converges if, and only if, n < in + 1 

n 

. {2 log (sin a?) , -r ^ , 

and I ~(s"in a;jw" ' converges if n< 1. 

Note that the first integrand “a;"‘~'*(.T/sin a;)”. 


Ex. 6. The integral — j— — converges if, and only if, 0<p< 1. 

1 0 1 4“ a? * 

Apply the method of Exami^les 1 and 2. 

Ex. 7. The integral ( dx converges if 0<n< 1, aipLO, 

Jo ^ 

6^0, but if 0< n< 2, a^O, 6=0. 

By Dirich let’s Test the integral converges at w if n > 0 ; for con- 
vergence at 0 apply § 144. 


» r ^ dx 

Ex. 8. The integral 1 {x^ +a;“^)log (1 -\-x) — converges if - 1 < p < 1. 

Jo ^ 

fOC ~J>-1 _ J.-P r I ^P-I _ ^—p 

Ex. 9. Prove that da? = 2 — dx if 0< n<l. 

Jo 1 -a? Jt) 1 - a? ^ 

The value of f lie integrand for a? = 1 may be taken as ( 1 - 2p). 
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Ex, 10. Prove that, if 0 is the only singular J^oiiit for F(x) in (0, «), 

(i) F{x) dx F(a - x) dx ; 

Jo Jo 

then, as in E.T, p. 332, Example 6, show that 

) I " log sin x dx — ~ ^ log 2. 

For (i), if 0 < (5 < a, F(x) dx I F(a - y) dy ; 

J« Jo 


then let 


Ex. 11. Show that 1 logV{x)dx is convergent and then, by using 
Jo 

the relation (§ 96, (4)) r(a;)r(l - x) — nlsin nx and the results in Ex. 10, 
prove that r i 

logr(a:)(/.r =:--| log(27r). 

Jo 

Since r(x) -~ r(x -h 1 )/x and log r(rr) =log r(:r + 1) -log.r the integral 
converges at 0 ; then, as in E.T. p. 332, Example 6, 

1 log r(.r)da; log r(l -r) --i ( log[r(x)r(l 

Jo Jo ■ Jo 


and therefore 

Ex. 12. 
that 


1 og r (.T ) ~ I I 1 og [ /s in :tx ] dx, etc . 


log r(^) dh ■ 0, prove that duldx ~ log x and deduce 


u -adog.r ~x -] J log(27r). 

If X < a < X 1 , ?/ = ( log r(^) dt - 1 log T(t)dty 
J a J a ' 


and therefore 


du 

dx 


= l()gr(x + l) - log r(.r) — log.r. 


Now integrate and apply Ex. 11 to determine the constant of inte- 
gration. 

il 

Ex. 13. The integral J cosx logird:r converges but the integral 
f' cos.c log.rdr oscillates when ^->qo. 


A simple but useful Test, called from analogy with a test 
for series {E.T. p, 380) the Comparison Test, is derived as 
follows : 

Let = [ F(x)dx, f{x)dx, 

Jh Jb 

where b is an arbitrarily large (positive) number. If F{x) is 
positive for x^b the function <p{^) is positive, monotonic and 
increasing, so that if 9 ?(f) is boimded, say 99 (f) < X, a positive 
constant, for f > 6 it tends to a limit and the integral of F{x) 
converges absolutely at qo, while if 99 (f) is not bounded for 
f > i the integral of F{x) diverges at 00 ; 
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Again, if F(x)<f(x) for x^b (/(^)>0), and if the integral 
of f{x) converges at qo , so that ipd) is bounded for f > 6, then 
(p{i)<ip(i), and therefore the integral of F{x) converges 
(absolutely) at qc if that of f{x) does so. Similarly, when 
F(x)>f(x) for x^b, it is seen' that if the integral of f{x) 
diverges at oo so does that of F{x). 

A similar test for convergimce at the ends a and b of an 
interval (a, b) may be derived by considering the integrals 

(ri(^) = \ F(x)(lx, F(x)dx. 

Ja 

The Coui])arison Test applies only to absolute convergence. 

Ex. 14. T})© integral I 

. 0 ^ 

(i) Convorgenco at x . If k >0 and p is any positive integer 

(.kx ; . (^l'x)Vlp\ ; < K I 

where p is so cliosen that p - n > 1 and K is a constant {k"^p\). In the 
comparison test let/(.r) ~ Kjx^ and. )>y § 144, the integral (converges at oo 
for every value of n. 

If h —0, the integral converges at x if n is negative (not zero), wiiile 
if 0 the integral obviously diverges at cc . 

(ii) (■oiivergencc^ at 0. By § 144 the integral converges at the lower 
limit if, and only if, n > 0. 

Thus the integral converges if k >0 and ii 0 and diverges in all 
other cases. 

From this example a useful Comparison Function is derived. 
Put n-hl for V and let f{x)^xie~^x'^, A>0; the integral of 
f{x) converges at cc , if X; > 0, for every n but diverges at co , if 
Ai<(), for every n. If the test of § 144 may be used. 

Ex. 15. If/(.r) - ^l.r a:)”, ^ > 0, x>b (arbitrarily large), the 

integral of J'{x) conv’erges at x , if A; > 0, for every n but diverges at x , 
if ^ < 0, for every a . 

Let log a; ; then 

When |->-x so does T and the result follows from the comparison 
function Thus, by the change of variable, another comparison 

function is obtained. 

Ex. 16. If f{x) ~ vl.r*"^[log (l/ir)F, A >0, 0<x^^ 1, the integral of 
f{x) converges at 0, if k > 0, for every n, but diverges at 0, if ifc < 0,.ior 
every n ; if k ^ A), the integral converges at 0, if, and only if, n< - 1. 
The integral converges at 1 if, and only if , n > - 1 . 
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Let X -- er ^ ; then if 0 < «jl * 1 , 

]b 6=r]og(l//j?), a.*6. 

When /)'— > 0, cc and the result for /c ' 0 follows, as before, for con- 

vergence at 0. If k~0 the test of § 144 appli(3s for convergence at 0; 
the same test applies for convergence at 1 for every value of h. 


Kx. 17. The integral 


' (loga')"‘dr converges (absolutely) if 


n > 0 and m any positive integer. 

If 0<r.r ' 1, the integrand is less than - loga?)’^, numerically, 

while for large values of x the integrand is less than 

Now a})ply the results of Kxainple If) for convergence at 0. 

dx 


Kx. 18. If a > 1, the integral 
diverges if - 1. 


lx.r(log.r)^'' 


converges if 7n > 1 but 


Kx. 19. Let L’, /“.r, Kx., ... (l(‘nole log.r, log(log.r), log [ log (logo:) ], 

Show that, when x is large enough to make V^'x t)ositive, the integral of 
/(.r) where 

j{.r) ll[x .lx .Kx ... hr.(/»tr)^] 

converges at qc if /»• > 1, but diverges at jc if Ar - 1. 

Let x r'l so that lx -.r,, Kx -L*,, ... /"'.r ; then if c >6, 


f{x)dx r 


dx^ 


fi=logc 


J . /.r^ . Kxi ...V*^ '^x ^ . ' 6^ - log 6. 


Moxt l(‘t .rj -c' 2 , then x^, - and so on ; tho integral is thus reduced 


to 


\ J(x)dx-.- 
}h .0. 


dx„ 


- /"'c 
= l^b. 


Now apj)ly § 144. 


Ex. 20. (i) If ^2 both ditferent from zero tho integral 

roo 

.h) 

conv(3rges (absolutely) for every value of n. 

... loga;d.r . 

Deduce that, if a > 0, 


log xd x __ . ^g a 1 71 + l\ 

lo («2+V)”^i~2 a«+i ^vT" ’ “2~y * 


When the range of integration is not bounded it is often useful 
to express the integral as a series ; the following examples 
illustrate the method. 


Kx. 2 1 . 
ditionally. 


The integral ~ 2 

.0 


sin {x^)dx converges con- 
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If n^r ^ I < (n + l)n, divide the interval (0, |) into the partial intervals 
(0, Ji)f {Tiy 2n) ... [(/i - l)7r, nn]y (n^r, |). Now 


therefore 


'(r + l)Tr sin X 


dx~{ - 1 


^ .0 V(^^+2/)' 


X —rn +2/ ; 


where 


ff sin X dx / _ 1 'ir y 

)o ^ hV{rn+y) 


- A\. 


n~ l 

4- 

r-0 


|r?-;m( - i)>i sin 2/ , I 2 
” ~l)o V(^^+2/) 

When Qo, A„-> 0 and the series is a oonvergont alternating 
series so that the integral converges, but not absolutely. 

The integral is equal to (7r/2)“ (E.T. p. 471). 


x^ dx 

^^---.-7,- (jonvergos 

. 0 1 + sm-^aT 

absolutely if [> > 2(a 4- 1) but diverges if 2{(l 4- 1). 

The integrand is never negative, so that the integral cannot oscillate. 
Now if n is zero or a positive integer and nn^x- . {71 4- l)7r, 

(7171)°' . _ x°' .. _(n 4;^l)^7r® 

1 4- (n 4- sin‘‘^a; -14 xftsin^x 1 4- (njr)/3 sin''‘j; * 


But if A and B are positive 

ir 

A dx _ [2 A coB GG^xd x _ nA 
Jo 1 + A siii'^.r ~ Jo cot^j? + 1 4- A ” V ( 1 4- A) ’ 
and therefore, from the inequalities, 

_ _ f(n 4 -i)ir X^dx (n 4- l)'^7r^+ ^_ ^ 

“y[i -f (n 4 ^J«w 1 +xPsin^x^ {i +nP7iJ)~'^ 

Each of the series and converges (absolutely) if > 2((x. 4- 1) 
but diverges if /Tr 2 (m. 4- 1) because and behave like 
Hence the integrnl behaves as stated. 


Ex. 23. As particular cases of Example 22, j^rove that the integrals 


ror. 

0 1 - 


dx 


and 


, (, 1 4- a;* 


xdx 


1 4 - x^in^x 

are convergent. 

Prove by a similar method that the integral 


•00 

.oE 


xdx 


and 


•<X) 

.oT 


xdx 


4- x^ 8in x 


1 4- ir* I sin X | 

are respectively convergent and divergent. These are particular cases 
of the integral 

, ^ . 

|smirl 

(See Hardy, Messenger of MathematicSt XXXI, Note VIII) which 
converges if (x > /? 4 - 1 and diverges if (c'^p + 1. [The series of Notes 
contains much instructive analysis.] 


X^dx A A 

,0 1 



§ 146] FKULLANT’S INTEGBAL 395 

Kx. 24. Show by dividiiig the range into partial intervals, as in 
E.T, p. 449, that 

TT 

if t\iu) is an odd function of n, and 


rrc 

(ii) 

.0 


F2(sm :r) 


dx 




if F 2 (u) is an even function of u, it being understood that the integrals 
converge. 

m 

If 0 < f5 ri: X ^'r an expression for cosec^o: in terms of part ial fractions 
is given in Exorcises Xll, Ex. 3, (lii) by substituting x for rr.r ; namely 

L(n7t-hx)^ (?17Z-X)^J 


1 1 

sin2;r I 


Of the methods applicable to particular types of integrals 
one of the most interesting is a method of treating Frullani’s 
Integral {E.T. p. 480, Ex. 22). An important article by 
Hardy, A Generalisation of Frullani^s Integral, Messeriger of 
Mathematics, X.XJ!ilV , PI). 11-18, p. 102, should be consulted; 
also Bromwich, hif. Fer. 2nd Ed. p. 479. 


Ex. 25. 


FruUani’s Integral. . dx, 

.0 ^ 


a> 0 
6 > 0 * 


Suppose that q){x) is integrable over an arbitrarily largo interval 
(A, //) where A>0 and tlmt the integral of (p{x) either converges or 
oscillates finitely at oo ; by AbePs or Dirichlot’s Test q>{x)lx and 
tborefore also, since a and b are positive, (p{ax)lx and (f{bx)lx are 
integrable over (A, oo ). 

Now, putting t in turn for ax and bx, we find 

}\ X )\a t ^ f 


and therefore 


)a -r 


I’Aft (p(t) 
Ua / 


} a X 


(i) Su]>pose that (pix)-^N, a definite number, when The 

numbers a and b are ])ositivo and finite so that A can be chosen so small 
that \(p{?Jc) ~N\ will be arbitrarily small for the range a Ax^zb ; the 
limit for A->0 may therefore be found by putting N for (p(h)) in the 
integral. Hence 


A(p{ax) 

)o 


£ i* dx -- f ^dx= N log I . 


X-vO' 
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(ii) Suppose that (p(x)-yMf a definite number, wlieii x >-oo ; in this 
case the integral of (p(x) diverges at qo unless ilf =0 and the preceding 
work requires modification. But, if (p{x) is integrable over the arbitrary 
interval (A, //), wo have 


=- 1'"'* - 

]x X ' .ha t 




}\b t 


j\a t 


dt - 


iVft (p(t) 


dt 


so that 


(p{ax) “ (p(hx) 


JA 


dx 


b 

. a 


tf (p(h:) - q^(fjix) 


dx. 


Hence, if (p{x)-^N when and (p(x)->M when x-^ oo, we find by 
letting 0 and qo that 

j* dx=(N-M)^J^MN~M) log I . 


Ex. 26. If n > 0, 6 > 0, n > 0, deduce from Ex. 25 : 


(i) 

(iii) 

(iv) 


Jo 


-ri.r’:^log-; (ii) 

a '() 


- dx ~ log n ; 


r* cos ax - cos hx , ,5 

-log-; 

Jo « 


dx — h - a - a log - . 


Ex. 27. If a, 6, c, ... k are positive, and if the constants A,ByG, ... K 
satisfy the equations 

(i) -.4 4* /?-h ... — 0; (ii) l\4a -Aa \-Bh+...+Kk~0^ 

prove til at 

{':LAe-’'^)^^--^'£.Aa\oga 

where .=zAe~^^ + Be"*'® 4- ... 4- Ke~^^' 


and log a ~Aa log a 4- Bb log 64 -... + Kk log k. 

Conditions (i) and (ii) show that the integral converges at rr =0. The 
result may ho proved by integration by parts. Denote the integrand 
by F{x) ; then, 0 < A < ^, 


[" F(^)d^ 4- + f" - -42 

}\ L X J\ k X 


^Aae~^^ 


dx. 


By equations (i) and (ii), the integrated part tends to 0 when A-> 0; 
also it tends to 0 when 00 since a, b, ... k are positive. Again, by 
equation (ii), ^ ' 

- lAa XAae-^ - ^^Aa = ):Aa(e-^ - e""^), 

and now, if A--> 0 and co , the result follows by E.x. 26 (ii). 


Ex. 28. Suppose that (p(x) and (p'(x) are continuous and integrable 
over an arbitrarily large interval (A, /^), A > 0, and that the integrals of 
(p(x) and (p'(x) either converge or Ovscillate finitely at x , the functions 
ip(x) and (p'(x) being continuous and expressible by Maclaurin’s Theorem 
near x “ 0, 
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If '^A —0 and r™0, prove that 

d'X 

1 {'^A(p(ax)] 2 == - <p'{0)'^Aa\o^ a, 

.0 ^ 

Proceed as in Ex. 27. Note that, since 'liAa —0, 

(p'{ax) a[ip\x) - (p'{ax)\ 

a«d j” dx == log a. 

For example, let cp(x) - -cos x. 

For further developments consult the paper ))y Hardy in the 
Messenger. 


147. Complex Functions of a Real Variable. A detailed 
discussion of complex functions of a real variable is outside 
the scope of this book, but a few of the more important ca>ses 
may be noted. 

Notation. When C“(x4 ifi, where a and p are real, the real 
part a will often be denoted by R{c) and the coefficient /j of the 
imaginary part ip by 1(c) or E{cji). 


Ex. 1. 


dx ~ - — , a real, 7V{c) > 0. 
c 


Let c —(x. -\- ip ; then | c'*®* | and 

1 foo ,,-a& 

dx 1 dx -- — 

1 }b a 

SO that this integral tends to zero when h~r rx^ ^ since rx. - H{c) > 0. 

e 


But 


and therefore 


er^ 

C ^^dXrrA— 


^d. 


£ i 


b 

e^^^dx— — 


CC ' 


The integral is therefore evaluated by the usual rule when R{c) > 0. 


fa dx 

Ex. 2. » n{n)<\. 

Jo 1 - n ' ^ 

Here a is necessarily real. Let tlien and 

I 80 that 

I r* dx I ft' dx -- 

I )/* J;^ a?®- “ 1 - 

and therefore, if a -~7?(n)< 1, this integral tends to zero when 7/ and k 
tend to zero. The result then follows since the integral of is 
x^-^l(l~n). 


MO dx . ' 6 + c , 

Ex. o. \ =log , c complex. 

Jaic+c ^ a + c ^ 

Of course a and 6 are real. The value of log {(6 4c)/(a 4-c)} is the 
principal ^lue, and its amplitude 6 is such that - 7t< d'^n 70). 
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Let c — a ~>rih, a > 0 ; by definition 
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„ 11^:) ^ ^ positive. 


g-cx^n-l ^ p ™ g-ax.j.n- 1 (>Qg ^-ax^n-i g 

.'o Jo 

and therefore (K.T. p. 471, equations (6), (7) ) the integral is equal to 

l"(7i)(cos nO -i sin 7id) ^ 6^^ __V(n) 


since a -- r cos 6, b ~r sin 0, (cos 0 ~i sin 0)1 r {a - ib)lr“ --- 1/c. 

The integral also converges if a-^B{c)—0 and ()<n<l {HJ.T. 
p. 471, (8) ), 


so that 


Vin) 

^~ibxj.n-i _ ”- 7 - , 0 < ?i < 1 , 6 real, 

I {^b)^ 


and the amplitude of ib is ^ or - ^ according as b > 0 or 6 < 0. 


Definitioii of r(a:) as an integral when x is complex, R{x) > 0. 
The definition of r(.r) as tlie limit of the product P„(4:) (§ 95, 
(la) ), where 

P 

' x{x f 1) (a: + 2) . . . {x + n)’ 

will now be apj^Iied to show that the usual expression for r(r) 
as an integral holds for complex values of x if R{x) > 0. 

Ex. £, P„(a:)=r(*), -R(a;) > 0. 

Let x~^-\ h], ^>0; then \ -^e so that the integral 

converges at qo ; by Ex. 2 it also converges at 0 if <^ > 0. 

Now, if i?(.r) > 0 and 7i a positive integer, the integral 

-sy^ds 

Jo 

is convergent ; the value of the integral is easily found to be 
{nl)l{x(x + l)(a; u 2) ... (ir f n)}, 
and therefore, if s~tln, 

.C(' 


Heno., H £ />.(») =r(x) 


«->oo *' 0 

It has to be proved that 
r f» / t \” 
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I c-‘ <*-1 dt - J" ( 1 - dt 




and it is proved below that if 




~ n 


so that if R{x) f > 0, 


0 - (l - IJ] ‘ dl < e ‘ dt < I ra +2). 

Hence J* |e~^ ~ ^ 1 - | ^ dt 0 when >2, — V 00 , 

therefore J | -> 0 when /^ - > oo , 


and therefore 


since I I i. 


0 M^hen n - > oo 


Further, e~^ dt 0 w^hen n - > oo 

J fi 

since the integral is convergent. Thus 

£ ["(i -^y"r-ir/<=o, 

and [ er^ f ~ ^ dt-~ r(.r), R{x) r - 0. 

To prove the inequalities used above we have by § 
Ex. 3 (ii), 


- - 1 ^ ^ 
e > 1 — , 

n 


0<e-'-(^l ~~J if 0<t< n. 


e-‘ 1 -c‘ 


:e-' 1-1 


Also by § 25, Ex. 3 (i), 6^ > (1 +t/?iy' if 0 < ^ < ?i, so that 

~ - D" i ‘ 

and therefore by § 11, (2), with x = l and ^ ~ 1 - t^jn^ > 0, 

[i - (i - 5)J = i 

so that 0<e“^-(l — ) < e~^ — if 0 < ^ < n. 

\ n/ n 

When ^ = 0, it is obvious that the inequalities become equalities. 

For this method of proving these inequalities see Whittaker 
and Watson, Modern Analysis (2nd Ed.), p. 236. 


a.A.o. 
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148. Miscellaneous Examples. The following method of 
extending the range of a constant that occurs in an integral 
may be noted. 

where m and n are positive integers, 


Ex. 1. Evaluate 


^ x^'^dx 


)o + 1 
7 n < n, and deduce that 

rx^-'^dx 


, 0< p < 1. 


JTere 


JO 1 +x sinpTi' 

x^^Ux 
, ^2” + 1 ’ 

and, since the last integral converges absolutely at oo and at - oo , we 
may take |^= (§ 142, (7)) so that 


rcr; r«.' 

Jo^l !"■- j -a 


”00 ^ r 

I - rx, x^Vl f + 1 ■ 


hlxiH’ess the integrand as a sum of partial fractions : 

^ 2 m ^ 2A,{x - cos Or) 1 V^' sui Orjin ( 2to_+ 1_)^ 

:r2n -f 1 - 2x cos Oj. 1 1 n (x - cos Oj.)^ 4 sin“i9^ ' 

where 6 j.-{2r + 1)71 j2n. Now 
ff 2{x~ooB0r)dx 

and therefore 

x^^dx 7r\V . 71 (27n + \)7i 


, _ 24* cos 0^ -i 1 ^ , 

- 2:. cos Or + r ‘"SF+ 2Tcor<i, + i 


rco x^^dx ^ ^ ^ (27n + \)n 

+ 1 = ^ L + 1 ) 0 r = ~ coseo - ^ . 

r- 

1(1 X 


x^^dx 
0 + 1 ^ 


7t i2m+ n^r 


Now change the variable by the substitution x^^~y ; then 


r'^ y ~'in " d y 

’ 1+V ' 


^ {2m 4- l)jr 
2n 


If we put p — {2771 4 1 )/2?i it is not hard to prove that the integral is a 
continuous function of p for the range 1 when S and y are 

positive and arbitrarily small ; since cosec p7i is also continuous for the 
same range, the integral can now be defined to be equal to Tico&ecpTC 
if p is any real number such that d'^p~ 1 - r+ (See § 26.) 

Ex. 2. Ji my 71, p are positive integers, m<p and rKp, and 
if ~x^‘^)l{x^^ - 1) be defined for a; = ± 1 as the limit of the fraction 
for x tending to ±1, prove by the method of Ex. 1 that 

r 71 f 2n + l ,2m + l \ 

1 - 00 - 1 p\ 2p 2p )* 

and deduce that if 0 < a < 1 and 0 < 2>< 1, 


.^.6-1 


1 - a; 


dx — n (cot - cot bn). 
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The definition of an integral as the limit of a sum is not 
directly applicable when the integrand is not bounded or 
when the range of integration is infinite ; there are, however, 
classes of cases in which the limit of a sum may be expressed as 
an improper integral. 

Suppose first that the range (a, b) is finite and that a is the 
only singular point of F(x) in (a, h) ; in the notation of § 113 let 

Sn = ^F(a -hrh)h, nh=b-a, 

r=l 

SO that h ~> 0 when 7 i-^oo . The following theorem may be stated. 

Theokem I. If F(x) UH monoionic and has always the same 
sign in {a, b) and. if the integral of F{x) over (a, b) converges, then 

^ F(a ■^rh)h=^ \ F{x)dx. 

GO ft ► 0 r ~ 1 * (I 


Suppose F{x) to be positive so that F{x) -> + oo when 
x > (7 + 0. (If F{x) is negative, let (p(x) ~ ~ F(x) and the reasoning 
holds for (/ (r), and therefore for F{x) by changing sign in each 
member of the above equation.) Thus F(x) decreases as x 
increases. 

By the monotonic property of F{x) we have 

f a Vrh 

F{x)dx> F{a -\-rh)h, r~l, 2,. ..,7+ 

a t (r-l)ft 


and therefore, summing from r — \ to r~n, since the integral 
of F(x) converges, (i) 

J a 

Again, F{a -\-rh)h > [ F{x)dx, r = 1, 2, ... (n - 1), 

ja \ rh 


and therefore, summing from r — l to r ~n-~ I and adding the 
term F{b)h to both sums. 


xS, > [ F{x)dx -\-F{b)h (ii) 

J a t ft 

Let 7 i -> 00 and ^->0; the inequalities (i) and (ii) give the 
theorem. 

Cor, 1. It is obvious that a similar theorem holds when b 
is the only singular point of F(x) in (a, b) and F{x) is monotonic 
and of the same sign in (a, b) ; in this case 

= ^’(«+rA)A. 

r-O 
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Cor. 2. Further, the monotonic property of F(x) is essential 
only in an interval (a, c), a<c<b, (or in an interval (c, b) ) ; 
it is not hard to modify the proof to suit this case. Lastly, 
F{x) might, when F{x) is supposed as in the proof to be positive, 
be allowed to take negative values in an interval (c, b), a<c<b ; 
the theorem would hold for F(x) +C, where C is a constant 
such that F(x) +C is positive, and therefore would hold for 
Fix). 

tr 

r 71 

Ex. r log sin a: da; — log 2. 

Jo 

In the identity 

- 1 = (:r - 1) n sin — j 

after dividing by a; - 1 let x~>l and take the modulus of each side of 
the equation ; then 


2 




2n * 


2n 


]. 


since cos(rjr/2n) "sin[(n -r).T/2n]. Take the square root (which is 
positive) ; therefore 




Zjt 


. (n -1)71 


o~ • o- • Sin ^ — sin 
2 ^ ^ 2 ^? 2n 2n 

Let h — 7r/2n, take the logarithm of each member and multiply by h ; 

thus 

^ log (sin wo = I - 1 ( 1 - i) log 2 , 

r^l 

71 

and - — log 2 when h-^0 or n-^oo. The integral is convergent 
and its value is therefore - ?log2. 

TT 

Cor. [ log (sin 7 ix)dx log (sin a:) dx - — log (sin x)dx — - log 2. 

JO ^Jo 


Ex. 4. If 0<^<1 and ^”->0 when ^->1, prove that 
I loga^da;^ >C^(1 

P->1 r-o 

Compare Exercises XIII, 2, (iii). 

Theokem II. If F(x) is monotonic in (a, go ) and tends to 
zero when x tends to infinity ; if, further, a is the only singular 
point of Fix), then 


£i^± Fia + nh) ~ 

A— >-0 n^’-\ 

provided that the integral converges. 


Fix)dx, 
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Since F{x) is rnonotonic and converges to zero it cannot 
change sign ; F(.r} will be supposed to be positive. Now let 

tlicn, A being kept constant, we have by equation (i) above and 
the monotonic property of F{x), 

fa i nh f^ 

ASf„<l F(x)dx~K^d,y, 

J a J a 

the integral being convergent and equal to K. 

Thus Sn increases as n increases, but is less than the fixed 
number K ; therefore the series S, where 

00 

S ~h^ F(a + nh), 

n~l 

is convergent. It is now easily seen, by the same method as 
used for the proof of Theorem I, that 

p » X ^ QO 

F(x)dx > h '^F^a-{-nh) > F{x)dx. 

‘^a w-l a ' h 

Let h~>0 and the theorem follows at once. 

-00 

Kx. 5. Prove that \ dx =T{jj,), ju>0. 

00 00 

Let S ~-h ^ (nA)M 

71 --- 1 — 1 

Now let e~^ —y so that y^l when h-^0 and /?/(! "6”*)-^] when 
y ' 1 . The series S may be put in the form 

S ( 1 “ 2/)^ 1 - 1 ^ ^ - 1 4. j 

and, by § 98, Ex. 5, S->Y(y) when y-^\. The integral is therefore equal 
to P(//), for the integral is known to converge. 

The following test for the convergence of a series IIa„ of 
positive terms was given by Maclaurin {Fluxions, § 350) though 
it is often called Cauchy’s Integral Test. 

Integral Test for Convergence of Series. If ^ > 0 and 

if an — F{n) where F{x) is a positive, monotonic, decreasing 
function of x, defined for x^\, the series and the integral 
/, where 

f<X) 

/=J F{x)dx, 
either both converge or both diverge. 
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A graph of F(x) will make the inequalities used below 
intuitive. 

Let F(x)dx- 

r=l “"l 

then, from the monotonic propeHy of F(x), it follows at once 

that ri/ i j ^ 

«r-i ^ I F{x)dx ^ Uj.. 

Jr--] 

Sum from r = 2 to r — 7i ; therefore 


Hence (S^ - 1^) is bounded and not negative. Further 
(Sn - In) decreases as n increases ; for 

i^n Ifi) ~~ i^rH i {In+X In) i^ti+l ~~ ^n) 

rn ! 1 

= I F{x)dx - ^ 0. 

J n 

Thus (JSn - In) tends to a limit which is not negative and does 
not exceed ; therefore 8n and either both tend to a limit 
or both tend to infinity. 

Even if 8n and both tend to infinity the difference {8n - In) 
tends to a limit. 


Ex. 6. The series ^F(n) and are either both convergent or 

both divergent, F{x) being a positive, monotonic, decreasing function 
of X, defined for x 2- 1. {Cauchy^ 8 Condensation Test, § 60, Ex. 1.) 

Let N be positive and arbitrarily large, log 6 A^, ob and x =ev ; 

then fc rlogc 

F(x)dx^\ eyF(ey)dy 
}b hogfr 

and therefore the two integrals are either both convergent or both 
divergent. 

Again, from the monotonic properties of F{x) and e^, 


e’‘-'jP(e’') < e^F{e'^)dx, - V c’^F(e') < (” e=^F{e^)dx, 

>-i 'h-1 

gr+iFie') > {''^^e‘=F{e^)dx, e V erFie’’) > \^\^F(e^)dx. 

Hence the series 2e^F{e”) converges or diverges according as the 
integral of e®F(c*) converges or diverges, therefore according as the 
integral of F{x) converges or diverges and therefore finally according 
as the series '2F(n) converges or diverges. 


Ex. 7. Elder’s Constant. If = 1 /r, then F{x) ~ljx and 
+ - log n- (7^, say. 

But (Sn “ In) tends to a limit, y say, which lies between 0 and ( = 1) ; 
therefore C^-^y when n-> oo . ^Exercises II, 8.) 
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EXERCISES XVll. 

Prove that the integrals in Examples 1-6 are convergent, 

2 . ffi- 

i(,\a: sinha;/ x 

3. J ^ t)ositivG integer. 


1 1 

. .. _ .4. dx, k >0. 

e® - 1 X 2/ X. 


Jo 


y dx if sinh x sinh y " 


6. 1“ (sin.r)"‘ ^(logsina;)^du:, ni > 0, p a positive integer. 

7. The thnic integrals 

SK, j:(r.l.O)' -• 

are convergent and equal. 




x'\ 

J X 


TT 

' ' r \ 2 

S. 1“ ( ) dx — n\oQ2, 

jyVsinicy 


^ sin ax sin hx ^ , a \ h . . 

9-L = 

r*i fm + ne~^^\dx , /, n\, b 

)„ (m + x ( * + m) ’"8 a ’ 

whore a > 0, 6 > 0, w > 0, m + n > 0. 

11. lfa>0, 6>0 and n a positive integer, 

... C® cos“^‘“ ^ao; - cos^”~^6a; J , b 
(!) <to = .og^; 


’‘*^cos^'*aa: “Cos^” 6 x’ 
.o"~ 


12. (i) 


1 djcJi - i?fJ/ O ') log ^ . 

^ cos ax ~ co.s hx 


X 


0 


— dx ^ {b a), a> 0, 6 > 0 ; 

V ju 


.... r^sinaa;sin6a; , it. 

(n) --2 dx^-^h, a>,b>0. 

13. If (p{x) and qj'{x) satisfy the conditions of Ex. 28, § 146, and if 
a > 0, 6 > 0, show that 

- 6 )’’J®^jrf.c= 9 j'( 0 ){ 61 ()g 6 -aloga+a - 6 }. 
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14. If n is a positive integer. 


sin*^ ^^1.3.5 — (2 n - 3 ) n 


2.4. 6. ...(2n - 2) 2 
^ 1 


o . n> I 


15. If F{x) is a positive, monotonic, decreasing function defined for 
X, 11 and if e^F(e^)IF(x) < K< 1 when x ,£ - G^l, prove that the integral 
of F{x) converges at oc and that therefore the series '^F(n) converges. 

f ( F{x)dx — ( e^F{e^)dy < K [ F{x)dx, ob >G, 

L-Je* Jfe }b 

(1 J?’(a;)cte< A'[|' A(a;)6te- F(x)dx~^ 


SO that 


= a[(' V(x)dx-^ Flxjdx'j 

r*" K r*** 

I ^ F{x)dx< j F{x)dXy a constant. 


Hence, since F(x) is positive, the integral of F(x) converges at oo and 
therefore the series '^F{n) is convergent.] 


16. If F{x) is as in Ex. 15, but e^F(e^')IF{x)]:~ 1 when x-jG, show 
that the integral of F{x) diverges at x and that the series FF(n) is 
divergent. 

The tests given by Ex. 16 and Ex. 16 are known as Ermakoff’s Tests 
for convergence and divergence. 

Examples 17-22 are from P61ya and 8zegd, Aufgaberiy I, pp, 40-42. 


17. If (X > 0, prove that 

»->QO 

(,1) V ^ 


= 0. 


18. Show that if 0 < / < 1 , /'(!-') S v-L =log2. 

19. Prove that J^t{\ + 2^ 1 +n«<s} = 

t — ►O V W => 1 -r 

20. Prove that, if 0 < ^ < 1, 

i-^+iogc 
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21. Provo that 


(i) ^)c/.rrr f^h V log[l i {nhy^] 

/'->0 11- \ 

(ii) if/(/).- --^co 


71 cosec (tt/ol). 


22. Provo tluit, if tt. 


rcw 

log ( 1 “ 2:r 2 cos 2(p + x'^)dx —27i sin (p, 
JO 

by considering the integral as the limit 


h “>0 n— 1 


[In the infinite product for sin xjxt let xjTi —e^jh and take the sejuare 
of the modulus of sin x/x and of the product ; this gives 

'^TT ^TT 

“ siii</> - “ sin<#. /27T X-i , 

4jTn® ^cos^^-^cosipjl 

fj/, 2 c<>3 2</> 1 \ ^ , 
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JMPROPEK INTEGRALS: REPEATED AND DOUBLE 
INTEGRALS, FIELD OF INTEGRATION FINITE 

149. Improper Double Integrals. When the integrand is 
not bounded or the field of integration not finite, the method 
employed for defining the improper integral of a function of 
one variable is again used. The double integral of a bounded 
function over a finite area is now called, when distinction is 
necessary, a proper double integral ; when the definition of the 
double integral is extended so as to provide for cases in which 
the integrand is not })ounded or the field of integration not 
finite the integral is called an improper double integral. 

Closely connected, yet not identical, with the problem of the 
double integral is that of the repeated integral and, in general, 
the problem of integrating and differentiating under the sign of 
integration ; when the conditions of §§ 121, 126 no longer hold, 
the theorems Jieed further examination. 

The subject is one of considerable difficulty ; an admirable 
treatment of it in its most general aspect will be found in 
Hobson’s Functions of a Real Variable, but that treatment is 
based on considerations that are outside the scope of this 
book. All that will be attempted here will be to give an account 
of the subject as far as it bears on the most frequently occurring 
types of integrals. 

When the integrand F{x, y) tends to infinity if the point 
(x, y) tends to one or more isolated points or to any point on 
one or more curves within or on the boundary of the field of 
integration A, these points and curves arc called points and 
curves of infinite discontinuity. Let these points and curves 
be excluded from the area A by drawing appropriate curves to 
mark off the several points and curves of discontinuity from 
the rest of the area A : for example, the lines ahe and def in 

40$ 
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Fig. 6 of § 124 where EF and OFH are lines of discontinuity, 
or, the rectangle of sides £, e' (E.T, p. 447, Fig. 88), or the lines 
in Fig. 89 {E,T. p. 448). 

It will be always assumed that the number of isolated points 
and curves of infinite discontinuity is finite. 

Let A' denote the area left in A when the areas enclosed by 
the auxiliary curves, that is, the curves drawn to enclose the 
points and lines of discontinuity, have been excluded ; we 
then have the definition : 

Definition. If the double integral of F{x, y) over A' tends 
to a limit when A' tends to A, that limit is defined to be the 
improper double integral of F{x, y) over A. 

In the same way, if the double integral of F{x, y) over a 
finite area tends to a limit when that area tends to infinity — 
that is, to include a part (or even the whole) of the co-ordinate 
plane that is unlimited in extent — that limit is defined to be 
the improper double integral over that infinite area. For an 
example of a double integral over an infinite area see Ex. 3, 
p. 340, of the Elementary Treatise. 

In the cases we discuss the auxiliary curves are of a very 
simple kind, frequently straight lines ; the areas included by 
these auxiliary curves are usually specified in such a way that 
they tend to zero when certain numbers, d, d\ y, ... tend to zero. 

The following statement of a simple but typical problem may 
help the student to appreciate the nature of the difficulties 
and the particular steps in a proof that require attention. 

Problefn. Let F{x, y) y) where m and n are each less 

than unity andf{x, y) is a continuous function of x and y. and suppose 
the field of integration to be the triangle T boiuided by the lines 

a:=0, y —Oy X -\-y =c >0 (T) 

The function F{Xy y) is not bounded in T and therefore has no proper 
double integral over T ; let the field be contracted to the triangle T' 
bounded by the lines ^ ^ 2 / = ($', a; + y ~ c (T') 

where d and 6' aro arbitrarily small positive numbers, and F(Xy y) will 
have a proper double integral over T'. This double integral can be 
expressed (§ 126) as a repeated integral, namely, 

‘ j/)da:dy =1' (1) 

It may be noted that there is no loss of generality in taking the 
triangle T' as the contracted area ; for, whatever be the curve or curves 
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drawn in tho trianglo T so as to exclude the two sides a; ™ 0, y -- 0, the 
curve or curves so drawn must, if the contracted area tends to T, at 
some stage lie wholly between the triangle T' and the triangle T ; and 
vice versa. A similar remark may be made in other cases. 

For brevity, let D (ienote the double integral and R tho repeated 
integral in equation (1). The questions now arise : when d and d' tend 
(independently) to zero, (i) does D tend to a limit ? (ii) does R tend to 
the repeated integral 

\ dx\ F{x,y)dy1 (2) 

Jo Jo 

and (iii) if D tends to a limit, is that limit equal to the integral (2) ? 

Suppose it to have been proved that D tends to a limit, I say ; it 
does not follow from that fact alone that R tends to tho integral (2)—' 
that is, that I is equal to tho integral (2). In calculating R tho numbers 
and d' are kept till after the integrations with respect to y and x liave 
been effected and only then are they matie to tend to zero. On the 
other hand in the integral (2) d' and (5 have been made to tend to zero 
before the integrations with respect to y and ir, and proof is needed that 
this change of order makes no difference in the result (compare E.T. 
p. 472, foot of page). 

An important, and oftt^n difficult, step in the proof that the limit, of 
R when S and d' tend to zero is tho integral (2) is to show that the limit 
of R is the same as the limit of the integral 

r ^dx\^ ^F(x, y)dy; (3) 

Ji Jo 

that is, that the limit of R is not altered if in tho integral wdth respect 
to y the number b' is made zero before tho integration with respect to x* 
It has next to be proved that when <5 and 6' tend to zero the integral 
(3) tends to the integral (2) ; if the integral (2) is a definite number it 
follows that the limit of the double integral D is equal to that number. 
Even when it can be proved independently of the consideration of R 
that tho limit of D exists it must always be proved, if the improper 
double integral is to be evaluated by the repeated integral (2), that 
that repeated integral is tho limit of R. In practice the existence of 
the improper double integral is usually established by showing that R 
tends to the integral (2). 

Again, it is often important to know% quite apart from the question 
of the double integral, whether the two repeated integrals of F(x y) 
over the area T are equal — that is, whether a change in the order of 
integration makes no difference in the value of tho repeated integral. 
The other repeated integral over T\ which may be called R\ is 

i e-i {c-y 

dyV F{x, y)dx 

and in this case a step in the proof is to show that tho limit is not 
changed by taking the lower limit of the integral with resj^ect to x as 
zero, instead of <5, before integrating with respect to y. 
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150. Absolute Convergence. The auxiliary curves that 
separate the points and lines of discontinuity from the rest of 
the area A are only restricted by the condition that the area 
enclosed by a curve which surrounds an isolated point must 
tend to zero m all its dimensions and that the area enclosed by a 
curve drawn round a line of discontinuity must tend to zero. 

One consequence of this method of defining the integral is 
that the improper integral of F(x, y) cannot exist — that is, 
the limit of the proper double integral cannot be a definite 
number — unless the proper double integral of \F{x, y)\ tends 
to a definite number. In other words, the improper double 
integral of F{x, y) will not exist unless that of \F{x, y)\ exists, 
so that improper double integrals are always absolutely con- 
vergent. It is possible so to define the improper double 
integral that it need not be absolutely convergent, but the 
properties of such integrals would be much more restricted 
than when the integral is defined as in § 149. For a discussion 
of the whole matter and a proof of the assertions just made thc^ 
student is referred to Hobson’s treatise. The subject is merely 
mentioned to explain a statement that might puzzle the 
student, since no such restriction applies to simple integrals. 

The following simple example may bo of interest. Let 0 be the 
origin of co-ordinates, A the point (a, a), where a > 0, on tholino y 
B the projection of A on the x-axis, C the point (7na^ 0), m > 1, and 
D the point (r?ia, a). If F{x, y) =:cos yjx, the double integrals of F{Xy y) 
over the triangle OBA and the quadrilateral OCDA exist and 

f f F(Xj y)dx dy — ( dx, 1 1 F{x, y)dx ~ I dx + sin a log ?/t. 

Jo ^ JJor/M Jo X 

When o->oo the first integral tends to jt/ 2 but the second does nut 
tend to a limit so that the double integral over the infinite sector of 
angle AOB does not exist. It is easy to verify that the integral of 
\F{x, y)\ over the triangle and over the quadrilateral is divergent. 

151. Uniform Convergence. The discussion now to be given 
of repeated integrals is, like that of Chapter XXI of the 
Elementary Treatise^ based on the work of De la Vallee Poussin ; 
see, besides the memoir quoted in the Elementary Treatise, his 
article in the Journal de MatMmatiques (4th Series), vol. viii, 
year 1892. 

When the limits of the repeated integrals are constant the 
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area associated with the integrals will be taken, in general 
definitions and theorems, to be the rectangle B bounded by the 
lines 

X -a, y~a\ y~l/ {R) 

When the limits are not all constant the associated area will be 
taken to be that represented by Fig. 4 and will usually be 
referred to as “ the area A'' \ if any given area does not satisfy 
the conditions to which the curve EFOH of Fig, 4 is restricted 
it will be understood that it can be divided into a finite number 
of areas of the type A. 

As regards the integrand F{x, y) it will be assumed to be a 
continuous function of both variables when the point (x, y) is 
not a point of infinite discontinuity for the function. 

Discontinuities. The number of isolated j)oint8 and the 
number of lines of discontinuity will always be supj)osed to be 
finite, and further, when a curve of discontinuity is not a straight 
line parallel to a co-ordinate axis, the assumption will be made 
that it cannot be met by a line parallel to either axis in more 
than a finite number of points. As in previous work, it will 
generally be sufficient to consider one line of discontinuity when 
a theorem is being proved (see the Note^ § 120). 

When the area is the rectangle R the following notations will 
be used : 

f{y) = \ F{x,y)dx, 9 '(x) = f F{x,y)(ly, 

J a J a' 

U = \ fiy)dy=^-\ dy[ F(x,y)dx, V - I g(x)dxA dx\ F(x,y)dy 

J a' J a' J a Ja J a J a' 

and the same notation, with the proper changes, will be used 
when A is the area. 

I. Let the area be R and let the lines of discontinuity be 
parallel to an axis. 

If (x^, y^) is a point of discontinuity of F{x^ y) the condition 
that the integral should converge at is by § 143 that, 
E having the usual meaning, there should be positive numbers 
6 and 6' such that the singular integrals (§ 143) 

I F{x,y-^)dx and | F{x,y^)(lx 
J a J a 

where iCj - ^ g a < < Xj and Xi< a'< g Xj + <5', will each be 
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miinerically less than e. If more than one point or if all points 
on the line x=x^ are points of discontinuity of F{x, y), the 
integral J{y) is said to converge uniformly at x^ for the range 
o' ^y'£t b' when each of the singular integrals on the line x —Xj^ 
is numerically less than e for all values of y in the range ; that 
is, given £, the same value of <5 and the same value of 6' will 
secure that the singular integrals are each numerically less 
than whatever value y may take in the range a' ^y^b'. 

If there is a finite number of lines of discontinuity parallel 
to the y-axis, x=x^, x=X 2 , x:=x^, and if the integral f(y) 

converges uniformly for the range a'^y<b' at each of the 
points x^^i then f{y) is said to converge uniformly 

for the range a' b\ or, to converge uniformly “ in BF 

Uniform Convergence in General. If a'<c'<b' it may happen 
that the integral /(y) is only uniformly convergent in the closed 
intervals {a', c' - ?/) and {c' 4-?/, b') where rj and rj' are arbitrarily 
small positive numbers, the convergence thus ceasing to be 
uniform at c'. If there are one or more values such as c' but 
only a finite number of them, the integral f{y) is said to con- 
verge uniformly m general in the interval {a\ U) or in R. If 
c' =a' then ?; —0, while r;' — 0 if c' —b' . 

Similar definitions hold for the integral g{x). 

II. Suppose that the discontinuities of F{x, y) in i? lie on 
curves (including straight lines) that cannot be cut in more than 
a finite number of points by a parallel to either axis. 

For definiteness, suppose that x~'tj){y) represents a line of 
discontinuity and that ‘ip{y) is a monotonic function so that a 
line parallel to the a^-axis meets it in not more than one point ; 
this line, therefore, can also be represented by an equation of 
the form y = (p(x). The first form is used in discussing the 
integral f(y) and tfie second in discussing the integral g(x). 

Draw the auxiliary curves xp{y) ~ d, x—\p{y)+d' where 
5 and 6' are positive constants. If the line x—x^ meets the 
curve x~ y){y) at y^, the integral /(yi) will converge at Xj if 
d and d' can be chosen so that each of the singular integrals 
at Xi is numerically less than e. When <5 and 6' can be chosen 
so that the singular integrals at every point on the curve x ” y^{y) 
will each be, numerically less than e then the integral /(y) is said 
to converge uniformly at points on that curve. If there are 
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more curves of discontinuity a similar definition applies for 
each, and if f(y) converges uniformly for each curve it is said 
to converge uniformly in the rectangle E. 

A similar definition holds for the integral g{x) ; in this case 
the auxiliary curves will be of the form y = <p{x) ~ d,y — (p{x) + d\ 

III. The field is the area A, bounded by the curve C or 
EFOH (Fig. 7). In this case 

fl/a 

f(y) = \ F(x,y)dx, sf(a:)=r F(x,y)dy, 

Jxi Jyx 

where (§ 126) x^-^NS ^^yj^iy), y^^MP^(p^{x) 

and y<i=MQ^q^^{x). 

The preceding definitions are readily extended to include these 
integrals. The chief point to note is that the limits x^ and x^ 
are not constants but functions of y and the limits and yg ^^^e 
functions of x. Again, if x^ = y^i(y) were a curve of discon- 
tinuity only one auxiliary line, x= y>i(y) would be required 
for that part of the curve. 

The various methods that are used for determining the 
convergence of the integral of F{x) at a point of discontinuity 
are of course applicable in the cases just stated ; the essential 
point is that the numbers d and d' must be such that the 
singular integrals, at x^ say, must be each numerically less 
than £, whatever value y may have in the range a' ^y^b'. 

Note It is perhaps worth observing that if the integral /(y) 
converges uniformly for the range a'^y^b' so does the integral 

I F{x, y)dxy where a <c<b, 

J a 

Ex. 1. If f{x, y) is a continuous function of x and y and 0< m< 1, 
0<n< 1, 0< p< 1, determine the nature of the convergence of f{y) 
and g(x) in E when 

(i) F(x, 1/) =(* _a)«*-»(6' -2/ )"“*/(». V) 5 

(ii) F{Xy y) ~(x - x)^~'^{y - y). 

In all cases there is uniform convergence in general. For (i) f(y) only 
converges uniformly for a' y r ' p'<b' and g{x) only for a <«. 

For (ii)/(y) eeases to converge uniformly at a' and g(x) at a and h. 

Ex. 2. The integrals ( e~^xy~^dxy ( e~*^a:*'“^(log a:)^d.r, 

.'o Jo 

where m is a positive integer, converge absolutely and uniformly for 
the range ()<cl^y ]^d where d is any positive number. 

See § 146, Ex. 14 and Ex. 17. 
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§§ 151, 162] 

152. Continuity of Integrals. When a c*urvo of discontinuity 
is not a straight line parallel to an axis the assumption will be 
made that it cannot be cut in more than one point by a line 
parallel to either axis and that it may therefore be represented 
by either of the equations x~tp(y) or y -(p{x) ; since, by 
hypothesis, no curve can be met by a line parallel to either 
axis in more than a finite number of points, any curve can be 
divided into a finite number of parts each of which satisfies the 
above condition. Further, in proving any theorem it will 
usually be sufficient to prove it for only one curve of discon- 
tinuity, and it may be assumed that the curve begins and ends 
on the boundary of the field ; if it does not begin or end on a 
boundary, a supplementary auxiliary curve parallel to an axis 
can be introduced so as to close the area within which the 
curve lies. 

Theokem I. If the integrals f(y) and g{x) are uniformly 
convergent in R or in A they are continuous functions of y and x 
respectively for the ranges a' <y^b' and a^Sx^b. 

Take the integral f{y) and draw the auxiliary curves 
X" Wiy) - b and x~ yjiy) -i- d', thus determining a strip 8 within 
which the curve of discontinuity lies. Since the integral f(y) 
converges uniformly, 6 and S' may be so chosen that when {x, y) 
is any point in 8 the contribution to f(y) from each of the 
singular integrals will be numerically less than e. Therefore, 
if y^ and yg ordinates of any two points in 8, the con- 
tributions to |/(yj)| and 1 /(^ 2 ) I each case be less than 

2e, and the contribution to \f(yf} “/(y 2 )K-^^* When d and 6^ 
have been thus chosen they are to be kept fixed. 

Next, in the area outside the strip 8 the function F(x, y) is 
continuous, and therefore also the corresponding part of the 
integral /(y), so that r) may be chosen to make the contribution 
to i/(2/l) -/(?/2)l <8 if |yi -y 2 |<‘^* Hence, if yj^ and y^ are two 
points in the closed interval {a\ I/) it is possible to choose 
rj so that, provided jy^ -y 2 l<^, 

l/(.yi)-7(^2)l<4£H-e=:r>e, 

and therefore f(y) is continuous for a' ^ y ^ 6'. 

A similar proof holds for the integral g(x). 

The next theorem is important in determining the existence 

2 B 
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of thc^ integrals oi f(y) and (/(x) when these functions arc only 
uniformly convergent in general. 

Theoiiem it. (i) If the integral f(y) is only uniformly con- 
vergent in general for the range a' g ^ g 6', but if the integral u{S)j 

where p' rf 

dy \ F(x,y)dx, 

J a' J a 


converges uniformly for the range a^ then u{i) is a con- 

tinuous f unction of ^ for that range. 

(ii) If the integral g{x) is only unif or inly convergent in general 
for the range a ^x^Sb but if the integral v( 7 }), where 

v(7]) - [ dx p F{x^ y)dy, 

a J a' 


converges uniformly for the range a' 'S ^ b\ then v{ri) is a con- 
tinuous function of 7] for that range. 

Case (ii) is merely stated for oonvenienee of reference 
as it is simply Case (i) with the roles of x and y interchanged. 
Por the sake of clearness the symbols f and 7 ] are taken as 
the upper limits of the integrals with respect to x and y 
respectively, though in practice it is quite common to put 
x for ^ and y for r}. 

The meaning of the theorem is perhaps made more evident 
if it be observed that u{t) is the repeated integral of F{x, y) 
over that part of the rectangle R between the side x~a and 
the line x -- f ; as f varies from a to b the integral u{i) will vary 
continuously from 0 to U. 

Take Case (i) and suppose that the integral f(y) ceases to 
converge uniformly for the one value c' of y, where a'<c'<6' ; 
draw the auxiliary lines y—c' ~ d and y-~--^c' +d'. 

Let /(f, y)=r{ F(x, y)(lx, w(f) - f /(<?, y)(ly ; 

•' a J a' 

then the uniform convergence of the integral u{^) means that 
the singular integrals of u(^) at c' may each be made, by choice 
of d and d' , numerically less than e for every value of | in the 
range a^ f 6. These singular integrals are, numerically, 

, c' - ^gcc</5<c',jj f(^yy)dy , +(5'. 

Let d and d' be chosen so that each of the^e will be less than s 
and be then kept fixed. 
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The intei^^rals 

f , /(f.y)% •'ind f M,y)dy 

J cl' J c' 

converges uniformly for the range and are therefore 

continuous functions of f ; it follows, therefore, as in Theorem I, 
that u(^) is continuous for the same range of 

The value u(h) of the continuous function u{i) is the repeated 
integral U and, in the same way, v(b') is the repeated integral V . 

Theorem 111. If F(x, y) does not change sign in the rectangle 
R. so that F{x, y) is either positive or zero or else negative or zero, 
then, (i) provided the repeated integral U exists and the integral 
f(y) converges uniformly in general in R, the integral u{^) of 
Theorem JJ converges uniformly for i ^b ; (ii) provided the 
repeated, integral V exists and the integral g{x) converges uniformly 
in general in R, the integral v{rj) of Theorem 11 converges uniformly 
for a/ -< '// b'. 

Suppose, first, that F{x, y) is never negative in R and take 
the integral u{i) ; then u{^) is a monotonic, increasing function 
of ^ and must therefore either tend to a limit or tend to infinity. 
But, by hypothesis, u(b) “ U, a definite number, and therefore 
u(i) tends to a limit when ^ ~^b. Further u(i) must tend to a 
limit when where a^(^<b ; because, as before, u(^) must 

either tend to a limit or tend to infinity, and it cannot tend to 
infinity since u(ij)<u(b) if ii<b and therefore 7i(<^j)<U. Hence 
2 /(^) is a well-defined function for the range a g f ^ 6. 

With the notation of Theorem 1 1 we now have, for the 
singular integrals at c' 

g f/i*- ^/(s^ y)(fy S P /(/>, y)dy 

J -i J a J a' J a' 

since /(f, y) ^f{b, y) w'hen F{x, y) is not negative. But/(6, y) 
does not depend on | and therefore, since the integral u{b) 
converges, the singular integrals satisfy the conditions of 
Theorem 11 so that u(^) converges uniforn)ly for a^ ^^b and 
is a continuous function of f for that range. 

In a similar way the theorem is proved when F(x, y) is not 
positive ; or it follows from the above proof for the function 
F^{x, y) where F^(x, y)~ -F(x, y) and therefore for F(x, y). 
The theorem (ii) is y)roved in the same way. 
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Er, If y) {r - ^ {^' ~ //)'*~V(‘^‘» 2/)> 'vvhoro 0 < ni 1, 0 < ii<\, 

and /(.r, y) is continuous in i?, show that u{t) and ?;(/;) are continuous 
functions. 

153. Change of Order of Integration. In this article the 
function F{x, y) is assumed to be continuous except on a finite 
number of straight lines parallel to the axes ; further, the limits 
of all the integrals are constants so that the field of integration 
is the rectangle R. The case of constant limits when the above 
restriction on the lines of discontinuity is removed is considered 
in § 154. 

The notation is 

/(y) = [ F(x,ij)dx, 5 ^( 0 :)= [ F(x,y)dy, 

a J a' 

rb' Cl/ Cb 

U ^ f(y)dy — dy F(x, y,dx, 

a' J a' J a 

V ^ f g(x)dx=[ dx f F(x, y)dy. 

J a J u J a* 

Theorem I. If all the lines of discontinuity in R are parallel 
to only one axis then the repeated integrals U and V exist and are 
equal either (i) if the integral f(y) coriverges uniformly in R wheyi 
the lines of discontinuity are parallel to the y-axis, or (ii) if the 
integral g{x) converges uniformly ivhen the lines of discontinuity 
are parallel to the x-axis. 

Take the integral f{y) and suppose that there is only one line 
of discontinuity parallel to the if-axis, say x~a. By § 152, 
Theorem I, f(y) is a continuous function of y for the range 
a' ^y^ b\ and therefore the repeated integral U exists. 

Now draw the auxiliary line x—a + d. In the part of the 
rectangle R that lies between the lines x—a-\-d and x = b the 
function F{x, y) is continuous and therefore 

f dx[ F(x,y)dy=^[ dy\ F(x,y)dx 

= U-\ dy\ F{x,y)dx (1) 

J a* J-a 

But f{y\ converges uniformly in R and therefore b can be 
chosen so that ii a' ^y'^b' 

Cb' fa I 5 

dy \ F{x,y)dx <(6'*~a')e. 

*' a' la 


I fa r6 

F{x,y)dx 

1 J a 



CHANGE OF, ORDER OF INTEGRATION 


419 


Hence 

r Cb' Ca l l n Ch' Ch 

A dy\ F{x,y)dx = 0, Ji \ dy \ F(x,y)dx=U, 
and therefore 

jC\' dx? F{x,y)dy=^U- 

->0*'a ; B •’a' 

that is, V = U. 

The proof is obviously such that it may be extended to the 
case of any finite number of lines parallel to the axis of y ; the 
proof when the lines are all parallel to the a;-axis is carried out 
in the same way. 

Ex. 1. F(Xf y) =={x - a) "^"^(6 -xy^~^f(x, y) 
or F(x, y)^(y ~ - y)^~^f(x, y) 

where 0< m< 1, 0< n< 1 and/(rr, y) is continuous in F. 

Carry out the proof fully by dividing R into two rectangles, in the 
first case by a line x--c, a< c< b, and in the second by a line y ~c\ 
a' < c/ < b' ; or, as one theorem by two auxiliary lines, x —a 6, 
x^b - d' in the first case and y — a' -f y — b' ~ d' in the secoiid. 

Notation. For brevity, the rectangle bounded by the lines 
x~a^, x~-a 2 , y — b^ will sometimes be denoted by 

(aj, ; 0 - 2 , h^). (§ 119, at end.) 

Theorem II, If one of the integrals f{y) and g{x) is only 
uniformly convergent in general in R but the other uniformly 
convergent in R, then the repeated integrals U and V exist, 
and U=V. 


Let x=a and ^ be the only lines of discontinuity of F(x, y) 
in R and suppose that f{y) converges uniformly for the range 
c^'^y^b' while g{x) only converges uniformly ioT a<a d^x^b 
v/here d is arbitrarily small. 

In the rectangle {a -f (5, a' ; b, b') the only discontinuities of 
F{x, y) lie on the line y~a' and the integral g{x) converges 
uniformly in this rectangle ; therefore, by Theorem I, 

Cb rb' ' Cb' rb 

dx \ F{x,y)dy=:\ dy \ F{x,y)dx. 
la-fi J a' Ja' Ja | i 

But the integral f{y) converges uniformly for a/ ^y^ 6' and 
therefore, as in Theorem I, 


jTf dxf'F{x,y)dy=-^jC['dyf F(xy)dx: 

S-*0''a\6 ^ a' i £ 




that is, 


F-C. 
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Ex. 2. Carry out the proof in detail (i) when ff(x) ceases to converge 
uniformly for x ~a, x=c and x~b while y =a\ y y - h' are lines of 
discontinuity of F(x, y) ; (ii) when f{y) ceases to converge uniformly 
for y---a\ y—c\ y~b' while g(x) converges uniformly and x —c, 

x=zh are lines of discontinuity of F(Xf y). 

Theorem III. If each of the integrals f{y) and g(x) is only 
tmiformly convergent m general in R but if one of the integrals 
?/(f) and v(rj) where 

'«.(!) = f dy f F{x,y)dx, ?’(>/) = [ P 

a' a J a a' 

converges uniformly, u{^) for the range i^b and v(7j) for the 
range then the re^eatei integrals U and V exist and 

U - V. 

Let 7/(f) converge uniformly and .suppose that the integral 
g{x) ceases to converge uniformly for the one value x r, where 
a <: c < b ; then in the rectangles {a, a/ ; c - 6, b') and 
(c u' ; b, b'), where d and d' have the usual meaning, the 
integral g{x) converges uniformly and therefore, by I'lieorem II, 

rc--a cb' rb ri/ 

dx F{x,y)dy-\ dx F(x,y)dy 
J a J a' J c c' .'a' 

= \ dy\ F(x,y)dx \ { dy \ F{x, y)dx (3) 

a a J a' J r ‘ h' 

The two repeated integrals in the right-hand member of this 
equation may be expressed in the form 

u(c - (5) -f [u{b) ~ u{c -f ^')] ™ U -I- u(c - d) - u{c -f S'), 

and therefore, since u(^) is, by § 152, Theorem II, a continuous 
function of the limit of this expression when 6 and d' tend to 
zero is U. Hence 


jC ( dx{ F{x,y)dy+ /^ { dx [ F(x,y)dy=:U, 

6~>-0^a ^ of 1 A' ^ a' 

that is, V ~ U. 

The student should note the reasons for the statement that 


the limit for 6 and d' tending to zero of the integrals in the 
right-hand member of equation (3) is obtained by simply 
making 6 and 6' zero in the integrals. He should also note 
that in the case of equations (1) and (2) in Theorems I and II 
it is essentially the continuity of the integral f(y) (due to its 
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uniform convergence) that makes the limit for b tending to 
zero of the repeated integral in the right-hand member of 
these equations equal to the value of the integral for b e({ual 
to zero. 

Cor. A very important particular case of Theorem HI is 
that for which the function y) does not change sign in R, 
because the functions u(t) and v{y]) are, by § 152, Theorem 111, 
continuous functions of ^ and rj respectively when the re^^eated 
integrals U and V exist. 

Kx.^. If F[Xy y) \ - y). where all the 

indices m, /t, q lie between zero and unity and tlie function /(. t, y) is 
continuous in the square (0, 0 ; 1, 1), show that 

I dy \ F{Xyy)dx--^\ dx \^ F{Xyy)dy (i) 

Both/(iy) and g{x) converge uniformly in general ; the integral 

[ ( 1 - x)^~^f{Xy y)dx 

JO 

is continuous function of y and therefore the integral 

-yY~Hy I - xY-^f[Xy y)dx 

.’o .'o 

converges. If /(.r, y) did not change sign, the corollary of Theorem III 
would secure the validity of eejuation (i) ; in any case it is easy to prove 
that is continuous. 

• 154. Change of Order : Variable Limits. It will now be 
sup 2 :)osed that the field of integration is the area A, bounded 
by the curve C or EFOH (Fig. 7) ; the limits of the integrals 
are no longer constants, though the conclusions hold when the 
limits are constants and the area of integration is the rectangle 
R. The lines of discontinuity are not in this article restricted, 
as in § 153, to straight lines parallel to the axes, and the 
theorems now to be proved are therefore extensions of those in 
the preceding article. 

The notation is 

/(?/) = [ ^ 

•' .r, J Vx 

f h' fr2 Ch p/2 

dy\ F(x,tj)d.r., dx\ V[x,y)dy, 

where x,'-- y>i{y), x^^ = ip^{y) and y^ - 9 ?i(x), j/j - (p^{x). 

For the rectangle R we put and y, -a'. 
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The curves of discontinuity will be understood to satisfy the 
conditions stated at the beginning of § 152. 

Theorem I. If the integrals f{y) and g{x) converge uniformly 
in the area A {or^ in the rectangle B), the repeated integrals U and 
V exist and U ~V . 

By § 152, Theorem I,/(/y) and g{x) are continuous functions of 
y and x respectively for the ranges and a^x^h, and 

therefore the integrals U and V exist. It has to bo proved 
that J7:=.F. 

As in § 152, Theorem I, let there be only one curve of dis- 
continuity and enclose it in the strip S (see the proof of the 
theorem in question). In the parts of A that lie outside 8 the 
function F{x, y) is continuous and therefore, when the point 
(*r, y) lies in these parts, the repeated integrals exist and are 
equal. Hence if, when the point {x, y) lies in 8, the repeated 
integrals tend to zero when the area of 8 tends to zero, the 
repeated integrals will be equal when the point {x, y) lies 
anywhere in A. .. 

Nowdt was shown in the proof of Theorem 1, § 152, that the 
contributions to |/(y)| and \g(x)\ when the point {x, y) is 
anywhere in 8 can each be made less than 2e by choice of d 
and 6\ and therefore the contributions to the repeated integrals, 
when d and d' have been chosen, will be less than {b' - a') . 2e 
and (b-a) , 2e respectively. Hence the contributions to the 
repeated integrals when the point (x, y) lies in 8 tend to zero 
when the area of 8 tends to zero and therefore ?7 = F. 


Ex. 1. If F(x^ y)~(x y), show that 

dy r F(x, y)dx ^ dx P F{x, y)dy 
.’() :v .0 Jo 


wliere 0< m< 1 and /(ic, y) is continuous in the field of integration. 
Here \ f(x, y)\< Q'Ud for the singi^ar integrals wo have 


I fi/ + 6 

F{x,y)dx 
! y 


A — , 
m 


f* 

. X - 


F(x, y)dy < K 


YjV 


SO that the integrals f(y) and g{x) converge uniformly. The theorem 
therefore applies in this case — a case of Dirichlet’s Formula (§ 130, 
Ex. 10). 


Ex. 2. If F(x, y)z={c ~x ~y)^"^f{x, y), show that (c > 0) 

( c Ce-y Cc Cc-x 

dy F(x, y)dx == da; F(x. y)dy, 

.0 Jo Jo Jo 

where 0 < p < 1 and /(a;, y) is continuous in the field of int/egration. 
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Note that, if | /(x, y)\< K and > rlfj > 0, 

If'’ *' * 'F(x, y)dx\<~(,'i\- d\) 

\}c-y-h J P 

and therefore tends to zero when (5j-v0 for every value of y in the 
interval (0, c), so that the integral /(i/) converges uniformly. Similarly 
for the integral g(x). 

Notation. If the line = (Fig. 7) meets the curve 
EFOH at P and Q, thus dividing the area A into the two parts 
— A^, bounded by the arc QHEP and the straight line PQ, and 
A^y bounded by the straight line PQ and the arc PFGQ — the 
repeated integral U will be expressed as the sum of the two 
integrals 

\ dy\ F{x,y)dx &nA j dy \' F{x, y)dx, (rx) 

J u/ J Xi J ct' J $ 

where — y'liy) is the equation of the arc OHE and X 2 ~ y>z{y) 
that of the arc EFG. 

When f — b the second of the integrals (a) is zero and the first 
of these integrals will be taken to mean the repeated integral U. 

Similarly, if y=r/ represents the line NRS, the repeatea 
integral V will be expressed as the sum of the two integrals 

f dx F(x,y)dy and [ dx {^"F(x,y)dy, (^) 

where yi = <Pi(x) is the equation of the arc HEF and - 
that of the arc HOF ’ while if y — b' the second of the integrals 
(/5) is zero and the first is taken to mean the repeated integral V. 

Theorem II. If one of the integrals f(y) and g{x) is only 
nniformly convergent in general in A {or, in the rectangle R), but 
the other converges uniformly in A, then the repeated integrals 
U and V exist, and U ~V. 

Suppose that the integral f{y) converges uniformly in A but 
that the integral < 7 ( 0 :) only converges uniformly in the intervals 
(a, c - d) and (c + b) where d and 6' are positive and arbitrarily 
small ; then the integral U exists, since f{y) converges uni- 
formly. The integral g{x) converges uniformly for the ranges 
a^x^c - d and c + 6' ^x^b, and therefore, by Theorem I, 
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Now the integral/( 2 /) converges uniformly, and therefore each 
of the moduli 

I rc [ rc I fi' 

I F{x^y)dx and I F{x,y)dx 
Jc-fi IJc 


can, by choice of d and be made arbitrarily small, whatever 
value y may take in the interval {a\ b'). Hence the integrals 



F(x, y)dx and 

£ 


•h’ Cc I h' 

dy\ F(x,y)dx 
a' J c 


teiid to zero when 3 and 3' tend to zero, so that 


L yy y)dx + , 

jC F/y p F(x, y)dx ... 

....( 2 ) 

-S', 5' 

^ [ dy [ y)dx + \ 

J a' J Xi J 

[ dy [ 'F{x, y)dx 

’a' J c 

,...( 3 ) 


U. 


Therefore, when 3 and 3' tend to zero, the integrals in the 
left-hand member of equation (1) also tend to a limit, the limit 
of their sum being equal to LL But the limit of their sum is, 
by definition, the integral F, and therefore V = U. 

The student should again note the reasons that justify the 
passage from the expression (2) to the expression (3) > the 
justification lies essentially in the continuity of the integral f(y). 


Ex. 3. If F(x, y) -x y)y show that (c > 0) 

fc (c-y \c I'c X 

dy F{x, y)dx dx\ F{x, y)dy 
'0 .'o .'() .'() 

when 0<m< 1, 0<^< 1 and /(x^y) is continuous in the field of 
integration. 

The integral /(^) converges uniformly and the integral g(x) converges 
uniformly except for x — 0. 

Ex. 4. If F{x, y) - x -y)^~^f{x, y), 0< n< 1, show that 

Cc [C "■ 2/ Cc “ jc 

\ dy \ F(x, y)dx = \ i F(x, y)dy 

Jo ' Jo Jo Jo 

the rest of the data being as in Ex. 3. 

Hero the integral g(x) converges uniformly, while the integral f{y) 
ceases to converge uniformly for y =0. 

Theorem III. (i) If the integral f{y) is only uniformly 
convergent in general in A, but if the integral u(|), where 

u{^) = \^y\ F{x,y)dx, 

J a' J yffiiy) 

converges uniformly for the range then u{^) is a con- 

tinuous function of f for that range. 
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(ii) If the integral g{x) in only uniformly convergent in general 
in A, but if the integral ?;(?/), where 

v(r})^{ dx p F{x, y)dy, 

co7iverges uniformly for the range a' ^ rj ^ h\ then v{i]) is a con- 
tinuous function of for that range. 

(iii) If F(x, y) does not change sign in A, and if the integrals 
f{y) and g(x) converge as stated in (i) and (ii) respectively , then 
u(^) will be continuous for the range aS.^'^b if the repeated 
integral U exists^ and v{Yj) will be continuous for the range 
ci' ^ b' if tJie repeated integral V exists. 

TIhto is no difficult}^ in adapting the proofs of the corre- 
sponding theorems in § 152 to the case in which the field of 
integration is the area A instead of the recdangle E. 

Thb:orem IV. If each of the integrals f{y) and (/(.r) is only 
uniformly convergent in general in A (or in the rectangle R), but 
if one of the integrals u{() and v(rj), defined in Theorem III, 
converges uniformly for the respective ranges of f and //, then the 
repeated integrals U and V exist and U - V. 

Let 2 i{^) converge nniforndy, and suppose that the integral 
g{x) ceases to converge uniformly for the one value x--c, where 
a< c<b ; then, if 6 and 5' are positive and arbitrarily small, the 
integral g{x) converges uniformly in the intervals (a, c ~ d) and 
(c + (3', b), and therefore, by Theorem II., 

fc ~ 6 CVt Ch 1*2/2 

(h- \ F(x,y)dy+\ dx \ F(x,y)dy 

Ja 2/1 J c ' Vi 

1*6' rc 6 Cb' p -2 

-- dy \ F(x,y)dx+l dy \ F{x,y)dx. 

J a' .rj J a' J c \ 

Now the integral u(^) converges uniformly for a^ ^ Sb, and 
therefore ti(b) = U , and the right-hand member of the aboA e 
e(j nation may be expressed in the form 

u{c - -f [u{b) - u(c -f d')] ~U -h u(c - d) - u(c + d'). 

But v(^) is a continuous function of so that n(c 5) and 
u{c-\-d') both tend to u(c) when d and d' tend to zero, and 
therefore 
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so that 


6 

that is, 


or 


jC [ {”F(x,y)dy+ jC { dx P >(.«, = [7; 

Cc CVz Ch tyz 

(/;c I F{x,y)dy+\ (/x F{x,y)dy=:U, 

J a J Vi J c Jvi 


V^-U, 


The student should work out the case in which v(ri) is given 
as converging uniformly in {a\ 6'). 

Cor. If F{x, y) does not change sign in A, then u{i) and v{ri) 
are continuous functions of f and rj respectively when the 
repeated integrals U and V exist (Theorem III) ; in this case 
the application of Theorem IV is simplified, since it is only the 
convergence of the integrals U and V that requires investigation 
and not the uniform convergence of u(i) and v{i]). 

Ex. 5. If F{x, y) -x -y)^^f(x, y)^ show that (c >0) 

i'c Cc-J/ {c Cc-x 

dy\ F{x,y)dx = \ dx\ F{x, y)dy 

.'o JO Jo Jo 

when the indices m, n., p all lie between zero and unity and /(.r, y) is 
continuous in the field of integration. 

The convergence of f{y) and g{x) ceases to be uniform only for y—0 
and x = 0 ; the integral 

( -X -y)^~H{x, y)dx 

Jo 

is a continuous function of y and therefore the integral 

U =r[ y^~^dy[ ^ ~x y)dx 

Jo Jo 

is convergent ; if f{x, y) does not change sign the corollary of Theorem 
IV applies, while if f{x, y) has not always the same sign it is almost 
•* obvious ” that u($) converges uniformly. 


155, Differentiation under the Integral Sign, Let f(y) and 
(p(y) denote the integrals 

f(y)=j^F(x,y)dx, g,(y)=:j^^^I^^-Mlclx, 

and let i?i be the rectangle (a, a' ; 6^, b'), where b^'^b>a. 

Suppose that, when a, a\ 6, 6' are fixed constants and R is 
the rectangle {a, a' ; b,b')y the following conditions are satisfied : 
(i) F(Xj y) is a cohtinuous function of x and y in i? ; 
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(ii) dFjdy is a coutinuous function of x and y in R, except 
at points on a finite number of curves of discontinuity which 
satisfy the conditions stated in § 152, and at these points the 
discontinuities of dFjdy are infinite ; 

(iii) The integral (p{y) converges uniformly in R. 

When these conditions are satisfied (p{y) is the derivative 
of f{y), that is, 

Let V be any fixed value of y in {a\ h') and let {v +7^) be also 
in (a', b') ; then 

^ = V + h) - F{X, V)}dx (]) 

Now F{x, v) is continuous in R and so is dF{x, y)ldy except 
at the points in which a line i/ ^ constant meets the curves of 
discontinuity ; therefore, by § 145, Theorem D, 


Hence 


F{x, V + h) - F{x, P ) - 2/) 


£ [Fix, V + h) - Fix, «)} dx --^'dx £ * dy (2) 

Again, the integral c/ (//) converges uniformly in R, and the 


integral 


^ dF{x, y) 


is a continuous function of x in (a, h) ; therefore, by § 154, 
Theorem 1, 

so that, by (1), (2) and (3), 


f... I £ ” 1 !! ” 


since v is any value of f/ in (u', 6'). 

Suppose next that b is not constant but is a function of y^ 
say 6= y>{y). Let F{x, y) be a continuous function of x and y 
in (a, a\ 6'), and let dFjdy also be continuous in R^ 
except on the curve a; = 6=y(i/), the discontinuities of dFjdy 
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at ])oints on this, curve being intinite. TJie functions b or ^;(y) 
and dbjdy or are to be continuous for a' b\ 

li a^xti < b, formula (2) of § 121 gives 


-f 

dy}, 


‘/-I fr-t 

F{x, y)dx = 

a J a 




ch dF(x y) 

If now the condition that the integral j — 


con- 


verges uniformly for tne range a't^y^b' is satisfied, the intc^grai 
will be a continuous function of y, and therefore, since F{x, y) 
and dbjdy are continuous, we find by letting (i tend to b that 


d 

dy 


7 th ffe 

F(x,y)dx-A 

y Ja J a 


dF{x, y) 


dx 4 F{b, y) 


db 


dy ^ 

which is the usual formula. 

A similar discontinuity for x~a^ f^{y) may be treated in 
the same way, the rectangle being a ' ; 6, b'), where 
a vh(2/)* 

A change of the variable of integration is often effective in 
simplifying the 2)7^oblem of differentiating under the integral 
sign ; see Ex, 2 below. 


Ex. 1. Jf f{y) -[*' (.siii,t’)-^~^(i,r, show that, if 0< 

Jo 

~7y' "" ^ j" 

The integral f{y) c-onverges uniformly if y c 0, and so does the 
second integral (§146, Exs. 4, 16), so that differentiation is legitimate; 
similarly the 2nd, 3rd ... derivatives of/(y) are found by differentiating 
under the integral sign. 

Now + \)'. 

therefore = ^ ^ “ V’(</ - J)>. 

where y^(y) is the derivative of log r(y + 1)(§ 97). 

Ex. 2. If /(v) - 1^ , <C:s'u, where wix) is a continuous 

Jo V{y ~^) 

function of .r, find df{y)ldy. 

Here, as happens not infrecpiently, the integral obtained by differen- 
tiating under the integral sign does not converge ; the integral ior f{y) 
must therefore be transformed in some way (compare E.T. p. 468, Ex. 4). 
In this case change the variable of integration from x to t where x ~yt ; 
then fi , fif 

/( 2 /)= y^yiyt) 

(1-0^ 

and it is now legitimate to differentiate under t he integral sign. 
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■ 12 !) 


Tims 


<</(;>/) _ 

dy 




<V’'(2/<)} 


,U 

(1 -<)i’ 


or, in terms of x as variable of integration, 
dj{!l) i!' y>{ x) + 2xyi'{.r) 
dy . 0 2y{ij - x)i 

It should be noted that, as in this example, a change of the variable 
of integration is often useful for reducing an integral with variable limits 
to one with constant limits. 


156. Evaluation of Improper Double Integrals. The Gcmeral 
Theorems stated for the proper double integral in § 125 are true 
for the improper integral, as may be seen b\^ applying the 
definition. Theorem 111 may be an exce])tion,’when 
and Fo{x, y) have common singularities (cf. § 145, Thciorem A). 
It should be remembered that the improper double integral of 
F{x, y) is always understood to be absolutely convergent (§ 150). 

The evaluation of an im])roper double integral is usually 
effected in practice by means of a repeated integral, and the 
gc'ueral method of procedure may be illustrated by the Problem 
of § 149 ; see that section for the notation. 

When tlie auxiliary curves have been drawn so as to exclude the 
points and curves of diuscoiitiniiity of F(x^ y) from the area 75 tho 
proper double integral of F{j\ y) over tho contracted area T' is expressed 
by equation (1) as a ropemted integral 

(l F{x, y)d.rdy^^^ dx[ ' F{x, \j)dy, (1) 

jJr U .'6 

where F(x, y) y), 0< m< 1, 0< ?i,< 1, /(.r, y) being 

continuous in T. 

The next step is to show that when d and 6' tend to zero the rej)eatod 
integral in ( 1 ) tends to the integral 

'F(x,'y)di/ (2) 

.'o .0 

where the integral in (2) is taken for the given arcni 7\ 

Now the integral g{x)y where 

(j{x) = r - >/(x, »/)(/(/ 

.'0 

converges uniformly for the range 0< and therefore tho liniU 

for S' tending to zero of the repeated integral in (1) will not be altered 
by taking zero instead of S' as tho lower limit of the integral with 
respect to y. Next, when S and S' tend to zot'o, tla^ integral 

y)dy g(x)dx 

.'0 .’i 

tends to the integral (2) because tho integral of g{x) is convergent. It 
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follows, tliert'foro, that when f5 arul (5' ioiid to zero the double integral 
also tends to a limit and that limit is equal to the repeated integral (2). 

Tlie discussion of repeated integrals in the preceding articles 
will probably be sufficient to enable the student to evaluate 
an improper double integral in such cases as usually occur. 
F or fuller information on the general problem he may consult 
the memoir of De la Vallee Poussin in Journ. de Math, (see 
§ 151) or Stolz’s Differential- und Integralrechnung , voL 3. 

One general theorem may be stated. 

Theorem. If F(x^ y) does not change sign in an area A, or 
if A can be divided into a finite number of areas in each of which 
F{x, y) does not change sign, the double integral of F{x, y) over A 
will converge and will be equal to the repeated integral U {or 1^) 
provided the repeated integral converges. 

157. Multiple Integrals. Change of Variables. The exten- 
sion to integrals of functkms of more than two variables of the 
definition of the integral when the intc^grand is not bounded 
ill the field of integration or the field not finite is made in the 
same way as for a double integral and hardly requires further 
explanation. The evaluation of the improper multiple integral 
is usually effected by means of repeated integrals, and the 
principles elucidated in the consideration of repeated integrals 
for two variables are to be applied when there are more than 
two variables. When the change of order of integration is 
made in the manner shown in the examples of § 133, the 
principles that underlie the change in the (^ase of two variables 
come constantly into play. 

Again, when a change in the variables of integration is to be 
made, the conditions regarding the one-to-one correspondence 
between the old and- new variables and the continuity of the 
variables (§ 134) must be satisfied. If, when the variables x, y 
are changed to u, v, the area A is changed to the area J5, let 
A' and B' be the corresponding contracted areas for which a 
proper double integral of F{x, y) and of the transformed 
function F^{u, v) exists ; then 

|j /’(a:, y)dxdy^if^^ F-^{u, v) \J \ du dv, 
and if the double integral of F{x, y) over A' tends to a limit 
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when J' tends to , the double integral of ^0 I I 

also tend to a limit when B' tends to J5, and the two limits 
will be equal. 

The following examples illustrate various cases. 

FJx. 1. Transform the integral of the function i^(x, 2/) of § 149 by 
the change of variables x + y =Uf x =zuv. 

The contracted area T\ which is bounded by the lines :r y^d\ 
and X -\ y—Cy becomes the area B' in the plane of the co-ordinates UyVy 
bounded by u—Cy and the hyperbolas v — SIUy v~l-~(d'lu), which 
intersect at the point u — d + 6'y iJ~6l{d + S'). Hence, if F^{UyV) is 
the value of F(x, y) in terms of u and Vy 

II F(Xy y)dxdy = F^{Uy v)ududv (i) 

Now F{x, y) ~x'^~^y^~^f{xy y) and therefore 

i - - 

II -Fi(w, v)ududv—^ u'^^'^-'^du |^ r)dv, ..(ii) 

u 

wliere/j(w, v) is the value of/(.r, y) in terms of and v. 

Let 

g{u) I - v)do ; 

.’0 

then g(u) converges uniformly for the range S 4- d' — sinec? 0< m, 
0< n, so that the liynit for d and 6' tending to zero of the repeated 
integral in (ii) will not be changed if in the limits of the integral with 
respect to v the numbers (5 and S' are made zero. Next, the integral of 
g(iy) converges when S and S' tend to zero, and therefore 


1 1 F{Xy y) dx dy — 1 1 F^(Uy r) u da dv 

= l I -vy^~'^fi{Uy v)dv (hi) 

.'0 .'0 

The repeated integral in (hi) is the same as that obtained in § 133, 
Ex. 1. 

Ex. 2. Prove, by the same transformation as in Ex. 1, that 

( dx[ -X ~y)^~My 

.'0 .’0 

= (^ ,^tn+n-a(i -u)^-'^du^ -v)^~^dvy 

Jo Jo 

where m, n, p are all positive. 

See § 133, Ex. 2. The other examples in § 133 can all be dealt with 
in the same way. 

Ex, 3. Prove that r(m)r(7i) =r(m 4-n)j5(m, n) if m > 0, n > 0. 

If a and h are any two positive numbers and R the rectangle (0, 0 ; a, 6), 
then, 0< m, 0< n, 


e-(!E+y)^m 


~^y'^~'^dxdy —\ e'^^x'^^^dx [ e~^y^~^dy. 
Jo Jo 


G.A.O, 
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When a and b tend (independently) to oc tjjo repeated integral in (i) 
tends to the product r(m)r(n). 

Next, whatever be the relative magnitudes of a and b it is possible to 
find two triangles T and T\ bounded respectively by the lines 
a* ™ 0 , y — 0, X -i-y—Cy and x 0, y ~ 0 , x + y~c' > c, 
such that li lies within T' and T within E. Hence, since tlie integrand 
of the double integral is positive, 

1 1 g- dy < I j dy 

< 1 1 dy. 

If these integrals are transformed by the substitution x 4 y -- a, *t’ — uv, 
they give the inequalities 

Jo JJa’ Jo 

and therefore when c and c' tend to x the double integral in (i) tends 
to B(m_ n) r(ai +}i). The requiretl relation is tlius established. 

Bx, 4. If T is the triangle bounded by the lines x=0, y ~ 0y and 
X y — 1, and if 1 is the integral, 0< m, 0< /q 

/ 1 1 X ■ ^y^~ '^dx dy, 

prove that 1 ~B{my n)l(m -f /<) -f n + 1). 

We have .7—1 a;^'^"^du'l ?/^'“^dy - -M - x)^ dx. 

Jo Jo " ‘ '^^'Jo 

Also /~1 y''“^dyi ^ 1 - y)^'^dy, 

Jo‘ Jo 

or i ^ M' 

by the substitution y -- 1 ~x. Hence 

{7n -t 77 ) 7 = [ 1 - x)'^~^dx = j5(m, n). 

Jo 

Ex. T). If E{Xy y) —f{x, y)l{x^ -hy^Y\ where f(x,y) is continuous, 
show that the double integral of F{x, y) over any (finite) area A within 
which the origin lies is convergent provided n< 1. 

Change to polar co-ordinates ; then 

(( y)dxdy^\\i^^^^KdrdQ=’^\^J{x, y)r^-‘"drde. 

Take a circle of radius r, with centre at the origin ; in this circle 
|/(a% y) I < iv, a constant, and therefore the integral over this area is 
numerically less than 7iK€^~^^l{l - n), an expression which tends to zero 
wdien c tends to zero if n < 1 . 

Ex. f). If B\x, y, z) - fix, y, z)IF\ where /(x, y, z) is a continuous 
function of the variables Xy y, z and =(x ~ a)“ f (y - hf i (j - c)^, show 
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lliat tlio triple integral of F(Xy //, z) taken tlironghout any (finite) field 
within which the point (a, 6, c) lies is convergent if n< 3. 

Take polar co-ordinates with the point (a, 6, c) as origin ; then the 
integral, iak(in throughout a sphere of radius e with the point (a, 5, c) 
as centre, is numerically less than (|/(^, z) \ < K) 

/'Cl d(p\ sin 0 dol -- — , 

.'n ’o .'o 3-n 

and therefore tends to zero when r -> 0 if n< 3. 


Ex. 7. If ^ is the area in the first quadrant, bounded by the a^-axis, 
the curve y - A > 1, and the circle r — 1, prove that the double integral 
of 1 l(x^ +?/“)” over the area A is convergent provided n < (1 -f A)/2. 

(Stolz, l.c. p. 194.) 

Ex. 8. If F(x, y) —f{x^ y)l{a^-x^ where /(. t, y) is a continuous 

function of x and y, show that the double integral of F{x, y) over the 
circle x^ is convergent if n< 1. 

If the area of integration is the triangle bounded by the lines x~0^ 
y ~0, x 4-y - a, show that the double integral converges if n< 2. 

(Stolz, l.c. p. 197.) 

In the second case draw the auxiliary line x —a - where d is 
positive and arbitrarily small, so as to cut off the corner of the triangle 
at (fir, 0) ; it is not hard to show that the integral over this small area 
teiuls to zero with 5 if n < 2. By symmetry the corresponding integral 
at f ile corner (0, a) also tends to zero if n< 2, and therefore the double 
iidi^gral converges. 

EXERCISES XVIII. 


1 . \ log ( J — \ — A - ^ sin“V^, ~ 1. 

jo ^ Vl ~axj Xy'{l -x^) 

C9 71 71 

2. 1 log (If tan 0 tan x)dx — 0 log sec 0, ~ n < - d • 

- 0 z z 


I. If U -- 


sin^^ xdx 

'0 ( 1 - 2u (HJs X 

integer, prove that 


, where ~ 1 < a< 1 and n is a positive 


(i) («“”+'- 


1.3.5....(2n-l) 

^^== - 2;4 : 6..: 2n 

What is the value of the integral if |a| > 1 ? 


(Poisson.) 


'6 d^i/ 

5. If y —X cos (.r^sin 0)\/(cos d)dO, prove that A + =0. 

o a.r“ 
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6. Apply Ex. 1 of § 155 to prove the following results : 


(i) r sin X log (sin x)dx — log 2 - 1 ; 
.0 


r w 71^ 

(ii) sin 0 ^ (log sin — (log 2 - 1)® + 1 ~ Yo ; 

;o 1 -^ 

rr 

(iii) (log sin :f )“ dx =| ((log 2)' + — ^ ; 


ralogj^) 

V'(sina;) V2 ’ 


(v) v^(sin x) log (sin x)dx~n(n - 4:)\/(27i)l{T(l)}^ 


7. If u — (“ (sin /)2®"‘(cos t)^^~^dt, where x>0 and y :> 0, show that t lie 
JO 

derivatives of u with respect to x and y may be obtained by differentiating 
under the integral sign. 

Deduce that 

rr 

(i) I" log (sin t) log (cos t}dt |(Iog 2)^ - j ; 


(ii) r sin t log (sin t) log (cos t)dt~2 - log 2 


8. Prove that dx 


“Mo . 1+2/“) “ 4 • 

9. Prove (i) {‘' d.v 

.'o )nV{.(a-‘-c)(^ -y)} 3 

/••V i" 7 P sechfdu 

(ii) T, /— — V/ — c 

Jo JoVK^/ - ^){x~y)] 


10. Show that, if 0< n< 1, 

(/// [y f'(x)dx _ 71 


t (6 - y)^ J« (y - .r)" sin rkji 


{m -/(«)}• 


11. Prove that 


■■■+' .(' -* i r -mmma) -jm- 

0 (“ - •«•)“ ■ 0 -Jir ■ 0 (y - z)® 


12. Prove that, if n is a positive integer, 
dx-^^ c^i dx^ C 


r« dx^ r^i dx^ C^n^i 

1 tlull Vji}"' 1 

•*0 (a -a:i) " ^0 K - " •’o 


‘n-i 

w-i 


(Tait.) 
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13. If F'(x) denot-o dF{.r)ldXt show that 
ft dX 


**(1 -x)dx _ n 

^^''sveVo' 


14 . \\in ^ 


].■). If I^. 


dxdy 


, Q 


1 P dxdy 
0 Jo 1 


"Jo 'o J 

convergoiit and then show that 

(i) r ~Q-=iP, or P:^^2Q ; 


, prove that both integrals arc 


(iii) 


dy 


du 


-i I + xy J - 1 1 f 2xu + x^ 


( 1 + xy)“ = 1 -f- 2xu i- x ^ ; 


and deduce from (ii) and (iii) that P i-^ , so that 


P~.^. 0-:^“ 

0’^ 12 

[Archiv. der Math. \ind Phys., vol. 13» p. 302, Year 1908.] 

16. One loop of the curve r- cos^ 0 —a^ con 20 makes a complete 
revolution about the initial line ; prove that the volume enclosed by 
the surface generated is J7r(10 -37r)a®. 

17. The sphere x^ -i-y'^ +z^ — I is pierced by the cylinder 

2x^(x^ ■{y^) --^x^ -y2) . 

show that the area of the spherical surface that lies inside the cylinder is 
2jr + 8^2 log ( 1 -{- V2) - 4^/6 log (VS + 

18. Show that the area enclosed by the curve 


•. [‘’(iff 


‘a** +62* 


Note. Further examples may be foimd in Exercises XVI, where, as 
in Exs. 13, 14, 16, the indices Z, m, ... may have values for which the 
integrals converge though the integrand is not bounded. 
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DOUBLE INTEGRALS : RANGE INFINITE 


158. Range of Integration Infinite. The discussion of the 
integrals when the range of integration is iniinite is based on 
the methods of De la Vallee Poussin (see § L51), and is to a large 
extent identical with that given in Chapter XXI of the Ele- 
mentary Treatise ; it is, however, more general, as the integrand 
F{x, y) may have infinite discontinuities sindi as are speihfied 
in §§ 151, 152. 

Definition. The integral 

f y)(Ix (A) 

J a 


is said to converge uniformly for the range a/ S yS. l^' if (i) the 

integral r" 

^ F(x,y)clx 

J a 

converges uniformly for every fixed value of B. and if (ii), when 


Bft — I F (x, y)dx^ 

Jb 

B can be chosen so that if fc ^ i?, whatever value in the 

range a' h' is assigned to y, e being any given arbitrarily 

small positive number. 

If conditions (i) and (ii) are satisfied for every value of y 
greater than or equal to a', the integral {A) is said to converge 
uniformly for the U7ilimited range y' ^ cr/. 

If conditions (i) and (ii) are satisfied for the range a' ^y<b\ 
where b' is Miy fixed number, no matter how large it may be, 
the integral {A) is said to converge uniformly in an arbitrarily 
large interval (a', b') or for an arbitrarily large range a' ^y^ b\ 
(See E.T. p. 462, top of page.) 

The integral {A) is said to converge uniformly in general in an 
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interval {(i\ b') if there is a finite number of values of y in the 
interval for which the convergence ceases to be uniform. If 
there is only one such number c', where a'<c'<b\ and if S and 6' 
are arbitrarily small positive numbers, the convergence is 
uniform in the intervals {a\ c/ - (5) and (c' i d\ b'). Com])are 
§151. 

The condition that the integral (^4) should converge for a 
given value of ?/ is 

jj F(x, yi)dx I <r if c>6 > B ; 

the integral (converges uniformly for a given range of y if B is 
such that the inequality is satisfied for every value y^ of y in 
the range. The tests for convergence, stated and illustrated 
in Chapter XII, are now to be used as tests for uniform con- 
vergence, the new element being that B must be independent 
of y. Three principal forms will now be stated, the proofs 
being left to the student, as, after what has been already done, 
th(‘y offer no difficulty ; the interval for y may be {a\ I/) 
or {a\ X ). 

The M-Test, The conditions are: (i) //)| iS il/Or), 

if X :■:((, where M{x) is positive and independent of y, and 

(ii) the integral px' 

I M (x) dx 
J a 

is convergent. 

Cor. If F{x, y) - (p{x)\j){x, y), where \\p[x,y)\<K, a con- 
stant, for every value of y in the range, and if 

[ \(p{x)\dx 

J a 

converges, then the integral {A) converges uniformly. 

AbeVs Test. F{x, y) is a product, (p{x^ where xp{x) is 

independent of y. The conditions are : (i) (p{x, y), when y is 
constant, is a positive, inonotonic, decreasing function of x ; 
(ii) (p{a, y) is less than a constant K for every value of y in the 
range ; (hi) the integral 

I xi){x)dx 
J a 

is convergent. 

For the proof compare § 145, Theorem E. 
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Cor. If F{x, y) — (p(x, y)yf(x, y), so that y) is a function of y 
as well as of x, the test will hold, provided that, in place of (iii), 
is substituted the condition that the integral 

I y)dx 

J a 

converges uniformly. 

DirichUfs Test. Here also F(x, y):=:q)[x, y)yf{x). The con- 
ditions are : (i) (p(x, //), when y is constant, is a positive, 

inonotonic, decreasing function of x ; (ii) (p{x, y) tends to zero 
vhen X tends to infinity for every value of y in the range ; 
(iii) the integral 

I y){x)dx 

a 

oscillates finitely. 

In applying any test, advantage should b(‘ taken of any 
suitable transformation of the integral ; for example, by using 
integration by parts or by expressing the integral as the sum 
of two or more integrals. 

The following examples are drawn chiefl}" from the Memoir 
of He la Vallee Poussin in tlie Ann. ... de Bruxelles. 


Ex. 1. 


.0 ’() ^ 


The first integral converges uniformly for y --a' - 0 or for y 1 
the second converges uniformly for every value of y. since 


a'< 0; 


Cc 

b 


Sin y sin {xy) 


(lx 


2 

sin V 

“6 

~T 


2 

6 * 


Ex. 2. If E(x, y) cos x sin {xy)IXf c > 0, and if 


m- 


’oo foo 

: F{x, y)dx and g{x)~\ F{.i\ y)dyy 
0 .0 


prove that f{y) converges uniformly in general for the range y - 

g{x) converges uniformly for the range r ^ 0. 

_ f'* cos sin (.r//) , [t: • / v » u . 

0 -cy \ ^ \ cos X sin (xy) dx. | > 6, 

h X b h \ iff y 


; 0 and 


(- 


cas(y + 1)6 - co8(y -f 1)^ cos(y - 1)6 - cos(y - 


+ — 


26 I y^l ’ y-l /* 

The convergence therefore ceases to be uniform for y = l and for that 
value only. The convergence of g{x) is still more easily tested. 

Ex. 3. If F{Xf y) sin X cos {xy)lx, c>0, and if f(y) and g(x) 
denote the same integrals as in Ex. 2, with the new value of F{x, y), 
prove that/(t/) and g{x) converge as in Ex. 2. 


Ex. 4. If v{r)) * 


^ cos X 
0 


dx 

i\ 


sin {xy)dy, c>0, prove that v{rj) 


converges uniformly for the unlimited range y ~ 0. 
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§ 

Hero v{)]) is equal to 

eos .r(l - c'^’’ cos t]x) 


sill 1 JX cos X 


and each of these integrals converges uniformly for the range t/.'O. 

( 'X) UITI f' Cl) 

— ^ dx \ cos (xij) dy, c > 0, show, as in Ex. 4, 
0 '() 

1 hat v{ti) converges uniformly for t ho range ?/ ' 0. 

fTO Cri 

IJx. C). U p(ti) I e**^'dr j e show lliat converges uniformly 


for the range /y _ 0. 
Let 


(p{X, f]) - 


(hen, /y being constant, (p{x, tj) is a jiositive, monotonic, tiecreasing 
fiinction of x and tends to zero when x~> cc for every value of ry such that 
<y _ 0. Now apply Dii'ichlet’s Test. 

1*00 (ixCy 

Kx,l, Tf/(?y)-l r(^){e~^ - (1 show that /(y) converges 

Jo h 

uniformly for the range, 1 y 6', where h' is arbitrarily large. 

Let (p(x, t) —(T'^ - (1 +x)~^, 1 ; then (p(Xy t)lx-^{t - 1) when .r-> 0, 

so that the integral converges at the lower limit x — 0. 

Again, if 1 ^ h\ where b' is arbitrarily large, the function 

V{t)(f(Xf t)lx is a continuous, bomided function of x and t and therefore, 
by the First Theorem of Mean Value, 

f dt ^ (h' - 1) 

Henco /(»/) = (6' - 1) (Jr(«'){e->- - (1 
Now t' depends on x ; but r(^') r(6') and 

I I =(6' - 1) |rr«'){c-^ - (1 +u)-<'| I 


so that, by choice of 6, \Eff\ can be made arbitrarily small whatever 
value y may have in the range \ ^y'~h\ (See also § 160, Ex. 1.) 

Too 

Ex. S. X sm{x^ - xy)dx. 

Jo 

The coefficient x of sin(a;^ -'Xy) may be expressed in the form 


3a;2 -y y 3a;* ~ y y* 1 
' “^9 a;» ' ■^'9 a;®’ 


and therefore 


f'* 

\ x mji(x'^ - xy)dx 
}b 

~ y) sin(a;* - 
]b 3a; 


in(a;* ~xy) ^ ^ (3a;* -y ) sin(a;* -xy) 

\x *^9 JA a;® 

^ y* f sjn -jc_^ 

9 jfe a:® 
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The integral of {3x^ - y) sin(a'r^ -^y) is - cos(::/t^ - xy), and therefore, by 
applying the Second Theorem of Mean Value, wo see that the first two 
integrals tend to zero when 6->oo, and obviously the third integral also 
tends to zero when h-> oo . Hence f(y) converges uniformly in an 
arbitrarily large interval (0, I/). 

rx 

Ex. 9. The integral (log xY^dx converges uniformly, if rn 

.’() 

is a positive integer and n — c > 0. 

Tlio result follows at once from Ex. 17 of § 146. 

159. Continuity of Integrals. The tliscontinuities of the 
integrand F(;x, y), when the ranges of x and y are finite, are 
understood to satisfy the conditions stated in § 152. 

Theokem 1. If the integral f{y). where 
f{y) f rix, y)dx, 

.1 a 

converges uniformly for the range a' ^y^b', it is a contmuous 
f miction of y for that range. 

Let 

fiy) = [ y)d^ + ^6 -^My) + «ay. 

J a 

It is possible, since f(y) converges uniformly, to choose b so 
that, when a' y ^ b\ we shall have whore e has the 

usual meaning ; b, when so chosen, is to be kept fixed. 

Next, by § 152, Theorem T, the integral /j (y) is a continuous 
function of y for the range a'<.y'S^b\ and thertdore, if y-j^ and y.^ 
are any two values in that range, there is a number q such that 
IMVi) -/i(!/2)I<« if I 2/1 - y‘i\<V- Hence, if |i/i - yi\<r], 

IfiVi) -KVi) I ^ l/i(//i) -/j( 2/2)I +2|i?,|<3£, 

so that f{y) is a continuous function of y for the range 
a' ^y^b'. 

The following theorem is an extension of Theorem II of 
§152 and is required later ; f{y) and g(x) denote the integrals 

/(y) = f r(x, y)dx, g{x)^ \ F{x, y)dy. 

J a J a' 

Theorem II (i). If the integral f(y) converges only uniformly 
in general for the range a'<y^ b\ while the integral g{x) converges 
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uniformly for the arbitrarily large range a^x^b, then v{rj), where 
v{y) = { dx \ F{x, y)dy, 

%) a j a' 


is a continuous f miction of r] for the range a' provided the 
integral converges uniforynly for that range. 

Let — f dx [ F(x,y)dy; 

J h )(C 

then, since v(//) converges uniformly, b may be chosen so that, 
if a' 7j< b\ we shall have |jRj,|<e. When thus chosen, b is to 
be kept fixed ; thus 

v{Yj) [ dx r F{x, y)dy^ | R^\<e, 

J a ./ a' 

^w(rj)^-R^, say. 

Now, by § 153, Theorem IF, 

w{ri)=-[‘dy [ F{x,y)dx, 

J a' J a 

and therefore iv{rj) is a continuous function of r/ for the range 
a' -S t] Hence it follows, by the same reasoning as in the 

proof of Theorem I, that is continuous for the range 

^ y ^ b',^ 

Ttieokkm II (ii). If the integral f(y) converges uniformly 
for the range a' '^y S b\ while the integral g{x) only converges 
uniformly in general for the arbitrarily large range a g x ^ b, then 
the integral v{y) is a continuous function of 7 ] for the 7'ange 
a' 7] ^ b\ provided v[rj) converges uniformly for that range. 

The proof is the same as for Theorem II (i). 

Cor. If F{x, 7j) does not change sign it may be shown, as in 
the proof of § 152, Theorem III, that the continuity of ?;(?;) 
follows from the existence of v(b'). 

Theorem III. Let '(p{ri)- \ f{x, rf)dx. Given (i) that the 

J a 

integral y>{7]) converges uniformly for the unlimited ra7ige ^af 
and (ii) that, when rj->cc , the function f(x, rj) converges uni for77ily 
to (p(x) for the arbitrarily large range a^x^b; then 


£, f /(»!. ri)Ax= f (p{x)dx={ £ fix, rj) 


dx. 


The following proof is that given in th(^ ElemcMtary Treatise 
(pp. 465-6). 
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(I) . \p(r}) tends to a limit. Let rf and r]" be any two values of 
7] ; then the difference {y)(rj') - y^{r}")} is equal to 

f -f(^> ril}dx+{ f{x, f] )dx-\ f{x,rj")dx ,1) 

Ja Jb Jb 

= A -f ~ 1 ', say. 

By condition (i), b may be chosen so that |yw|<e, 
whatever values r/' and rj" may take in the interval (a', oo ) ; 
when 6 has been so chosen it is to be kept fixed. 

By condition (ii) there is a number Y such that 
\f(x, rj') ~f{Xy rj")\ is less than ejib - a) if 7]'>Y, and r}">Yy and 
therefore |A|<£: if 7f>Y and ri">Y. 

Hence [fir]') if tf >Y and r]">Y, so that tp(f]) 

tends to a limit when ?] ^oo . Let the limit be denoted by P ; 
it has next to be proved that 

P--| (p{x)(lx, 

J a 

(II) . We have, b being for the moment undetermined, 

ch cb rx 

(p(x)dx - P = -f{x, ri)} dx - f{x, r))dx 

J a , J a Jh 

+ [[y(a^, ■n)dx-p]^ (2) 


= oc “ ^ -f 7, say. 

P is the limit of y)(rj), ami therefore Y^ may be chosen so that 
l 7 |<e if r}>Y^. By condition (i), B may be chosen so that 
\l-^\<e if 6^ B, whatever be the value of rj ; choose such a 
value of b and then keep it fixed. By condition (ii), Tg 
chosen so that |a|<e if rj>Y 2 > Hence, if 'rj>Y 2 , where 1^3 is 
greater than either Y^ or Y^, and 6 ^ P, we have 

Cb j 

(p(x)dx~-P\<3e; 


If 


but the expression on the left of this inequality is independent 
of r/, and therefore 

rb 

(p(x)dx - 


that is. 


f (p(x)dx - P I <3e, ii b^ B; 

I J tf I 

JC f fp(x)dx=:P, or f q>(x)dx~P, 

h~>x •'rt •'a 


The theorem is therefore proved. 
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The special use of the theorem occtirs when /(.r, ?/) is an 
integral 

/(x, ri)=^\ F{x, y)dy, 

J a' 

and then 

V’(»?) = f y)dy, 

J a J a' 

SO that 

£ Win)^ £ \ dx r F(x,y)Jy-^ { dx f F{x,y)dy, 

17 -> 00 »j — ► TO *' rt *' a' *1 a •' tt' 

since 


£ [ dx f’’i’(x, y)dx = [ dx T £ [V(x, y)dy 

Two useful theorems have been given by Bromwich {J nfinite 
Series, 2nd Ed. p. 485 (4), and p. 490) which may be derived 
by a slight change in the proof of Theorem III. In both cases 
the upper limit of the integral y}(r]) is, not x , but N, where N 
is a function of >/, N{ri) say, that tends to x when 7 /-^x . 
Theorem IV. Analogue of Tannery's Theorem. Let 

y)(rj) — \ f{x, i])dx. Condition (ii) of Theorem III remams, hut, 
J a 

instead of conditimi (i), it is given that \f{x, ?y)| < M(x) if a\ 
where j* M{x)dx is convergent. The theorem is then 

jC f M cp(x)dx. 

Theorem V. Let yj(r])~{ f(x,r})g{x)dx. Condition (ii) of 

J (I 

Theorem III remains, hut, instead of condition (i), it is given (a') 
that, when rj is constant, f{x, t]) is a }>ositive, monoionic, decreasing 
functionof X such that f {a, 'i])<K, a constant, for every value ofrj,and 

rao 

(^') that the integral I g{x)dx is convergent. The theorem is then 
J a 

£ f fix,v)9i^)dx^ { (p{x)g{x)dx. 

Tj-^cC ^ a tt 

The only difference from the proof of Theorem III is in the 
grounds on which \y\ and \v\ in equation (1) and |/?| in 
equation (2) can be made less than e by choice of b. The 
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number may always be taken larg('r than any chosen value 
of }). Now, taking the integral as typical we have for 
Theonmi IV. 


II 


^ {x)<ix, 


and this integral may, by choice of b, be made less than i 
since the integral of M(x) converges at oo . Again, for 
Theorem V, 


where ; as before, h may be chosen so that |//| t, since 

(j{x)(Jx converges. 

J a 


Ex. 1. 


If K > 0 and if the integral 


■ f 

I (p{x)dx eenvergc'., })iovo that 
0 



- (p{x)dx, 
'o 


Apply Abel’s Test and Theorem I ; for detailed proof si ‘0 E.T. ]). 4(13 . 


Ah. 2. 


Show that (i) 



sm X dx 

V ('- 


7T ^ 
‘) • 


(H) 





1 L »■“(■/.< 
0 


Ex. 3. If /(a) Is a ])ositive, monotoiiie, decreasing (n(ai-increasing) 
function of x for the range x _I 0, prove that 

£ ( dx=^{/(c+ 0)4 /(f -())}, oo, 

-2/(+0), r-0, 

-=(), r<U, 

where /(c -4 0) and/(c - 0) are the limits of/(c 4 - a*) and/(c -x) respectively 
for .r-^0 while /( 4-0) is the limit of /(:r) for x -^0, x being in all cases 
positive. (Those limits exist since /(^r) is rnonotonic.) 


(i) Take 6 |c| ; then, by the Second Theorem of Mean Value, 




dx 


--m\ 


-c) y 


.'x(?>-r) y 




where X[x c) ~y and Since the integral of mnyly converges 

at 00 , the above integral tends to zero when oo whether c be 
positive, zero, or negative. 
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(ii) U0-: 


.0 


c < bf w'o hiive 

r) 


X 


■' dx - 


'0 

I'Ae 


/(•r) 


sinA(j; ~ r) 




1 z’ JL' Cj 


X “ c 

y\ 

y 


dy 


-y for k{x -c) ill tho first integral and -i-y for ?l(x -c) in tlie 


by jiutting 
second . 

I3j^ Theorem IV we now find that, when A 

rb 




■fi'- 


o)( “ 


X) . . 

SITO// , .,,1 Sli 

■<dy+f{0+i))\ 

0 ■' u ‘ 


ill !/ 


dy 


-0) l-/(c+0)}. 

(iii) If 0 = c< 6 tho first of the two integrals in tho second member of 
equation (2) disappears and the limit is ln{f f 0). 

Tho results in (i), (ii) and (iii) prove tho theorem when cL^O. 

(iv) The result in (i) holds if c< 0, say c - -c' where c' > 0. For 

(" /(,,.) dx 4./(()) dx -./(O) dy 

.'o .'() *r*fc jXc' y 

by putting y for A(:r+c'). Hence, since c/ >0. the integral tends fo 
zero when and therefore the theorem is true when c< 0. 

Of course, if f{x) is continuous, /(c +0) - -/(c - 0) ~/(c). 

Ex, 4. The theorem of Ex. 3 holds ii J{x) is bounded, but is a mono- 
tonic, increasing (non-decreasing) function for tho range 0 a, and 

a monotonic, decreasing (non-increasing) function for the range x : a ; 
more generally if J(x) is bounded and has only a finite number of turning 
values. 

Since /(a;) is bounded, tho positive constant A may be chosen so that 
A +f(x) is jjositive for x -- 0. Now, when /(a) is the only turning value 
oi f{x) and f{x)< f(a) for x< a, let F{x) and G{x) be fimctions defined 
by the equations 


F(x) = A+f{a) 
Gix)=:A +f{a} -f{x) . 


Each of the functions F(x) and 0{x) is positive, monotonic and 
non-increasing for tho range a; == 0, and therefore the theorem of Ex. 3 
holds for each and therefore also for the difference F{x) - G{x), which is 
fix). 

It is easy to adapt the proof to the more general case of a finite 
number of turning values, but the above case is sufficient for the special 
application to be made of the theorem (see § 163, Exs. 1, 2). 


160. Repeated Integrals: One Limit Infinite. In this article 
the following notations will be used : 

fiy)=--{ F{x,y)dx, g(a:) = [ F{x, y)dy. 

J a J a' 

The discontinuities of F(x, y) satisfy the conditions of § 154. 
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Theorem 1. If the integral f{y) converges uniformly for the 
range a' and if the integral g{x) converges uniformly 

for the arbitrarily large range a^x^b. then, rj being any fixed 
number in (a\ b'), the integrals 

dy f F{x,y)dx ,,, (1) and f dx [ F(x,y)dy (2) 

J a' J a j a J a' 

exist and are equal. 

, By Theorem I of § 159, f(y) is a continuous function 
of y for the range a'^y^b', and therefore the integral (1) 
exists. 

Again, by Theorem I of § 154, if t/ is any fixed number in 
(a' , b') and b aii}' fixed number greater than a, 

[ dx y)dy=\\ly [ F{x, y)dx 

J a J a' J a' J a 

^[dy[ F(x,y)dx - f dy f F(x,y)dx. 

J a' J a J a' d l> 

Now, by the uniform convergence of /(y), the number B 
can be chosen so that, if b^B and a'^.y^J)', c being as 
usual, 


f F{x,y)dx\ 

Jb I 


<£, 


i dy f F(x,y)dx 
Ja' ' Jb 


<(?/ - a')e (h' - a')e, 


and therefore this repeated integral tends to zero when b-ycc. 
Hence 


f dx p F{x, y)dy= jC \ dx f’ F{x, y)#-= T dy f F{x, y)dx, 

^ a *' a' fe -V » J a J a' ^ a' ^ a 

SO that the integral (2) exists and is equal to the integral 
(1)- 

Cor. The integral i dx j F(x, y)dy 

J a J a' 

converges uniformly for the range a' ^rj^b' when the integrals 
f(y) and g(x) satisfy the conditions of Theorem I ; because the 
integral (1) is a continuous function of ri for that range and 
therefore also the integral (2). 

Ex. 1; Show that the integral f(y) of Ex. 7, § 158, converges uni- 
formly in the interval (1, h'), where 6' is arbitrarily large. 

Be la Vall6e Poussin observes that the uniform convergence of a 



§ 160] UEPEATEJ) rWTEOBALS 447 

repeated integral may often be establislied by applying the corollary 
just stated. In the example, the integral 

.'0 ^ 

converges uniformly, as is eeisily proved, for the range 1 whea^e 

b' is arbitrarily large, while the integral 

converges uniformly in the arbitrary interval (0, h). (The value of 
{er^ ~ { \ -{-xy^x for x ^0 may be taken to be (^-1), which is the 
limit of this expression when Hence, by the corollary, the 

repeated integral 

f ^ [*' r(0{e“^ - (1 -\-x)-^}dt 
} 0 1 

converges uniformly for the range 1 y J b' . 

[b' 

Ex. 2. If w(^) = 1 dy \ F{x,y)dx and if ti{^) converges uniformly for 

ja' .'a 

the unlimited range | o, show that 

jC ( d y 

y <x> • a! 

The condition that u(^) should tend to a limit when is that there 
should bo a number 'N such that 

Now a/(|) converges uniformly through the unlimited range and 
therefore x ) is a definite number. Hence 

l?/(ao ) -w(^j)| if JV or ) -w(JV)} =0. 

A -^00 

But w(x) -w(iV) = l dy ( E{x, y)dx. 

)a' :N 

Ex. 3. Show that u{^) is a continuous function of ^ in the arbitrarily 
largo interval (a, b). 

Theorem II. The integrals (1) and (2) of Theorem I exist and 
are equal when the following conditions are satisfied : 

(i) The integral f(y) is only uniformly convergent in general 
for the range a* ^y^b' \ 

(ii) The integral g{x) converges umformly for the arbitrarily 
large range a^x^b ; 

(iii) The integral v{r]f), where 

Hvi) = \ F{x,y)dy, 

J a J a' 

converges uniformly for the range a* (The symbol 7]^ is 

used because rj in the integral (3) is supposed to be fixed.) 

2a 



O.A.O, 
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We may suppose that f(y) ceases to converge uniformly for 
only one value c' of y, where a'< c'< rj^b' ; then f{y) converges 
uniformly in {a\ c' - (5) and (c' 4 - d\ tj), where d and d' have the 
usual meaning, and therefore, by Theorem I, 

\ dy\ F(x,y)dx^\ dy[ F{x,y)dx 
= f F{x,y)dy+[ F(x,y)dy. 

» J a J a* J a J c' \ V 

Now, by § 159, Theorem II, v{ri^) is a continuous function of 
7]^ and therefore the limits for d and <5' tending to zero of the 
integrals in the second member of this equation are obtained by 
making 6 and <5' zero. Hence 

jC \ dy{ F(x,7j)dx+ jC dy { F(x,y)dx 

dx{ F{x,y)dy+{ drA” F(x,y)dy: 

Ja J a' Ja Jc' 

that is, I 1 F{x,y)dx-—[ dx\ F{x,y)dyf 

J a' J a J a J a' 

by combining the respective pairs of integrals. 

Cor, If F(x, y) does not change sign, v(r)^) will be a continuous 
function of provided the integral (2) exists. Therefore, when 
conditions (i) and (ii) are satisfied, the integral (1) will converge and be 
equal to the integral (2), when that integral converges. 

\\ fjo fcjo 1 _ 

Ex. I dy\ „ — dx,}.>^,a^Q. 

Jo ’ Ja ^ 

( 00 1 foo 

c-T*y (lx—-—- \ e""® dUf 

b V?/ )b»^v 

so that the integral J(y) only converges uniformly in general in (0, A) ; 
it converges riniformly for the range 0 < (5 l!i y ^ A. 

fA . 1 _ e-Ajc2 

Next g{x) ~ v dy = 2 — • 

Jo ^ 

When ir-vO, g(x)-^}. and A will be taken as the value of g(x) when 
a; = 0; the integral is obviously continuous in the arbitrarily large 
interval (0, 6). 

The function is always positive and the integral v(A) is 

rx 1 _ er^x* 
ja ■“ »» 

which is manifestly convergent, so that the corollary is applicable. 
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Theorem ill. ff the integrals f{y) a)id g{x) are each only 
uniformly convergent in general in the respective intervals (a\ //) 
and {a, 6), the integrals (1) and (2,) of Theorem J will exist and be 
equal if the integral u(^), where 

“ f # f i\>c,y)dx, 

converges miiformly for the unlimited range f ^ ft. 

By the conditions u{^) converges when ^ ~>ao ; that is, the 
integral ), and therefore also the integral (1), exists. 

Again, the conditions of Theorem IV, § 154, are satisfied, 
since u(^) converges uniformly in {a, />), however large h may 
be, and therefore 


f dx f h'ix, y)dy ~ { dy f F(x,y)dx. 

Ja J fi' J f/' .In 

Now, by Kx. 2, 

Z' f F{.r.y)(I.i- {\h/ f F(x, y)(lx - £ ^ dy [ F(x,y)dx 

• '.‘b/' '' a ‘bi' ‘bt h ^ fX a' b 

- I dy I F{x, y)dx, 

/, dx F{x,y)dy^\ dy F(x,y)dx, 

h *00 *^61 ^ <i’ ‘b/' ‘bt 


SO that 


and therefore the integral (2) exists and is equal to the integral 

( 1 ). 

Of course the theorem holds if one of the integrals f(y) and 
g(x) converges uniformly and the other only converges uniformly 
in general. 


Cor. If F{x, y) does not change sign u{^) will be a continuous 
function of f and therefore, when/(t/) and g{x) are only uniformly 
convergent in general, the integral (2) will exist and be equal 
to the integral (1) when that integral exists. 


Ex. 5. Evaluate [J 1 

when U rn, n are such that the integral converges. 

If the integrals (1) and (2) of Theorem I are denoted by and 
respectively, this integral is 1 2 . The integrand does not change sign, so 
tliat we first test the convergence of the integrals f{y) and g(x) ; if these 
satisfy the conditions of Theorem III we next examine whether the 
integral converges. If converges so does /j, and — 
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Suppose, to begin with, that m - 0. Then ( 1 1 1 ■+ ‘^■) between 

1 and y and [(J '^xy)l{l +x)]”'' lies between 1 and so that it is positive 
and not greater than unity. 


( 1 ) /(?/)= 


I (\±^yy 

.0 V 1 + ^ / 


dx 


Zrl < r 


"oc 

-1 

. 0 


dx 

(1 ■\-x)x^ ' 


(1 {^x)x^ 

For convergence at 0 we must have 1, and for convergence at qo , 
ri> 0 ; if 0 < n < 1 the integral /(y) converges when y is not zero, or even 
when 2 / — 0 if Z ~ 1. Thus, if ^ > 0,/(2/) converges uniformly in the range 
0< d^ y~,\ and conveirges uniformly in general in (0, 1). 

,/Z-i /I j^xyy^ , _ 1 


1 fi 


■\-X ) (1 JrX)x^ 


fl 


v/*“^ dy. 


For convergence at 0 we must have Z >0 and then, since 0< n< 1, 
the integral g{x) converges uniformly for the unlimited range rr ~ (5 > 0, 
and converges uniformly in general in any arbitrarily large interval (0, h). 


(3) ?/- 




dx 


1 -vx yV^ 


( I -hx)x*‘’ 
dx 


+ Rh^ 


L + O’ / (1 +x)x'^ 

The repeated integral with finite limits is obviously convergent when 
/ C), m 0, 0< n < 1 . Further 


(4) y 


0 




+ xy V 
~Tx' ) 


* dx 
( 1 + x)x*^ 


W 


.’0 


foo 


dx 

T-\r)rr"* ’ 


and clearly Rf,-^ 0 when oo , so that ij is convergent. 

Hence the integral 1^ also converges and /g — /j, so that the value of 
the repeated integral is not changed by changing the order of integration. 

In the integral ig change the variable y to v by the substitution 
2 //(l -\-xy) •— r/(l ; then 

- f'® da? fl v^"^dv 

“ ~ )o Jo ( 1 + ^ - ’ 

Next cliange the order of integration, as wo are entitled to do by 
what has been proved, and then substitute the variable u for the 
variable .r, where x{l ~ y)~n. We thus find that 


^(J -r)”~^dw 


du 


Jo (1 + 

= B{1, n) B(l "fl, Z+m+n). 

(See E/T. p. 350, Ex. 20, for the value of the integral with co as limit). 


Hence 


n r(Z) r(Z + m + n) 


If 


® sinner r(Z+w + 1) r(Z-bn) ’ 

This result suggests that the restriction m^O is too narrow 
7)i< 0, then 

1 < [(I + xy)l(l + x)y^ < y^, 

and in (1), (2), (4) the power of y that remains after the substitution 
of for xy)l{l-\- x)]”^ is so that m may be negative if 

Z + m > 0 — a condition that implies Z > 0. 
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161. Differentiation under the Integral Sign. Let f{y) and 
(p(y) denote the integrals 

f{y)=--^^F{x,y)dx, 9r>(j/)=£ — 


If F{x, y), dF{x, y)jdy and the integral (p{y) satisfy conditions 
(i), (ii) and (hi) respectively of § 155 when 5“00 — that is, 
when x'^a and a' ^ ^ h' — then (p{y) is the derivative ol f{y). 

No change at all is needed in the proof of the theorem when 16 
is finite ; the change of order of integration in equation (3) of 
§ 155 is valid in the present case by Theorem I of § 160. 

It may happen that the integral (p{y), obtained by differen- 
tiating under the integral sign, does not converge ; see, for 
example, Ex. 4, p. 468, of the Elementary Treatise, where the 
difficulty is overcome by a special device. De la Vallee 
Poussin has given a general method of dealing with such cases 
that is frequently successful. 

Suppose that F{x, y) and dF{x, y)ldy are continuous functions 
of X and y for the ranges a^x^b, where b is arbitrarily large, 
and a'S,yf^b' \ then, taking for brevity the symbol y to denote 
both the variable of integration and the upper limit of the 
integral, we have 


F{x, y) 


Fix, a') J' 

a' 


dy 


<^y, 


and therefore 

, f F(x, y)dx - P Fix, a')dx P dx P dy. 

Ja Ja J a J a' 


Change the order of integration in the repeated integral, as it 
is legitimate to do since dFjdy is continuous, and let b tend to 
infinity ; then 


/(y) -/(“') = 


£ {'dy P 

» — ► oD n 


dFjx, y) 
dy 


dx, . 


•d) 


and 


dfjy ) . 
dy 


d 

dy 


[ZT%r 


dy 


( 2 ) 


Now it may be possible to obtain a transformation of the 
form 
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where the functions 99(6, y) and xp{Xi y) arc such that 

£ \\if>.y)dy=<i 

ft — > QO •' rt' 

Voo 

and the integral I y){x, y)dx converges uniformly for the range 
J a 


((' ^S.y^b'. If these conditions are satisfied, 

\’/y C, L ' 

and therefore, when 6 ->qo, equation (1) gives 

f y r Cv f' 

dy f(x, y)d,x - r% rp{x, y)dx 

-a' •'a -’a' •' b 

= 1 dy [ y>{x.y)dx, 

since the integral of y)(x, y) converges uniformly. Equation (2) 

roo 

Kx. \. Ifi/ = l cos (.r-* prove that 

'n 


By Ex. 8 of § 158 the first derivative of u is given by the equation 
^ = ( X sin (x* - xy)dX) 

d'V jo 

since the integral converges uniformly in an arbitrarily large interval 
(0, 6") ; the integral obtained by the second differentiation is, however, 
not convergent. But 

X sin(ir® -~xy) ~ - x*cos(a7® - xy) 

and 

fb Cb fb 

\ - x^cos {x^ ~xy)dx= -i\ (^x^ -y)coB{x^ ~ xy)dx - ly\ ooii(x^ ~ xy)dx, 

jo 'jo ' jo 

so that (p(b, y)= -Jsin(6^ -by)^ \p{x, 2/)= -xy). 


Now £ I <p(b, y)dy = £ — 


by) “COS (5®) 


and the integral of V) converges imiformly in (0, 6'). 


For 2/j cos(a7* ~ xy)dx~y 


( co8(a^-*2/)d*| =1— + |-^. 


SO that 
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hi f"® r'* 

r-2 ip{x^ y)dx ~ - Ji/ cos(;t"* xij)dx, 

y .'o Jo 


(IHi 

dy 


d'^u 

dy' 


2 + 12/^^ =0. 


Kx. 2. If M — 


coH(xy)dx j. , .vv dhi 

l+> .prove that (;/>0) ^ = »- 


The integral obtained by the first different ation converges unifcjrtnly ; 
for the second derivative the integrand is x^ cofi{xy) ' {I t- x^) and 


r& - x^ 
Jo 


x^ cos xy sin by ^ f cos (.r ?/)r/.r 


I f 


1-f .r2 


Hy^oO, 
and the integral 


jC 


b c 
con {x'y)dx 
Jo 1 -t 


dy-0. 


converges uniformly (?y~r>0). Hence 


dhi 

dy 


y'^~.o 


‘ coti{xy)dx 
i + x'^ 


Deduce the results of Ex. 4, p. 468, of the Elementary Treatise. 

Ex. 3. Let a and 6 be two numbers, real or complex, neither of 
them being zero ; a and 6, when real, are positive, but, when complex, 
have their real parts either positive or zero. If y . ’ 0, show that 

, dx [ 1 J 


'0 


- e 


X 'y Vt+y b + y)^^'^’ 


and 


Suppose a — IK •{ im' and b — [i +ip' ; then 

I ft™ ax ft -6x j ^ ^ ^ Cl A' _j_ f, px ^ 

The integrand of the integral a may be taken t o bo (6 - a) when x —0, 

_ Too e-('i+y)«-|.c-(^-v)-i! 


foo 

. h 


d’X 


‘oo 

. n 


- dx ; 


this integral tends to zero when B^<x> if ?/ [When // — 0, cj(. = 0, 


P — 0, the integrals 


- dx. 


'oo 

B 


00 


dx both tend to zero when 


jB 00 .] 

Again, the integral obtained by differentiating a with respect to, y is 

1 1 


- e-^y{e 

'n 


e ^^)dx 


6+y a+y’ 


and this integral converges uniformly if y so that it is equal to 

dujdy. Hence 


du 

dy" 


er^^)dx . 

. ft 


1 


1 


b+y rt+y’ 


Now u~>0 when y x , and therefore 


a+y 6+y 


-r )rfy- 
> + '// 
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If ?/">0, we find (§ 159, Ex. 1, or E.T.y p. 463, Th. II) 

Jo Jo V« 4 - 2 / b-\-y) 

This result contains many particular cases, e.g. Ex. 26 (i) of § 146. 
Again, lot a — 1, b—i; then 

JVl+y i + yj jVl+// + 

^1 ^ x) + i sin :r , .tt 

BO that — — ax —'i ^ , 

Jo .r 2 

, ,, . r^c~^-cos.T , f'* sin or , n 

and therefore — dx- i), \ a;r=-» . 

Jo .r Jo 2 


EXERCISES XIX. 


1. If 0< a< 6, prove that 


and deduce that 


rx fo o f 

dx er '^^dy -— dy dx 

.0 ‘ .a ‘ .0 


rf.(;=]og-. 


2. If a > 0, h > 0, prove that 


X frt ■ 'a fx 

dr I e' (^~^^)^dy— dy \ dx, 

n 'n ft ' 


and deduce that 


(i) — * e«>*rf.r = ilog(^l + pj+'!:tan-*(^j); 




cos bx dx 1 log ( 1 


- sin 6a; dr =!tan“ 


3. If a > 0 and 6 ~ 0, show that 
r® sin 6a; , 


'•■ 7 — g — ; — 27 da;=:H- 2 (l 
Jor(a*+a;2) 2a*' ' 


4. If a > 0 and 6 > 1, prove that 


/.. f^cosa; , fi _ • / vj P j cos.r sin (.rw) , 

(1) I — 7-ar e B\u(xy)dy — \ dy \ --dx; 

.0 .'0 Jo ' Jo 

r^^^cosa;, P «« j p- cosr sin (a;v) , 

(11) I dx \ H\r\(xy)dy 1 — ^'dix. 

J 0 ^ J 1 J 1 Jo ^ 

Show that each of the integrals in (i) is zero, and that each of the 
integrals in (ii) is equal to 7 i(e~^ -e"«*>)/2a. 
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5. hetf{x) ... + Ke~^ = 2.4c"®*, where a, 6, ... A: are 

either real and positive (not zero) or else complex, with real parts that 
are positive or zero, and 4, B, ... K constants. If u denotes the 
integral , 

y>Q, 

Jo ^ 

prove that the integral is convergent if 24 -0, and then show that 


{24c“®*} 


(Lr. 


24 log«. 


6. If 24 - 0 and 2^1 a =0, the notation being as in Ex. 5, prove that 

[^Ae-n%=-^Aa\of,a. 

Jo 

7. If 2ul —0, 24a --0 and 240^ — () (notation of Fix. 5), prove that 

( (2.4 c"®*} ~ I 2.1 log a. 

Jo 

8. If 24 - 0 and 24a/ “(), ;• - 1, 2, ... 7i - 1 (notation of Ex. 5), ])rovo 

foo fjr ( -1)^* 

9. In Ex, 5 suppose that a, 6, ... k are pure imaginary numbers, 
a = ai, 6 = pif ... k - kI, a, /?,... k, positive, so that log a ~ log a + in 12, . . . 
log A; =log K +ijr/2. Deduce from Exs. 5, 6, 7 that, if the conditions 
that connect the constants 4, Bj ... K in the respective examples are 
satisfied, 

(i) ( 2(A cos our) . ™ - - 24 log ; 

Jo ^ 

(ii) ( 2(4 sin c/lx) ^ ~ 24a. log ; 

Jo ^ 

foo r 

(hi) I 2(4 cos our) ^ “ i 2x4 log fu. 


10. Deduce from Ex. 8 the formulae corresponding to those in 
Ex. 9, the conditions that connect the constants 4, B, ... K being 
satisfied. 

If n is odd, n~ 2m 4- 1, 


roo 

I 2(4cos<x-r). 
Jo 


dx (-l)^«-5 

(2m)! 


24fX,^'® log OL, 


while if n is even, n—2in. 


For other formulae of a like kind see the article by Hardy, quoted in 
§146 (Frullani’s Integral). 
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11. If a and h are eitiier real and positive or else complex, with real 
parts that are positive or zero, show that the integral 

foe (iv 

1 + Ax ) - c-*^( 1 + Bx ) \ ~ 

.0 

is convergent if A - a b—Cy say ; then provt^ that wht^n .1 4-c 

and — 6 + c the integral is equal to 

h - a + c log (bja). 

Deduce, by taking a 1, b - - /, c — i, that 

(i) +a:) -cos.T}^?^” - 1. 1 (ve'' ainx)^^- -1; 

.0 .0 *' 

and, by taking 6-1, c — ~ (a + ^), that 

(ii) |(a - + ^ +i)log(i -(a - ]). 

(Bromwich, Jnf, ^er. 2nd Ed. p. 488.) 

12. Tho integral p{e-“' - (A -i- HxA Cx-)c-’>’^] -i 

.’0 

converges if ^ 1, B ~ b - C J (6 - (/)“, and its value is then 

la‘ • a6 + i6M Kl‘>K'^ - 


13. Deduce from Ex. 6, or prove independently, that 
fl (6 (c 1 (a b)x^ dx 

Jo (logxp .r 


14. If 0<p< 1, 


.'o log 
15. If 0 < p < 1 , show that 


fi x^ 1 dx , ^ u,i 

= log tan V • 

X 1 I .r ^ 2 


^(6 - c) a log a. 

p7l 


. r® x^-'^dx _(1 -p) (2 -p) ... (a - p) jr 
^ )o(l4-ir)”+^ nl mnpTt* 

.... 1*^ 

1 / 1 II n^\2nA'2 




jo ( 1 + 

16. Prove that if « > 0, 


(2n + l)! 


(i ) f cosh 2bx dx = ; 

' ' In 2a 


17. Prove that 


r .x j " « 

(ii) I e “«“■'* sinh 2bx dx : * - e® e-a:* dx, 

jo a .'o 


e-A(xsitt%r. sin*! J-) ( 1 . 


Sin pTi 
(Bertrand.) 


18. 



4- 2 sin Q 


dx^iijid ~ 02), 0 


7T 

2 ' 


(Bertrand.) 
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19. If ni ia a positive integer and 6 >0, 
fiin2mhx dx _7i{\ - 
sin 6a; l+a;^" 


r 

'A 


cP ~ t 


20, If m > 0 and a > 0, prove that 

.'o 


^^Bin^mxdx n 

=^-3(2ma + 


21. If 


and deduce that 


xP{x^ 4a^ 

f'® ?jc ~ sin ?^r ^ . 

^)o 


that 


d'iAi ji , « _ . . 


'» a; ~ sin x 
, 0 x^(x^ +a^] 




{\a^ -a + 1 -e~“). 


22, If P -- f e"2aicos(/2 ~rt2)d/, Q=[ c -(i^)df, 

.' - a j - a 

prove tliat P 'rQ ia independent of a, and state its value. 

23. If a > 0 and 6 > 0, prove that 

f {a M- 6)® \ 


tan"^ (a.r ) tan-i {hx)^^ - log | 


a® 




24. Ifo: 


: , show that 


s: 


tan ^xdx 


j „ 00 X“ - 2a; sin ol -! 1 2 cos a ‘ 

fcK 

26. If u — 1 dx, where a > 0 and b > 0, prove that, 

.'0 


, d-u du da 

3ab -^2 " V' 

06* 06 da 


27. !£«„ = (■ 
lere a >( 

(i) 


dx 


— 

‘a;)« o 


d^ 


Jo (a + 6 tan* a;)” Jq (a -f 6t/*)^(l +2/'*) ’ 
where a > 0 and 6 > 0, prove that 

-1 ( -l)«“id»»-iui 

• "" (w -1)! ’ 


n ~ 1 da 

2 1.3.5...(2n-3) 1 ( - 1)® J / L 

(11) :7r "2 . 4 . 6 ... (2n "^(n - 1)! da"~ i V\/« + V * 

28. Show that, if a > 0 and 6 is any real or complex number, 

foo 

1 - rjD \/a 


and deduce that 


*00 

e-' 

Jo 


cos 26.r da; 


Va 

3/iL 

2Vct 


6* 

c « • 
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29. (i) If u — tan* x + 6* cot* x and a > 0, 6 > 0, 

ir 

sec* X cosec* x dx ^-iab . 

'n 2 ab 


(ii) Ifr™ 1-™ — where 5 > a, rx>0, ft>0, 

' ' x -a h -X 


dx 


{(:r -a)(6-x)} 


, (y^+P 

= ^ h-a . 

0.^(6 -a) - 


162. Repeated Integrals: Infinite Limits. The theorems 
of § 160 will now be extended to the case in which the upper 
limit of both integrals is infinite ; the discontinuities of the 
integrand are understood to satisfy the conditions stated 
in § 154. 

Theorem I. If the integrals 

f F{x,y)dx,,.{l), [ F{x,y)dy ( 2 ) 

J a J a' 


converge unifornly through the arbitrary intervals (a', I/) and 
{a, b) respectively , and if the integral v(7]), where 

?!(?/) (lx y)(ly, (3) 

J a J a' 

converges uniformly for the unlimited range then 

f dy [ F{x, y)rfx=[ dx [ F{x, y)dy (4) 

J a' J a J a J a' 

Let the function /(.t, rj) of Theorem III, § 159, be defined as 
f{x, y) = r F{x, y)dy ; 

Ja' 

then the function ^( 77 ) of that theorem is the integral v{ri). We 
now find 


\ (Jy\ F{x,y)dx:~- f F{x,y)dx 

' F \ dx F{x,y)dy (Th. I, § 160) 

= Vdx y)dy. (Th. Ill, § 159) 

J a J a' 

Of course, if the integrals ( 1 ) and ( 2 ) converge uniformly for 
the unlimited ranges y^a' and x^a respectively, the theorem 
is true ; a similar observation is applicable to the other 
theorems. 
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THEOliEiM 11. The equation (4) is true if the integral (1) is 
only uniformly convergent in general, provided the other conditions 
of Theorem I are satisfied. 

This result follows from Theorem 11, § 160, in the same way 
as Theorem I follows from Theorem I, § 160. 

Theorem III. If the integrals (1) and (2) are only uniformly 
convergent in general through the arbitrary intervals {a' ,b') and. 
{a, b) respectively, hut if the integral v{rj) and the integral u{^), 
where 

m)- f dy 

J a' 

converge uniformly for the unlimited ranges 7]^ a' and | ^ a 
respectively, then equation (4) is true, provided one of the integrals 
in (4) is determinate. 

Suppose it is the integral in the second member of equation (4) 
that is determinate, and denote it by A ; then the condition 
that the integral should converge is 

£ f dx [ F{x,y)dyr--(i (5) 

Again, since the integral viri) is continuous, we have, by 
Theorem II, § 160, 

\ dy\ F(x, y)dx r^ [ dx T F{x, y)dy - R{ri) (6) 

J a' J a J a J a' 

Too ro/ 

where R{7]) - j dx I F{x, y)dy. 

ja Jri 

The theorem will therefore be proved if it is shown that 
tends to zero when 7 j->oo , since the integral in the first member 
of (6) becomes the other integral of equation (4) when . 

Now Jt(7j) converges uniformly for rj a' ; for 

[ rfo; [ F{x,y)dy::=^ \ dx f F{x,y)dy- \ dx F{x,y)dy 

Jh J 1) J b J a' Jb J a' 

=a.-^, say. 

By (5) we can choose M' so that |a.|< e if b>M' and, because 
the integral v(iy) converges uniformly for rj^a', we can choose 
M" so that \P\<e if b >M''. Let M be the greater of the 
numbers M' and M'" ; then [a - ^\<2e for r]^a' if b> M, so 
that li(rj) converges uniformly for rj ^ a\ 


y)dx 
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Next Avc have 



r* 1 

dx 

a J 

•■■X) 

•Xi j 

y}dy+\ 

rb i 

f>J 

•ao j 

[ F(x, y)dy 

poo 

— 

dy 

F{Xyy)dx-}-\ 

' a .1 

dx 
b J 

F{x, y)dy 


by Theorem III of § 160, since the integral u{^) converges 
uniformly for ^ ^ a\ Hence, if y denote the first of these two 
integrals, . y + - (i). 

If b is any fixed number greater than M (as determined 
above), |r/--/i|<2e. Further, the integral u{^) converges 
uniformly for | ^ a, and therefore we can choose N so that 
|yl<£ if r]>N. Hence |jR('> 7 )|< 3e if rj >N, so that E{r]) ->0 
when rj~>oo . The theorem is thus proved. 

Cor. The theorems are considerably simplified if F(x, y) 
does not change sign, because in that case v(ri) is continuous 
when t;(oo ) is determinate, and u(^) is continuous when t^(oo ) is 
determinate. Theorems 1 and II are therefore true (when the 
integrals (1) and (2) converge as required), provided the integral 
i^(qo ) is determinate, and Theorem III, provided one of the 
integrals in (4) is determinate. 

Ex. 1. Prove that, if c >0, 


/ •V I * 1 cosrr sin (o’?/) 

(i) e~<^ydy 

;o .0 ^ 

e-cudu r 
0 '{) 


(ii) ( 


Let F{x, y) =e' cos x sin {xy)lx and 



cos X dx 
sin X c dx 

X -b ’ 


/(2/)=r-P(*. «(»/) = {' F(x,y)dy. 

JO JO Jo Jo 

By § 158, Ex. 2, f{y) converges uniformly -in general for yz~0 and 
g{x) converges uniformly for 0, while, by § 158, Ex. 4, v{tj) converges 
uniformly for ?; 0. Hence, by Theorem II, the order of integration of 

the repeated integral in (i) may be changed, and the new integral is 


.0 


dx 


'jo yc' 

e'^y ^ii\(xy)dy - I 
.0 .'0 


cos X dx 


By using Ex. 3 and Ex. 5 of § 158 the second of the above equations 
may be proved in the same way. 


Ex. 2. Deduce from Ex. 1 that, if c > 0, 

iio^xdx n f- sinrjdx 


7t 
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Thcnse re.sults arc^ obt-aiiicd by avahuitiii^ tlio ropeatoii iriiegralts iii 
Ex. 1, (i) and (ii) respectively. Note that 

cos X sin (xy) — J sin {y f- 1 ) .r + J sin (?/ - 1 ) x, 

and therefore 

1'^ cos a; sin (xy) ^ 


-dx ■ 




so that 


n!2, if 1, 

71/2, if 1 < y ; 


1 .T If 

' 2 ' 2 '' 2 I 

1 /../ 7 cosajsin (.rv) , . tt 

r <^vyy _ e-^vdy + -■ 

'() ‘Jo ‘Ic 4lo -lU 


dy 


7T. .T / 1 “ e ‘'’X n . 71 

~~ 4c ~ 4 \ ■ 4c ~ 2c ' 


The repeated integral in (ii) gives in the same way 

71 


2c 


% 


Ex. 3. Prove that 




Jo V® 

This integral has been evaluated in the Elementary Treatise (p. 471, 
(9) ) ; another method of evaluation will now bo given as an illustration 
of Theorem III, and also as an example of the substitution of an integral 
for a given function (see E.T. p. 477, Ex. 2). 

Denote the integral by w, and for 1 l\/x substitute the integral 

~ er^y^du. 

/7l Jo 


y/7T 

Y~~ 


I e“M“da e~^y^dtf, if U"y\/x. 

Jo Jo 


Hence 




\ e*' dr I e^^v^dy (i) 

Jo Jo 

- ( dy \ e~-{y^ - dxy (ii ) 

Jo ■ Jo 

provided the change of order of integration is legitimate. This changcj 
will be considered later. Now 


e-{y^ ~ i.r) dx — - 


'0 


?/ “ ^ y 


so that 




* y^dy 

.0 y* + 


Ay^ 

I 0 2C+1' 


Let y* —Uy and it is easily seen that each of these integrals is equal to 
1){E.T. p. SSO, Ex. 20, (ii)). But 1)=-^^,. and therefore 

so that, l^y equating real and imaginary parts. We find 
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Wo have now to consider tlie change of ordoj* of iuiogration. Tlie 
integral (ii) has been found to be determinate. The integrals 

rx> fx 

ei^e-xy^dx and 1 
Jo Jo 

converge uniformly for the unlimited ranges y — a' > 0 and x > 0 
respectively. For 

I I 1 I I 1 

ev e--fy^dx ^ 1 e^^dn, I e^‘'e~‘^y^dy ~ -7- e~^^dv 

IJt I 2/ J&2/“ \}b' I V^}bWa- 

by the substitutions xy^ and y\/x-~Vt and the uniform convergence is 
obvious. 

Let v{ri) and u(^) be the integrals obtained by taking ?/ as the upper 
limit of the ^/-integral in (i), and ^ as the upper limit of the cf-int€5gral 
in (ii). By § 158, Ex. 6, the integral ??(ry) converges uniformly for the 
imlimited range y 0, and it is easily proved that the integral u{^) 
converges imiformly for the xmlirnited range 0. Hon(;e all the 
conditions of Theorem III are satisfied, so that the change of order is 
legitimate. 


Ex. 4. Prove that J5(m, n) -r.T{m)r(n)lV(7n +n), ni >0, n> 0. 
By the definition of r(m +ti) we have 


(iy, 

1 +*)”+" .0 


and therefore, multiplying by and integrating with respect to x 
from 0 to 00 , we find (§ 145, Ex. 4, or E.T. p. 350, Ex. 20) 


r(m -I- n) B{7n, n) ■- - ( ~^dx ( c ’(1+®) dy. 

Jo Jo 

Change the order of integration and the repeated integral is simply 
r(m)r(n), so that the equation is proved if the cliange of order is 
l(jgitirnate. 

If F{Xy 7 /) ^ have 


( i ) 1 E{x,y) dx r( ^ yy ; 

Jo 

(ii) ( F{x,y)dy~V(m 
Jo 

The integral (i) converges uniformly for the range y ~ a' > 0, and the 
integral (ii) for the range a: a > 0. Further, F{Xy y) is positive and the 
repeated integrals exist. Hence the change of order is legitimate. 


Ex. 5. If F{x, y) ~e~^i^.Tsin 2ax^\ny, a > 0, show that 

[ 00 1*00 Too (*00 

dy 1 F(Xy y)dx — \ dx \ F{Xy y)dy. 

-0 Jo ‘ Jo Jo 

( oo Too 

F{x, y)dx -siny e~^ya;sin 2axdx ; then, if y > 0, 
0 Jo 

f -ft j sin 2a6 a f ® ^ j 

I e~^v X sm 2a^ dx — h - \ e“«*2/ cos 2a;r dx^ 

)b 2y y }b 
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and I [ F(Xf y)dx I < I I I c~b^v -h I — I e~^^y < if 6~^^v < r? e 
Lift I " I ?/ I I ?/ I 

so that the integral f{y) convt^rges uniformly for y ~a' >0. 

Again, it is easy to show that I F{.Vy y) dy converges uniformly for 
X' 0. . 0 ' ’ 

1*00 Ct) 

Now, let = \ x sin 2ru- \ e~dvsu\ydy; 

Jo Jo 


dA 


^ , , , r* ( 1 - e-v-r^ cos t])x sin 2aa: , . f » sin 

thea *,(.,) = m - y )„ TO- 

and v{y) converges uniformly for as is very easily proved. Note 

that the integral 


* » x^ sin 2a.r , 

1 - — A — — dx 

lo ■c*^ 1 


is convergent since, when x is large, x''^j{x^ -f 1) is a positive, monotonic, 
decreasing function which tends to zero when x tends to infinity. 

Thus, by Theorem II, the change of order is legitimate. Ex. 33, 
(i), (ii), (iii) on p. 482 of tlie ElemerUary Treatise may bo taken in 
coniKiCtion with this examjde. 


163. Double Integrals with Infinite Limits. The evaluation 
of the double integral when the limits of the integral with 
respect to the variables (one or both) are infinite is usually 
effected by means of a repeated integral. It is possible that 
the double integral may exist, and yet not be equal to cither of 
the repeated integrals ; further, the two repeated integrals 
may exist and be equal and yet not be equal to the corre- 
sponding double integral. A detailed investigation of the 
matter is, however, outside the limits of this book, and the 
student is referred to the investigations by De la Vallee Poussin 
and Stolz (see § 156) ; he should also consult an article by 
Bromwich in the Proceedings of the London Mathematical 
Society, vol. i. (2nd Series), 1904, pp. 176-201, and his textbook 
on Infinite Series (2nd Ed.), pp. 503-513. Bromwich’s defini- 
tion admits conditionally convergent double integrals ; we 
have followed the more usual practice of admitting only 
absolutely convergent double integrals. 

It is hardly necessary to repeat the remarks made in § 156 
on the evaluation of the (improper) double integral ; the 
general procedure is the same in the present case as in the case 
there stated. The General Theorem quoted in § 156 also holds 
when the limits of the integral are infinite. 

G.A.O. 2 H 
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Again, as regards the change of variables reference may be 
made to what has been stated in § 157, with the examples 
there given. 

Ex. J. Provo that, if a >0 and nr~ 1, 

1 QD fr 

COS <•?/ d y \ e cos (xy) dx ~ c 0. 

0 ^ " .0 

Lot P(x, 2 /) - ^oos(.ry)cos(c^), and consider the integral 

fA fco 

dy \ F{x, y)d.i\ A > 0. 

'o Jo 

By equation (6), p. 471, of the Elementary Treatise^ 

\ F{Xy y)dx -- r(n) cos nd cos cy -fa^) , 

Jo 

where tanO ?//r/, ~^ic< d< ^7i ; the integral converges uniformly for 
the range 0 2 / _ A, as may be readily verified. Next 

(•' I'V, ,,)dy^U-o^x'>- ’ + . 

Jo I x-c x+c J 

and this integral converges uniformly for the unlimited range 

since r/ > 0 and n k: 1 . 

Honeo, by Theorem I of § 160, the order of integration may be 
changed, and therefore 



Too 

ax ^n- 1 (.QQ „ 1 g 

■^'^x^-'^dx i 

Jo 

Jo 


(• c 


fco 

■ Jo 

X ~c 

^'o 

,r^n- 

'^—f(x)y the coiulition: 

s required 


Ex. 4, § 1.59, are satisfied, since f(x) lui.s at most only one turning value 
(given by x - (n - l)/a). Hence, when A-^-x , the last two integrals tend 

to ^/(c) both for c > 0 and for c —0, Hence 


I cos (cy) dy J co^(xy) dx c”~^, c ~ 0. 

Ex. 2. Prove that, if a > 0 and n —l, 

n 

sin (cy) dy sin (xy) dx~-^ c > 0. 


The proof is practically the same as in the case of Ex. 1, and may bo 
left as an exercise. 

These two examples are particular cases of Fourier’s Double Integral. 
See E. T. § 194, pp. 499-501 . It may be noted that the statement in that 

article (p. 501), that the absolute convergence of the integral 

is sufficient for the validity of the transformation on p, 501, is not 
correct. See the articles by Pringsheim, Math. Ann, vol. 68 (year 1910) 
and vol. .71 (year 1912). 
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Ex, 3 . Tlio variabloK 
tlie ecjiiatirais 
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arc cliari^od to //jj, , y^, by 


+ - -y,, ir, -|-;r2-j ... = 7 /i ?/2. ••• 

a I + Xit ^ - ?/j ?y.> . . . . . . 3rj y ^ i/.> . . . y^. 

If the variables ... .r,, may eacti take every real value that is 

not negative show that 1/3, ... , will take every value between 0 

and 1 (0 and 1 included), while takes every value from 0 to ao . 

Further, show that the integral 

r 1 ... [ ' F(x^, x^, ... x„)dr, rf.Xj ... rf.f„ 

becomes 

rx I'l fi 

f/;/, dJ/a ... dy„ /’,(?/,, j/j, ... 2/„_„ 

.'(I .0 .'0 

where Ui. ■■■ yj ' >’(Xi, .r^, . . . x„); 

We have 


•'■,.-■^2/1(1 -2/2). --2/12/2(1 - 2 /»)---. «n-r'-" 2 /i 2 / 2 --- 2 /r+l(l - 2 /r.|- 2 ). ••• 

SO that 2/2> 2/3» ••• » 2 /n between 0 and 1 (including 0 and 1). On the 
other liand t/j may vary from 0 to oo , since cTj - y^ 2/2 • • • 2/n 
varies from 0 to x . 

From the values just found for a;„, ... it is easy to see that 


' ^(2/n ?/ 3 » 




■•yn)' 




and therefore |«/| 2/2”'^ ••• ?/«-!• required Iran.sformation 

of the integral follows at once. 


EXERCISES XX. 


1 . Prove that, if c > 0, 


I "" sin(xy)dx f» xdx 

.'0 ' .'0 - 1 ”.'0 ( x * + c *)( r 2 « - 1 ) • 

1) jo • 


2 . Prove that, if a > 0, 


‘X foe 

dc 

.0 .0 


(o;® -f o2)(e 


3 . Prove that, if c > 0, 


‘x 
. 0 


cos X - er 


- dx 


(qohx - er^'^)dx\ ~logc. 

^ Jo JO' 

4. If w and n are positive integers and n m, prove that 

foo fx fx sin^ 7* 

dy 1 e~^ sin” a? djr = (m - .1 )! — d.:, 

’o * * Jo Jo ^ 
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5. If u^ ~~\ e "‘'*'.sin”.r€?.T, where n is a positive integer and y >0» 

.’o 

prove that (n® +y^)Un =n(n - l)w„_2, 

and then show that 

n! 

y(2^ +2/2)(42 +y^) ... (n^ -\ y-^ ' 

_ n\ 

' (1» +y)(3* +1/*) ... (n^ +2/*) ’ 

6. Deduce from Ex. 4 and Ex. 5, 7/i(- and n being positive integers and 
n that 


— 7^ ax — 7 I tY c^v* 

.0 (m-l)! jo ' « ^ 


Jf m : 2, n ~3, the integral is equal to | log 3. Verify independently 
for these and other small numbers. (Bertrand.) 

7. If a>(), 6>0, mlr' I, n:.- 1, 0 — tan“^(y/a), 9 ? tan~^( 2 // 6), prove, 
by applying equation (6) (E.T. p. 471) and § 163, Ex. 1, that 

cos mO cos (xy) 


(i) 

(ii) 




:2r(m)' 


*, x>0; 


m 

(a^-{ 2/^)2 

cos mO cos ncf , ji r(m + n - 1 ) 

^ n ^ “2(a + 6)"» »-«-i l>ayr(>0 ‘ 


jo (a^ + y^VHb^ + 'l/^P 

8. Show that equations (i) and (ii) of Ex. 7 hold when the sine is 
substituted in place of the cosine, and deduce that 

-n(p)dy n r(w + n - 1 ) 

w «~(a + 6)^"+”“i r(7M)r(??) 

^ (a^ +2/2)2 (62 +,/.)2 

9. By taking a = 6 — 1 in Ex. 7 and Ex. 8, show that 

ft 

71 r(m 4*n - 1 ) . 


rr 

(ii) P sin mO sin nO cos'^+”“2 q do D • 

' ' Jo 2^^+^ r{m)T(n) 

IT 

COS (w -n)0 cos Odd — ^ 


(iii) v„. - vv., „ --r(m)r(n) ’ 

10. Show that, if m > 1 and 0<n< 1, 

( 00 Too Too foo 

2/*^“^ dy \ cos (a?!/) dx^\ e ^ 1 2/” ' ^ cos (x^/) d^/. 

0 Jo Jo Jo 


Deduce that 

IT 


(i ) r cos 7)7.0 co8^*“”“' 0 sin”“^ OdO — - - r T 7 — r 
Jo 1 (^) 

r(m 

rw 


_ r(n) r(7n - 7i) nji ^ 
— cos $ 


(ii) sin 7710 cos^"”"^ 0 sin"”^. OdO — — ~ sin . 
Jo 
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11. If a, 6, 


’ are all positive, then 


Jo 


dx 

{x +a.)“ 




00 e x^~^ dx 

.0 


~{x -f //)» 


12. If 0 (iL ^ , show that 


‘oo roo 
.0 .0 


dxdy 


{x^ 4 - 2xy cos ol 4 + a^)'^ 2a^ sin < 
and that, if w — 4 2xy cos ix +y^. 


'00 Ca 

.0 .0 


6“’" dr dy = 


(i) 

13. If 

and if 
show that 

and then prove that 


2 sin ( 


n a 
0 


xy e~^ dx dy 


sin OL -- OL cos (X 


4 sin® a. 


1/ - 2 ^ 2 / 4 - 2i/® 4 2r - 1 - 2?/ 4 1, 

V r= 6x® 4 32/® 4 4x 4 41/ 4 2, 

42/4 1, y=y~2x, 
U=i‘-\-y\ F = 2|2 4i?®, 

71 


( 00 for 
. - cc . - 


VerUdxdy — 


2 * 


[Change the variables to | and ?/. For the general transformation 
when U and V are real quadratic forms (positive and definite) see 
Hilton’s Linear Substitutions ^ p. 75.] 

dxdy 


‘oo 1*00 

14. 

. - 00 . - 00 


271 


a > 0 


(.r2 42/® I a®)^(r® 4 2/*4 6®)i «(^+6)* 6>0. 


15. If Irn' I'm is not zero, show that, the integral being assumed to 
converge, 


( (XJ Too 

F{lx f my, I'x - m'y)dx dy = | {Im' l'm)~ 

— 00 .1 - CO 

16. If a > 0 and 5 > 0, show that 


F{x, y)dxdy. 


n ao 

<p(a- 

0 


x^ ^-hhj^)dxdy ~ 


4ah . 


(p{x)dxy 


the integral being assumed to be convergent. 

17. If a > 0, 5 > 0, m > 0, n > 0, show that 


Too (*00 

e-i 

Jo .0 


{a.P* 462 /®) a;2w — 1 y2n—l fly ^ 


r(m)r(n) 


4a^« 


and then deduce that 


r 2 (co8^)®^"^(8in0)®**“id0__ 1 r(m)F(n) 

Jo (a cos® 0 46 sin® 0) “ 2a^ 6” HmT n ) * 
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INTEGRATION OF SERIES. GAMMA FUNCTIONS 


164, Integration of Series. When the terms of a series ^Un{x) 
are not bounded, or when the range of integration is not finite, 
the integration of the series falls within the region of the 
improper integral. The methods of dealing with the improper 
integral that have been explained in previous chapters are 
applicable also to such series, but in many cases of practical 
importance it is possible to integrate the series by applying 
elementary theorems, as in the following examples. 


Ex* 1. Show that I — 

'o I 

Here wo may write 

.y-i 


1 , xN 


1 -ar’ 


and therefore 


n I - « 


log a: da' 

L 1 - .r " — , 7 

n 1 

Now X log xl( \ -x) is hounded^ for, if x ~e~y, 

X log ~yjc^ — ~y "L 


dx. 


so that 


and therefore 


l-x 1-e-y + + + ’ 

|:r logaV(l ~aj)| ^ 1 if 1. TIence 


Mo l-aj I Jo N' 

® 1 2 
V -V 1 _ TT 

~ “ 6 "* 


X 

1 loga;drr 
.'0 1 “ 


n»X' 


ET « sin cxdx ,/ 1\ 

if c is real and not zero, or, if c is complex, c~n-\-ih,\b\< 1. 
If a; > 0, we have 


1 

-e“ 


N 


n=»l 


t Njt 

-r 
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( 1 ) 
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Now the function sin cxj(e^ - 1) is bounded for the unlimited range 
X 0 when c satisfies the conditions stated. 

(i) sincxKe^ - l)->c when 0, and therefore, when x is small, say 
when 0~\x\^k, |sinca:/(e® -- 1)| < c', where c' differs little from |c|. 

(ii) If x>k and c real, |sincir/(e* - l)| < l/(c* - 1), while if c is com- 
plex, c = « -f ih^ I sin cx | cosh hx f sinli hx ™ where 6' - 1 6 1 , and 
therefore, if 6'< 1, 

I sin cx I ^ 6^'^ ^11 

1 - 1 1 ^ ‘I ■ 

There is thus a constant K such that |sin c.t’/(c'' ~ 1)| < /v if x 0, 
and therefore, multiplying equation (1) by sin cx and integrating, 
we find 


sinc.r(f.r 




1 


^ N'" 


O'® 4- n- 


2 -f R]^y 


where | /f y ( < iC j cr^-r dx = f^, , 

and therefore jRj\j 0 wlicn N cc . Hence (§ 94, (1) ), 


^n c.r G>_ G j 


71 coth TTX 

; C 


Cor. 1. Let .r -- 2^1//, 2;7rc =ol, then 

f'^sinavd?/ 1/ I ^ 
jo - r 2 U'' - 1 " a 2/ ’ 

where rx:y0 if a is real, or, when <x. is complex {n. — ^ 4 ty), | y \ < 27i. 


Cor. 2. Since -r-, - - i » 

6'^ 4 - 1 c-^ - 1 - 1 

sin cxd.i\_ 1 / I 71 \ 

jo 4- 1 ~ 2 \ c sinh 7i.c)' 

Cor. 3. The above formulae are valid for c - 0 in the sense that t h(' 
limits of the integral and of its value tend to 0 when 0. 


165. General Theorems, In the following theorems it is 
assumed that each term u^ix) of a series is integrablc 

over the range a^x^b or over the unlimited range x ^ a 
according as the range of integration is finite or infinite. 
Further, u^ix) will be taken as a ^Todnct, f{x)Vn{x), where /(a: j 
is independent of n a,ndf(x) and v^^(x) are integrable. 

Theorem I. If (i) the series TtV^ix) converges uniformly for 

the range a^x^b, and (ii) the integral f \f{x)\dx converges, then 

Ja 

f = [ /(a:)u„(x)da;1 . 

The upper limit b may be finite or infinite ; if b — co the series 
is To converge uniformly for the unlimited range x'^ a. 
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Let RJx) = '^v„(x), A = ^ \fix)\dx. 

ii==m i 1 *'a 


By condition (i) N may be chosen so that, it a^x^b and 
m'^N, we shall have \R^(x)\<elA, where e is arbitrarily small, 
and therefore 

If fi^)li^(x)dx <s, jC \ fi^)^m(^)dx = 0, 

SO that the integral of 'Lf(x)Vn{x) over (a, b) converges. 

Next, 

m r rb 1 r 1 

^ f(^)Vn(x)dx\=\ \^f(x)V„(x)\dx 

qL-J^ JJ^Lq -J 

= [ \'^f(x)v„{x)\dx- {■ fix) R,„{x)dx. 

Let m- Aoo and the result follows. The proof is the same 
if 6 ~ 00 . 

Ex, I, [ log X log ( 1 + = 2 - 2 log 2 - ~ Ji'-*. 

.0 

The series for log (1 + converges uniformly for the range O 1 

and ( I log a; I da; = 1 . Hence the integral is equal to 
.’0 

G - ,ITi - ,V+ If] - 2log 2 - i 


Theorem II. If f{^) and Vn(x)(n = 0, 1,2...) are positive (or 
zero) for the range a^x^b, and if the series Sv„(a:) is only uni- 
formly convergent in general for that range ^ then the integral 



f \'^f(^)^n{x)'\dx 



and the series 

f f{!>^)v„i^)dx] 

0 ^•'a 

m 


are equal, provided that either the integral (a) or the series (/8) 
is determinate. 


Case 1. The series ^Lv^ix) ceases to converge uniformly at b 
and only at 6 ; it may or may not converge when a: =6. 

Suppose first that the integral (a) is determinate and equal, 
say, to ^ ; it is therefore possible to choose X (<b) so that we 
shall have tbr <x> -i /* 

\\f^fix)v^{x)\dx<e, A=:0, 

since f(x) and v^ix) are positive and e is an arbitrarily small 
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positive number* Now, if a<A<6, Theorem I is applicable ; 
hence 

f(^)^n(^)dx\==-{ I ^fix)v^(x) \dx 


Let X~>b] then while the series on the left of the 

equation tends to the series (/3), so that the series (^) is equal to 
the integral (a). 

Next, suppose that the series (^) is determinate and equal, 
say, to B. By Theorem I, if a < A < 6, 



Vn(x) 1 dx = £[1 f{x)v„(x)dx 

J 0 a 


B, 


since f{x) and Vn(x) are positive (when not zero) ; 
integral 



thus the 


is a positive, monotonic, increasing function of A which is less 
than B and therefore, when A ->6, tends to a limit which is not 
greater than B. In other words the integral (a) converges. 
Again, since the series (/?) converges, 

£ £ [f f{x)v„{x)dx~\ = 0. 


Hence, since the functions /(a;) are integrable, 
f r;£/(*)*’n(a;)lrfa; = ;^r [ f{x)v„(x)dx] 

= -S- £ [f f{^)v„{x)dx~\. 

Now let m-> 00 , and it follows that the integral (a) is equal 
to B ; that is, the integral (a) and the series (fi) are equal. 

Case 2. If the series Svn(^) ceases to converge uniformly at a 
and only at a, a very slight modification of the above proof shows 
that the theorem is true in this case ; it follows then in the 
usual way that the theorem is true when 'Lv„{x) is only uniformly 
convergent in general. 

Cor. Eor brevity, omit the letter x in the functional symbols 
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f(x), Vj^(x). Then, if f{x) and v^ix) are not always positive, the 
product f(x)Vn{x) may be expressed as the sum 

(/^■ 1/ !)•(*'«+ knl)- 1/ !•(««+ |v„|)-(/+ \f\)-K\ + I/I . |«;„|, 
and each of the four functions in this sum is of the form 
g{x)Wnix), where g{x) and w^{x) are positive (or zero). Hence 
Theorem II is true if either the integral 


or the series 
is determinate. 


a 0 

STf l/(a^)l • h’nWKa-’ 

r\ ^ J /I * 


Theorem III. If f{x) and v^ix) (?i = 0, 1, 2, ...) are positive 
{or zero) for the unlimited range x^a, and if the series 'Lv^ix) is 
uniformly convergent in general for the arbitrarily large range 
then the integral 



f f 

{"^) 

and the series 

>j| f f(x)v„(x)dx 1 

0 ~ a 

(P) 


are equal, provided that either the integral {(x.) or the series (ft) 
is determinate. 


The proof of this theorem when converges uniformly 

in the arbitrarily large interval (a, b) follows so closely the lines 
of the proof of Case 1 of Theorem II that its detailed statement 
may be left to the student. The modifications required when 
the series only converges uniformly in general in (a, b) have 
been dealt with in the proof of Theorem II. Thus, if a is the 
only point of non-uniform convergence of the series ILv^ix), take 
c>a ; then Theorem II applies when the interval of integration 
is (a, c), and the proof of Theorem III applies when the con- 
vergence of the series is unifonti in (c, 6), so that 

Theorem III holds when a is the only point of non-uniform 
convergence of 

Cor. The Corollary of Theorem II is also true for Theorem 
III ; in the integrals of the Corollary of Theorem II we merely 
put 6 = 00 . 
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Theorems II and III are due to Hardy, Messenger of Mathe- 
viatics, Vol. 35 (year 1905), pp. 126-130. See also Bromwich, 
Infinite Series (2nd Ed.), pp. 495-502. 

Examples 1 and 2 of § 164 illustrate these theorems. Thus in Ex. 1 
the series for (1 - .r)“^ consists of positive terms and converges uniformly 
for 1, and the series (if log(l/x) instead of log u; is taken) 

* converges. Similarly in Example 2 the series converges uniformly 

if .r ^ > 0, and the Corollary of Theorem 111 applies. 

Another theorem due to Dini {Fondamenti, p. 391) may bo 
given. If the series is E?x„(ar) and if Wn{i) denote the integral 

f Un{x)dx 

a 

the theorem may be stated as follows : 

Theorem IV. If (i) the series converges uniformly for 

the arbitrarily large range and (ii) the series 'Lwn($) 

converges uniformly for the unlimited range a, then the 

integral rac r « -| 

\^u^{x)\dx (a) 

L 0 J 


and the series 


00 p i*a0 

Yil u„{x)dx 
0 


are each determinate, and the integral (a) is equal to the series (/9). 
By condition (i) 


f[v..w] 


dx--^w^(i). 


Again, by condition (ii), S?<;«(f) is a continuous fuiKdion of ^ 
ft)r I and therefore 

f ‘“0 0 ^ 

that is j* V 'w^n(^)'j = X [ f Un(x) . 

The following additional examples illustrate the theorems. 

Ex. 2. (Sog(|±^)^=-7. 

'q ^\l -xj X 4 

Hero log {(1 H x)/(l - x)} ^-2 ^ , 

and the series converges uniformly for the range 0 1. By 

Th. II, since 

i'i r r. V> "1 dx „ 1 71 ^ 


iTo L, .. 

*0 L ^ 2n ~ 1 J X ^ {2n - 1 )* 


the resiilt follows. 
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Ex. 3. 


Kl, 


xe~ 




\dx= 


xdx 


if (K is real and positive, or, if p + iy and ^ >0. 

Here =-(4n®7r® and ^v^(x) converges uniformly for the 

unlimited range x^Oy since ^ 2(4n*.'T®)"' = 1/24. The given 

integral is therefore (by Theorem 1) equal to 


^ r xe~^'^dx r f'* 

2 /^ L )o "" V L 3 o 


ye~'‘^nvay dy~] 


by putting x =^2nny. 

Now the series or when ol is complex, converges 

uniformly in general in an arbitrarily large interval (0, 6), and by 
Theorem III or Theorem III Cor., the summation and integration 
may be interchanged, if the integral thus obtained is convergent. 
Hence the given integral is equal to 


rr 

jo Ly .o(1+2/' 




)[e^i’nav^\y 


and if now the variable of integration is changed to Xy where a;=ai/, 
the integral is that stated above, since the integral converges. 


Note that 




xe-^'^' 
4tn^n^ + x^ 




by § 94, when ^x is put in place of x in equation (1). 


Ex. 4. 




t8in'~^(xl(JL)dx 

.’0 


e^irz - 1 


' 4n^7i^ + x^ 

where fx. is the same as in Ex. 3. 

As in Ex. 3 the given integral is equal to 

Y L jo 4 n 27 r*-f-a;*J~ 27 i Y Ln Jo 1 4 - 2 /^ J’ 

Again, as in Ex. 3, the order of summation and integration may be 
interchanged, providing the integral thus obtained converges. The 
change of order gives 




+ yi’ 


and, after integration by parts and the substitution of x for ay, the 

integral becomes roo tan-‘(®/oL)da: 

Zn\ — - 5 — — z 1 


Hence 


Jo - 1 

where tan~^ (a:/oL) — 0 when a? =0, the integral being convergent, 
the given equation. 

From the value of the series stated at the end of Ex. 3 we have 
1 1 . ^ f* tan^i(a3/oL) j 



§ 105] Bernoulli’s numbers 

Ex. 5. If is Bernoulli’s Number, show that 


Let 

then, by § 94, (6), 

and, by § 164, Ex. 


Bn _ f® - 1 dy 
4n“' ]() " 1 

I ' ' 




Now 


and the series 


sin ty dy 
- 1 

mnty _ y &xaty 

g27ry — 1 ““ e^vy — 1 * y * 


-44^ ' (2n^l)! 
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.(1) 

•( 2 ) 


converges uniformly with respect to y in an arbitrarily large interval 
(0, b). Hence, expressing sin ty by a power series in (ty)^ and inter- 
changing the order of summation and integration, we find 

t'ln •' 1 y'ln - 1 dy 
(in - l)! )o - 1 ’ 
and therefore, by equating the coefficients of in (1) and (2), the 
stated value of is obtained. 




EXERCISES XXI. 

Many of the series required in this set will bo found in or may be 
derived from the Examples and Exercises in C^hapter VIII. 




22r-i _ 1 




3 x^^ogx dx _ r 2 _ 3 _ _ n j 

Jo - L(p + 1)2 {p+ 2 ) 2 ^(p+ 3 )‘-^ 


4 


+ 07)2 L(p + 1)2 {p+2)2 (p+3)2 
{^xlogxdx 1 fi , /l-^\j 1 

• )„ Trw=8)o*‘°nrrx)‘^^=-s 

6. If la| < 1 and n a positive integer, 
cQs nx dx __ 2jta^ 

Jo 1 - 2a cos a? + a2 ~ 1 - ’ 

.... f^^ll + 2cosa;)”cosm;da; 27i 

I 


1 - 2a cos a? + a* 


1 “U- 


(1 +a + o2)»» ; 


C2i 

(iii) 

Jo 


(b + 2c c os a;)^ cos fix dx 2:i 


l-2acosa7 + a2 1 -a' 

♦For the value of see §94. 


(c + 6a + ca2)”. 
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cos X dx 


jo W- 


2acof^xxn^y^ i a^* 


a^< 1. 


7 . 1“ log (a^ sin^a; + 6® oo&^x)dx = n log 

and show that the result hokls if a —0, 6^0, or if 6 = 0. 

Deduce that 


, a > 0, 6 > 0, 


X tan' 


( A N. * » ^ V • 1/C4/XJI 

, a^\ hdx , /, a\ ^ ^ 

'+ii)6>rf”'‘'*(‘+s)"r. — S' 


© 

'+T*" 


dx 


8 . 


1 - a cos 2a; , , , , ti , 1 + a „ 

= «“< 1. 

' =”logy~, a“>l. 

4 1 + a 

It ff 

9. (i) (“ (log tan x)^ dx ~ (“ (log cot dx = ^ ; 

Jo Jo o 

ir ft 

(ii) 1“ (log 81110 ^) 2 ^^= 1 “ (logcosrr)2do; = '^ {(log 2)* + j- ; 

ir 

(iii) j" (logsina:)(logcosa;)tfc(:=-^ ((log2)“ . 


10. 




.x]2,-x~n 


+ 2asinaT 4 a*\ cfa; 


'*■ !:'«»(-r:-sss©:)S=’rr©. »■< ‘>»- 


>0. 


(iii) 


0 

xdx 


15 


Q sinh a; ~ 4 ‘ 

... r<»8inaa; , n, , na 

• (i) =--Tr~- <W7 = o 'o’* ; 

' ' Jo sinhic 2 2 

/-v f^cosaa: , n . na 

16. (i) — r-— (ia; = -rr sech ; 

!o cosh a: 2 2 


(ii) t 

(ii) 


« a; cos aa:, 

___ — dx = -X sehh* - . 

Jo sinh a: 4 2 

* cosh ax n :ra , , , 

r — = =8ec-i^, o < 1. 

0 cosh a? 2 2 ' ' 


17. (i) 
■ (ii) 


r=® sin ax dx 
Jo cosh.f a- 


= 2 tan”^ (^tanh 


na\ 

Tr 


» sinh axdx , ^ 1 - o , , , 

,0 ^5rfr^-x=*°8"“* T 


* Dxamxiles 9-13 ace taken from Wolstenholine’s Mathematical Problems, 
where many examples of a similar type are to be found. 
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h'XKHi.’ISKS XXI 


cosh ax . j 1 smh c 
. V- — sin cx ax = I — . - , 0 < a < ;r. 

0 Sinn nx - cosh c i cos a 


1(». Tf /(») j ^ e- prove that 


and deduce that 


Jo ^ 




.(:( 




Note that lf{x) 1 


sinh i 


D 

20 . Tf a > 0 , 6 > 0 , deduce from Ex. 19 that 

- s-i) ? = ’°8 

21. If a2< 52 

f"' sin* a: da: n 


x) a:*J ' 


,'o (1 - 2acos.'C + a*)(l -- 26cosa: ^ 6*) 2(1 -a6)* 

22. If - 1 < 79 < 1 and - tt. < A < jr, 

r=^ X dx _ ft {x^ i-x~^)dx ^ sinyA 
*0 1 + 2 a; cos A + a:* ~ Jo ll- 2 a; cos Ala;* sin A ^ 

and, if 0 < m < 2 n, show that 

~^dx _ n sin {(?t - m)A/n} 

sin A 


r« a;’” 
Jo + 2 a: 


* + 2a:” cos A + 1 ~~n sin (mTifn) ' 

23, If a* < 1 and c > 0, prove that 

..X f* 1 dx 

' Jo 1 + a;* i - 2acosca;-J a* “ 2 1 - a* 1 -ae“®' 


1 14 a e“® 


(ii) log (1 - 2a cos cx + a^) , g — ^ log ( 1 - ae~®) ; 
.0 1 -f a; 


(iii) 


X sin cx 


dx 


n 1 


24. 


(i) 

(») r r 

'(» 'A 


0 1 - 2 a cos cx + a* 1 4 a;* 
1 ft 7r* 


dx dy _n^ ^ 

0 8 ’ 

^ fi dx dy 

71 

2k V{1~- 

25. Tf a > 0 , y ~(L>0, |a:| < 1 , show that 


dx 


F{,x., P, - a.) )o 

and deduce that, if also y -/x. ~ > 0 , 


0 


dt 

(1 - xt)^ * 


F{a., p. y, 1) -a.)r(y - ^) ' 


k*< 1. 
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26. By the variable of integration in the integral in Ex. 25, 

prove that, 

F{,^, p, r, ®) =-- ( 1 - f(»., V - Ii, 7 , ) 




-(I F(y - p, y ~ y, 

= (1 "/J F(y -(X., y “ /5, y, a:). 

166. Integrals for Euler’s Constant. The following Lemma 
is useful. 

Lemma. If f(t) ~ ^ ^ 

(i) 0 </(<) < t, when <> 0 ; 

(ii) /(0->0 and 

By § 94, equation (2), if f> 0, 

00 I 2t ^ \ \ 

/(O = 2 < 2 , iS» S P = B '■ 

and the statements in (i) and (ii) follow at once. 

Ex.l. If y„ = 1 +1 + ^ + ... + ^ - log n, prove that 

(ii) y- /T 

Ii — » QO • U ' 

where y is Euler’s Constant (§ 148, Ex. 7). 


logn = 

'A 


(i) 


Also 


‘qo g-< — 


These values give the equation (i). 
(ii) By the Lemma 


0< 


-/ 1 1^1 


that is, 0< (® {e(^i — + 

so that £ 1" (^-ri- 1 - 7 ) 


;<->cc 0 

from which the stated value of y follows 
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Ex. 2. Show that y = J y • 

Express the integrand in Ex. 1, (ii), in the form 

{ ((T+T) “ T } ■*■ { i~-' ~ ({T+7) } ■ 


l_e-< t(l + t)'^dt t J’ 

and log [(1 - e~^)(l 4- ^)/^] tends to zero both when t - > 0 and when f->ao , 
so that the integral for y takes the form stated. 

Ex. 3. Show that y — | ~ y * 

( 1 -iVi / I -A 1 . / 1 1 \ 1 

.Vi + < ® )t Vi + i* * j<'^Vi + < i + tVi’ 

c (ill- 1 +iOi=.c (i 


r® / 

\o U”+< 


and 
so that 


t 1 + t )q 
>/ 1 .\dt 


\l + t l + 
dt~0, 


A,_L. 

t ~.o ) t ' 


Ex. 4. The two integrals 


)o \t e*-lj lo V ^ ^(14 

are convergent and equal if JR (a; + 1 ) > 0. 

When i~> 0 the first integrand tends to x - ^ and the second to x, so 
that the integrals converge at the lower limit. So far as convergence 
at 00 is concerned the first integrand may be taken to be and 

the second 1/^(1 4- or simply and therefore both integrals 

converge at infinity if jR(a; 4* 1) >0. 

Now the first integral may be considered as 


^ ds 
s(TT 5)^ ‘ 


lies between (l4-A)“flog [(c^-l)/A] and e"”^nog ~ 1)/A], and 
log [(e^ - 0 when 0, so that 




£\'( 
A">0-A ' 

e“* 

1 

e“ '< ' 
etZTi^ 

^dt, A >0. 

if - 1 : 


we have 




e~^*dt 

■T 

ds 



ds 

1a ' 


-1 -fi(l 4-5)'^+^' 

.'a s(l 

*" 1a 

.-r 4- 1 ] 

irj^ 

whore | > 

0; 

then 




1 

-«x - 

1 ds 





ds 

«(T+7pi' 


£U^ 


SO that the two given integrals are equal. 

a.A.o. 2 1 


~t /(1 4* 
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Ex. 6. J={o-J)logct-(a- 1), 

where a > 0, or, if a is complex, R(a) > 0. 

This integral is required in the next article. It may be derived from 
Ex. 11 in Exercises XIX by taking for the case (ii) 6 = 1, c= -(a-l), 
but may easily bo proved independently. Denote the integrand by 
F{x) ; then, if A > 0, 


F{x)d 




F(x)dx. 


Integrate ~e~^)jx^ by parts (the otlier terms of the integrand 

contain only the first power of x in the denominator) ; thus 


and 


3c c,~^^ - e”*^ , e~~^^ ~ e~ ^ 

— dx~ - . - 

A / 

fx - fi-A 

F{x)dx^^ 


■\\ae-- 


■c-') 


dx 


JO 

— dx. 

A X 


The given value follows at once since 
A->0. 

In the same way it may bo prove<l that 

dx 


-(a ~ 1) when 


f' u- ^ 

ic .. p-Ji 

i. t C~^x _ 1 




( 


1 I ^ - - 1 f I log 2. 

This integral is also required m tlio next article. 

167. Integral for log r(x). The integral will be derived from 
the expression for log r(.r) as an infinite product ; as in the 
preceding article the logarithms will be expressed by definite 
integrals all of which converge when Ii(x) is positive. 

Let JI ; 

' ^ x(x +l)(x +2) ... (x-hn - 1) ^„iV'r + r-l/ 

then 

i> ^ Y 1 

IogP„(.T)=(a;- l)logw-X log - ^ 


But 


-(x-l)f 

r-1 ^ 


t 1 

_nf 


dt 


it f /: 




dt. 








and therefore, taking together the terms that contain the factor 
log P„(^) = £{(x - \)e -' f - R^, 


R, 




-xt-i p_n< 

-.-dt. 

T 


'}• 


where 
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Now the coefficient of in the integrand of tends to 
^x{x - 1 ) when t tends to zero, and is finite when t>0, so that 
there is a finite number, K say, such that the integrand of 
is, in absolute value, less than Ke-^^ for t 0. Hence 


Jo 

and therefore 0 when n-> oo . 

Again, the integrand of the other integral tends to 
- l)(a: - 2) when /->0, so that the integral converges at its 
lower limit ; it is obviously convergent at oo if i?(:r)>0. Hence, 
if we let n tend to infinity, we find 


log r{x) =£|(x - l)e-' - " 7 (1) 

This integral may be expressed as the sum of two integrals, 
one of which can be evaluated in finite terms, while the 
other tends to zero when R{x) tends to infinity. These 
integrals are 




(x - l)e“‘ - 



( 2 ) 


'‘'"■'''Or-V.-J-slT'* w 

Consider iu{x). The coefficient of in the integrand is the 
function f{t)lt of § 166, and therefore lies between 0 and 1/12 ; 
hence, if x = ^-^ir], (f>0), 

= ( 4 ) 

and therefore when E{x)-^ oo . 

We give two methods of evaluating P{x), the first of which 
holds whether x is real or complex, while the second assumes x 
to be real ; both methods are somewhat artificial. 

First Method) x complex. In (2) let a: = l and subtract 
P(l) from P{x), thus eliminating the term <3“V(f -^“0 J then 

P{x) -P(l) =J’*{(a; - l)e-* +(| + |)(e-' - e-')} j 

= loga:-(a;- 1) 

by Ex. 6, § 166. 


* / ul { x ) is Billet’s notation for this function ; Cauchy uses the notation t7(ac). 
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Wc have next to find P(l), where 




(liange the variable from ^ to 2^ ; then 




+ 1 e-*‘ - 


e*‘ - 1 1 f 


Next multiply equation (6) throughout by 2, and from the 
value 2P(1) given by (b) subtract the value P(l) given by (a) ; 
w e then find, after a slight reduction, 

7J/.V Ple-2‘-e-' 2, 1 , , I \dt 




-f - ie- 


Tho second of these integrals is, by Ex. 5 of § 166, equal to 
( - I f ^ log 2), 

To find the other integral put x in equation (1) ; then, 
since r(|) \/^» we^see that 

i log ^ - K'} J T- - W 

by changing the variable from t to 2t. Thus 

P(l) — 1 log jr - 1 +1 log 2 = - 1 4- log ^/{27i), 

and P{x) {x - ^) log ar - x 4- log ('"0 

Hence 

log r(x) = (x - I) log X - X 4- log \/(2^) ^ iW(x) (6) 

and, since 

log r(x + 1) = log r(x) 4- log X, 

log r(x 4- 1) = (ic 4* i) log X - X 4- log \/(27r) -f ju{x) (7) 

Second Method ; x real and positive. In equation (1) put y 
in place of x. The integral converges unifonnly if 

0<xgi/^x4-l, 

and therefore we may integrate with respect to y under the 
integral sign. Hence 
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INTEGRAL KOK LOG r{x) 

^loga; = ^j^ ^ dt, 

■P(*)=£^ logr(j/)dy-ilog; 


= (a; - log X-X + log \/(2n) 

by Ex. 12 of § 146. (In this method x must be real since 
integration with respect to a complex variable is not at our 
disposal.) 

Ex. 1. Prove that, if a >0, 6 >0, (6 -a)P(l) is equal to 


l ® / o b 1 _ 

,^0 


-y, ~ \ (it 

.ae-«)+ y- }y. 


and deduce that 


-6e-M)j ‘^ = {b -a) log V(2 -te). 

(Schlomilch.) 

In the integral (a) for P(l) change the variable to at then to bt and 
form the difference ?>P(1) -aP(l), the factors a and b being taken with 
the transformed integrals in a and 6 respectively. 

If a = 1, 6 — 2, the useful integral 


is obtained. 


i;G4i+i(«-‘-26-«)]f=logV(2;.) 


Ex. 2. Prove Gauss’s Formula 

i»r(*+^)r(x+?)...r(x + 


u, - 1 

^iT 1\ r(na?) 

n / 


In the equation ( 1 ) take the n values x, ^ ~i~~f x ,x + > and 

add the integrals ; the logarithm of the product of the n functions is 


® ~ 1 - e-‘ " I t 


= lo - “2-;® - 1-7^'“ ’T~e=i/ « 

by changing the variable to nt. 

Now put nx for x in equation (1), and subtract the integral for 
log T(nx) from the integral (i) ; if P denote the product of the n functions 
r(x), r(a7 + 1/n), ... we find, after a little reduction, 

*“ 8 ( iW ))" C (?^"1 " T 


-h(J - nx) I 



484 


ADVANCED CALCULUS 


[CH. XV. 


In Ex, 1 let a = 1, 6 =n, and we obtain 
log {Pir{nx)} ===log |(27r)" 

and therefore P = • 

finx - 4 

This proof of Gauss’s formula is given by Schlomilch, Compendium^ 
vol. II, p. 255, 

Ex, 3, Stirling's Approximation for n!. Let n be a positive integer, 
and in equation (7) put n for x ; then 

log (n!) =log {n’‘e“”'v/(27rn)e^(^)}, 
and therefore 1 

n! p{n) < . 

The expression (n/e)’V{27in) is called Stirling’s Approximation for n! 
when n is large, the relative error being less than ; the absolute 
error may be large ” when the relative error is “ small.” 

168. Asymptotic Expansion of logr(x). In equation (6) of 
the preceding article let x be real and positive ; the term p(x) 
may be expanded in powers of x~^ as follows : 




By § 94, equations (5) and (5a), 

/I 1 lx 1 B 


where 




Therefore, when the integrals are evaluated and expressions 
reduced, 

= ( 1 ) 

where R„{x) = (-!)" dt 

— ^ - 1 -^."±1 

\ _L 1 W9/W _ 1 _ 9\ />.2n+l > 


0 < ^ 

Jo Jo 


(2n+l)(2n + 2)a:2n+i’ **•* 


SO that Rn{x) has the form stated, where 0 < < 1. 

Let Ur{x) = ( - 1 )'-i , s„{x) =-2 «r(a!). 

From the value of in equation (6) of § 94 it is plain that 
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the infinite senes Zu^ix) is not convergent. On the other hand, 
if n and x are both fixed, the error Rn{^) hi taking Sn(x) as 
the value of fx{x) is numerically less than |tt„+i(ir)|, while, if n 
is fixed and x tends to infinity, tends to zero. A non- 

convergent series of this type is called an Asymptotic Series, so 
that the function fji{x) is given by an Asymptotic Series or 
Asymptotic Expansion. For purposes of numerical calculation 
asymptotic expansions are very useful. See Bromwich, 
Inf. Ser. (2nd Ed.), Chapter XII. 

Since log r(a;) =P(a:) 4 //(a:), the asymptotic expansion of 
log r(a:) is 

(X - i) log X - a: + log ^{2n) + (2r^\ ^2r 

+k(^) Y^) 

where Pn(i) is given by (2). 

Integral for ii{x). By Ex. 4 of § 165 the integral for is 
of* taiH(</*) 

“Jo 

Ex. 1. = J {1 -log V(2:r)}. 

In the equation log r(x) —P(x) 4 ^{x) let a; — 1 . 

Ex. 2. If a > 0 and 6 0 and a /6 =a;, 

log {a(a~vh)(a + 2h) ... (a 4 n 6 )} 

— log a f nlog 6 4logr(a;4n4 1) ~logr(a; 4 1). 

When x or a /6 is large the factorial a(a 46 ) ... (a 4 n 6 ) may be calcu- 
lated by using the asymptotic expansion of log r(a;). 


169, Gauss’s Function \p{x). This function is (§ 97) the 
derivative with respect to x of logr(x4l). Now, x being 
real and positive, 


and therefore 


Further, 


+ {x^n)^ 

- £ (A) 


log„=j^ JTr=J. 




and, when these values are inserted in the expression for %p{x) 
and the terms that contain separated from the rest, we find 
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The coefficient of in the integrand of the second integral 
tends to {x 4*^) when t tends to zero, and is finite if i is positive ; 
thus the coefficient of e”"* is bounded, say less than K,iit^ 0, 
and therefore the integral is less than Kjn, an expression which 
tends to zero when n-> oo . 

Again, the integrand of the first integral tends to {x - when 
i tends to zero, so that the integral converges at the lower limit ; 
also it manifestly converges at infinity since x is positive. 


Hence 


<" 




( 2 ) 


by Ex. 4 of § 166. 

The expression (1) may also be obtained by using Weier- 
strass’s form of r(a;+l) and using the value of y given by 
Ex. 1 of § 166. 

Another expression may be found by differentiating the 
equation (7) of § 167 ; thus 

, . d.logr(a;+l) , 1 d.u(x) 


2x 


dx 


where ^i(x) - J + g) dt. 

This integral may be differentiated with respect to x under 
the integral sign, since the integral obtained by differentiation 
converges uniformly in an arbitrarily large range 0<a^x^b, 

Hence rp(x) = log a: + ^ - - ] + 1) e-*‘ dt 

= log a; + 2 " - 2 £ Z 1 ) 

by Ex. 3 of § 165, 

These expressions (1), (2) and (3) for ip{x) are valid if Ji(x)>0, 
but the proof given above does not show this, since differentia- 
tion with respect to a complex variable x lies outside our limits. 
If, however, yf(x) is taken to be defined by the limit (A), the 
values (1) and (2) hold for a complex x, since the various trans- 
formations depend only on a complex function of a real variable. 

Ex. \\ If JK(.c)>0, = | ™ (y=Enler’8 Con- 

stant). 
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Differentiate equation (1) of § 167 ; thus 

dx !() \ 1 - c”V t 

and the last integral is equal to y (Ex. 1, § 166). 


fi \ - t 

Ex, 2. ^>(x) -f y = I — dtf x> 0, 

jo L —t 

To the integral (1) for y}{x) add the integral for y in Ex. 1 of § 160 ; 
this gives 

y,{x) + y = (J( V^-t) e-‘ i‘ \ « ds. 

by changing the variable of integration to where 5 = e ^ 

When a; is a (positive) rational number the above integral for v'(^) + 7 
can be expressed in terms of logarithms and circular functions ; for 
example 

vCi) + y = ? - 3 log 3 I- , 

and the value of yf(n 4* | ) + y, where n is a positive integer, can be 
expressed in terms of vKS) + V rational fractions by formula (3) of 
§ 97. 

Ex. 3. 

Change the variable in the integral (1) from t to s, where s ~~e ^ 


170, Another Proof of the Integral for log r(x). The follow- 
ing proof, which is of frequent occurrence in the older text- 
books, is merely sketched ; it gives a good example of the 
tests for change of order in integration. The starting point 
is the integral for r(a;), where x is real and positive, 

r(a;) = f 

Jo 

The derivative r'(ic) may be obtained by differentiating 
under the integral sign (§ 158, Ex. 9), so that 

r'{a:)= e-*r-Uog<d<= —ds, 

Jo Jo Jo ^ 

by expressing log I as an integral. It may now be shown by 
Theorem III of § 162 that the order of integration may be 
changed ; when the change has been made the integration with 
respect to t can be effected. Hence 

r* 

r'(x)=r(x)jje-’-(ifsr}^. 


(1) 
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Now put y in place of x, and integrate r'(y)ir(y) from 
y = l to y~x\ the integration under the integral sign is 
legitimate (§ 158, Ex. 7). Hence 

log (1+5) j « • 

In order to eliminate the term er\ put a; “ 2 ; thus 
Jo I log(l+«)js 

Now multiply this equation by (a? - 1 ) and subtract ; therefore 


logr(a:) = f 

.'o 


log r(x) rr: [ 
^0 




j log (1+5) 


and, if l+5-"e^ this becomes 
log r(a;) /(a: - l)e- 


l-e-‘ ] t ' 


...( 2 ) 


.(3) 


the same integral as (1) of § 1G7. 

In equation ( 1 ) put x + 1 in place of x ; then 


f{x) 


r'(a:jf 1) 

'r(a:+i)" 




1 q ds 


and this is the integral (2) of § 169. 

Another method, due to Schaar and given by Hermite {Cours litho^ 
graphite 4th Ed. p. 128), may be sketched. 


r(x + A) -r(x)_l B(x, h)_V{h)-B(x, h) 
hV(x+h) "h hVih) ~ rfl+Zi) ’ 


Now 
and 
30 that 


r(/i)= 

n 


r(x+ii)-r(x) 1 

■r(i+A)io 


L{®‘ fi4«r+'‘} 


dt 

' ti-h • 


hr{x 

The limit for h tending to zero of the left-hand member of this equation 
is r'(a;)/r(a;), and it has to be proved that the limit of the right-hand 
member is the integral 

Jo I (i+<p/ r 

The proof will form a good exercise. 

171. Minimum Value of r(3C). The derivative of r(a;) {x real 
and positive) is given by the integral 

r'(a;)=:j* e“*<*-^log<df=j' c~'f*~^logfdl - J c“*<*~^log(|)d< 

^(p{x)- y){x),Ba.j. 
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<p{x) is a monotonic increasing function of x while %p{x) is 
a monotonic decreasing function of x, and therefore r'(a:) 
increases monotonically from - qo to cx> a,& x increases fyom 
0 to 00 . Hence r'(a!j) vanishes once and only once as x increases 
from 0 to 00 , and changes from negative values when x is 
small to positive values when x is large, so that has one 
minimum value. 

Now r(l)=r(2), and therefore the minimum value lies 
between r(l) and r(2). Calculation shows that the minimum 
occurs when x lies between 1*46 and 1*47, and r(x) is just a little 
less than J more accurately 

1*4616321 ... r(a:) =0*8856024 , 

when r{x) is a minimum. 

When negative values of x are admitted, as is the case when 
l^(a;) is defined by the infinite product formula, there is an 
infinite number of negative values of x which make r(a:) a 
maximum or minimum, one and only one value of x lying in 
the interval ( ~ n, - n - 1), where n is zero or a positive integer. 
The maxima are negative, and lie in the intervals (0, - 1), 
( - 2, -- 3), ( - 4, - 5), ... ; the minima are positive, and lie in the 
intervals (-1, -2), (-3, -4), (-5, -- 6), ... If n is large 
the value of x in the interval {-n, -n+]) is very nearly 
x~ -71 + (log n)~^ when r(a:) is a maximum or minimum. 

See Godefroy, Theorie des Series, pp. 248-250, and the 
references there given. A graph of r(a;) will be found on p. 250 
of Godefroy’s book. 

172. Integrals reducible to Gamma Functions. In this article 
a few examples will be given of integrals reducible to Gamma 
Functions ; for an exhaustive treatment of the Gamma 
Function, with detailed indication of the sources of the various 
formulae, the student is referred to Nielsen’s Handbuch der 
Theorie der Oammafunktion. 

Many examples of integrals that are evaluated in terms of 
Gamma Functions* Have been already given in the text or 
among the Exercises.* The range of application is greatly 
extended by the use of the complex variable, but, even when 
the variable of integration is real, the Gamma Function 
♦ See for example. Exercises XVI, XX. 
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provides for the evaluation of integrals of somewhat eompli' 
cated character. For definiteness all constants are supposed 
to be real, unless they are expressly stated to be complex ; in 
many ca^es, however, the student will have little difficulty in 
interpreting results for complex constants. 

Type A. ,a,a + b,m, n, positive. 

Let xl{a -f bx)~tj{a + 6), and the integral becomes 

-«)-(<.+(. -60’ a. 

If p is zero or a positive integer the integral is a sum of 
integrals each of which is a Beta Function and therefore 
expressible in terms of Gamma Functions ; for other values 
of p the integral may be dealt with by use of a series. 

If a; = sin26i the integral becomes 




(sin 0)2”*'“^(cos 


Jo [a cos^fl + (a + 6) ’ 

which therefore falls within the range of the above integral. 

Another method is to express the given integral as a repeated 
integral by the substitution 


(a + 


.fV 

•’o 




dy. 


For examples see the Exercises on p. 456 of the Ehmentary 
Treatise. 

Type B. Integrals derived from J5(m, n) by differentiating 
with respect to m or n, where m > 0, n>0. 

Jo ^ ^ ‘^*“r(w+w)’ 

and therefore, if the integral is differentiated with respect to m, 
£ -x)”-ilogxdx = -l)-f(m + n- 1)}, (i) 


Here 


since 


dr(x) 


=r(x) 


dlogT^) 


■r(x)y)(x - 1). 


dx dx 

If the values of f{m - 1) and y^(m + n ~ 1) are expressed by 
means of the integral for y){x) in § 169, Ex. 3, we ma}^ write 
the last equation in the form 

log xdx^\ “* x)^~^ dx I Z — 

0 Jo Jo'*"~** 


di^ 
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Again, diffdfentiation with respect to n gives the integral 

r x^-^l --x)dx, (ii) 

Jo 

and repeated differentiations with respect to m and n give 
integrals with integrands of the form 

x^~^l ~x)^-^(logxy(log(l~x))\ 


when p and q are positive integers. 

The change of variable from x to 6 where x ~ cos^fl gives the 
equation 


(cos 0)=*™-! (sin de = ^ + w/ ’ 

and this form has been noticed in § 155, Ex. 1 ; simple examples 
are to be found in Exercises XVIII. Of course, for the 
evaluation of the integral (i) when m is a given number (such 
as I) the general formula is first calculated and then, when the 
differentiations have been effected, the particular value (such 
as y)(l - 1)) is taken. 

In (ii) let w = 1 ; then 

x’"-'- log ( 1 - X) dx = {v(0) - V’(m)} = - . 

a formula given by Abel, 

Type C. In the Integral (1) of §167 for log r(a;) put in 
succession in place of x the numbers a + 64 -l, a-fl and 6 + 1 , 
where a, 6, (a + b) are each greater than - 1, and express the 
sum 

logr(a-h6+ 1) - log r(a-f 1) -logr(6-f 1) 
as a single integral ; the result is . 


log 


r(a-f5-f 1) 
r(a4 i)r(6*f 1)' 


■f 


(1 


0(1 


1 - e~^ 

^ (1 -x^)(l -x^) 


t 

dx 


dl 


1 -x 


where 

In the same way it is proved that 


log(]/x) ’ 


•(i) 


log 


r(a+ i)r(a+5 + c4- 1)_ r -^^)(1 dx, 

r(a + 6+ l)r(^ c +T) “Jo 


1 ~.r 


log(l/x) 


. (ii) 


where the argument of each Gamma Function is positive. 
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Since the logarithm on the left of (ii) is equal ft) 

, r(a + c + 6+l) , 1>4-6+1) 

+ l)r(6+ 1)"" ’ 

the integral in (ii) may be obtained by putting a + c in place of 
a in the integral (i) and then subtracting the integral (i) from 
the transformed integral. 

Similarly in (i) put c for a, and take the difference of corre- 
sponding sides of (ii) and of the transformed (i) ; then 
. ^ r(a-H6+ l)r(^ + r+ l)r(r + a4-J)_ 

r(a -f- 1 ) r(¥4- 1 ) r(c -I- 1 ) r{a + b+c + 1 ) 

p (l-a;“){l-x")(l-a;') dx - .... 

-J„ i-x- iogiiix) - 

Type D. Dirichlet s and Liouville’s Integral. In §§ 133, 
157, integrals of the form 

Ck Ck-x n-x~y 

\ dx\ dy\ f(x -f y-\z)dz (a) 

Jo Jo Jo 

have been reduced by the change of variables 

x + y x + y-uv, x=uvw (i) 

to the expression 

f '■ m«+"+«>-i/(m) du (b) 

\ (m + n+p) Jo . 

(It is, of course, understood that in this and the other examples 

the integrals are convergent.) 

The field of integration may be defined as follows : the 
variables x, y, z are (i) never negative, and (ii) such that they 
satisfy the relation O^x-^y-^-z^ k. 

The theorem expressed in the above transformation is quite 
general, as may be proved in the following way : 

Let there be n variables x^, Xg, ... , and let 

2 - ’ . . . a;„" + ^2 + • • • + ^« ) dx,„ (c) 

where the variables are (i) never negative, and (ii) such that 
they satisfy the relation 

0^ Xj + X2 + ••• -i-Xn^ k ; 

then the integral may be reduced to the form 

"" 
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The theorem is true for = 71 ^^, the change of variables 

being of the type denoted by equations (i). Now apply the 
method of mathematical induction. Suppose the theorem to 
be true for the integral where 

••• 

X f{x^ + rTg -f- . . . -f dx^ dx^ . . . dx^, (c) 

the variables x^, x^, , x„ being never negative and satisfying 
the relation 0 ^ x^ + x^-h ... -hx^^ /c ~x^. 

By hypothesis can be transformed so as to become 

(^^3) •••1 (^^n) f'" a, ! a, ! ... I ..-1 f/,v. • \ /A 


by the change of variables given by the equations 

X2 + X3 + ... = x.^ + Xs + ...+x„_i==i/ 2 !/ 3 ’ 

X2 + X3 + ...+ x „_3 y^y^y^, . . . , .^2 y^y^ . . . y„. 

If the coefficient of the integral in (/) is denoted l>y -1, and 
if (Xj + (Xj + . . . + a„ = /?, the integral m„ will therefore be 

.4 f a;i"> - 1 dx^ I ' /(^i + Vi) dVi- 

Jo Jo 

Now let iTj -f 2/2~^n — 

U —A f -r ai 1/3-1 f(^ 


Now let iTj -f 2/2~^n — 


If A is given its value this equation is simply equation {d), 
with instead of 7i as the variable of integration. 

The change of variables in passing from the form (c) to the 
form (d) is, \i I 

x^ + x^ \-... :r2 + a :3 + ... 

2^2 + 0:3 + ... + a:„_i = . . . i/„, 

and these are of the type (i). 

If, in the case of three variables, the function / is not 
f{x -h 2 / + -) but 

/{(lAar-m 


and the field of integration is the region bounded by tlio 
ellipsoid 

x^ja^ + y^jb^ + z^jc^ =; 1, a; ^ 0, 1 / S 0, 2 ; ^ 0, 
let (a;/a)2 = f, {ylb)^=r}, and change the Variables to 
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f , ?/, The new field is given by the relation + 

so that the integral falls under the type just discussed. Ob- 
viously a similar change of variables is effective if the index 
of a:/a, is n instead of 2, and in many other cases. See, for 
example, Exercises XVI, 16, 24. 


Type E. 


f da;f 

Jo Jo 




(a + aa? -h ’ 

where a, A, m, n are positive and a, b positive or zero. 

First change the variables to w, v, where x + y—u, x^uv\ 
the integral becomes 


Jo Jo 


t,^-i(l -vy-^dv 


Jo [oL-hbu-t (a * 

Next let 0 L + bu=A, (a-b)u = jB, so that ^ + J5 = a-f*att>0, 
and apply the substitution (Type A above), namely 
v/(A-hBv) = i/(A + B) ; 
the integral with respect to v is equal to 
r(m)r(n) 1 
T(m + ?i) A^(A -j-By' 
so that the given integral becomes 

r(m)r(n) r* u^+^-^du 
r(m + n) J Q (oc + au)^((JL + buy ’ 

If the index of (cx + ax-hby) is m + n+p the integral with 
respect to v will be 
1 


A^^^{A -f 


f 

JQ 


r-Hi - iy~HA +B- B^y 


Hence the given repeated integral may be expressed when 
p is a positive integer (or zero) as a sum of simple integrals with 
respect to u. 

A repeated integral in three or more variables may be reduced 
in the same way ; thus the integral for three variables is 


Jo Jo J< 


Ic-x-y 




{(X 4- ax -f -h * 

where a, k, m, n, p are positive and a, 6, c positive or zero. 

First apply the transformation x + + x + y = w, 

x=uvw, and the integral becomes 


du 


ff 

Jo Jo 


^w. fn-i(i _ ^ J p-x 1 _ wy^'^ dv dw 

[a 4- cw + (6 - c)uv (a- b)w ‘ 
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Next take the integral with respect to v (which contains all 
the indices m, n, p) and let 

(iL (6 ~ c)u + (a - b)uw — B ; 

then A + ~ b)uw > 0. 

The substitution vl{A -h Bv) -- ^j{A 4* B) gives as the value of 
the integral with respect to v, 

r(m 4- n) r(p) 1 

r(m4-n4-p) {oi-^cuY [oL ^ bu + {a - b)uwY^ ' 

The integral with respect to w is now of the Type A, and 
finally the given integral is seen to be equal to 

r{ m)r{7i)r(p) 

T{m -\-n+p) Jo (a 4~ aw)”'(a + buY{cjL -r- cuY ' 

In the same way it may be proved that when the integrand 
contains the factor /(a; + y + z) the transformed integral contains 
the factor 


EXERCISES XXII. 

The examples in this set of Exercises arc well-known theorems or 
very obvious deductions from such theorems ; for information on the 
sources of these theorems the student is referred to Nielsen’s Handbuch. 


1 . *w>o. 

4. If o< n(x)< 1, 

6. If m and n are positive integers with no common factor and m less 
than n, show from Ex. 2 that 
fm 

■ ^-1 

2 K 


G.A O. 
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alid, by integrating the fraction, i)rovo that 


11 - X 

1 \ I *1 ^ .fnn /2rm7i\. . r7i\ 

^{n -lj+>'=-l'»g”-2Cot n+ ^ ®°®( ' IT )log(2sm ). 


r-1 


/i / 


[This method of proving Gauss’s Formula (Gauss’s TFc?’A'c, III, 
p. 157) is laborious ; for other methods see Nielsen, p. 20, or Bromwich, 
Inf. Series (2nd Ed.), p- 522, Ex. 43.] 


G. 2 log r(a;) -flog j— log r(a;) - log r(l -x) 

jo I < j , 0 <*•< 1. 


7. If 0 < X < 1, 


(i) 




_ . 2nn sin 2njra; 

4n^7i^ f ' 

// = i 


(ii) 1 -2a: = 4y 


sin 2n7ix 
2n7i * 


(Hi) 


f 1 2 n^ e ^\dt y -i log 2^1 i log n 

)o V 471^71^ ! 2nn f t 2nn * 


where y is Euler’s Constant. 


8. Deduce from Examples 6 and 7 that, if 0< .r< ], 
(i) 2 log r(a:) + log = 4 ^ 


flog^ + lopn^.^^2n:T*; 

2n7r 


(ii) log r(a;) “ir)(y { log 2) +(1 ~x) log 7 i log sin nx 

, log n . 

-f ^ . sin 2nnx 
,7^1 njT' 

"(i -~^)y i (1 x) log 71 ~ I log sin tzx 

, log 2/1 . ^ 

+ > . sm2n7Ta;. 

Tr'i nji 

9. If 0< x< 1, show tliat 

, . 1 o cos 2n7ix 

log sin 7tx ~ -log 2 - > 

^ i 

and deduce that 

(i) ( log (sin 7tx) . sin 2n7ixdx = 0 ; 

.’o 

(ii) ( log (sin tzx) . cos nnxdx — i ^ n even 

Jo V 0, n odd. 


10. Prove the following relations : 

(i) Ij log r(ir) . sin 2n7ia;da; = ^ 

ri 1 

(ii) log r(ar) . cos 2nnxdx—-.~, 

Jo 4n 

For developments where xp(x) takes the place of log T{x) see Nielsen, 
Handbtichf pp. 202-204. For example, if 0< ir< 1, 
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11. - 1) sin TTX + 2 cos Tix + {y -1-log 2n' sin nx 


= X (n + t) ^ 


( - 1 )»* 

12. If p(x)~ ^ ' ^ , a; >0, prove that 

/•X o, \ C^^e-^^dt 

(■) ^(*)=)ollT=)„iT 7 -< = 

(ii) ^(x)= -^^iogB(|, iy-±jgg-^ 


\ 2 ;n 2 > 


..... a;-] /./Yr-lX 1 fi t^dt 

(*“) "T ^ \ ^T~ j“ 4 , 0 (TT«^' 


, a; > 1 . 


] 3. Provo the following properties of p{x) ; 

(i) m + /3(1 +=«-■) ; (ii) Pi^) + |8(1 -^) 


(iii) Aa:)=J { V’(— 2'^ 


(iv) /3(l)=log2; {-v) 

14. Deduce from Ex. 12 that 

... e”^ -e~^*dt , , 


■■Vi^) - V’( 9 )^ ^-log 2 ; 


(i) -(:jr^_-r7-log:r-logB^2* 2,)' 

<“) .CG“e4-l)7 

15. If v(x) = - log (l + ^-|--)} . > 0, prove that 




Deduce the relations : 


(i) v{x) + y)(x) =log X +^; (ii) v{x) + = ^ i 


.... d.fi{x)^ 


y)(x) - log a: - g- ; (iv) ^(l) = y ; 


(v) i'(J) = y+log2. 
16. Verify that 


-“(®) = S {(*+’* + i)’°g(^ + iT^)-0 • 
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17. JVuvo that 


(i) 

'0 


d^pit+x-l). 

_ at. 


(ii) v(x)-- 


1 


18. Prove that 


'i) fi(x) - /i{2x) =2 




«**< + ! ’ 


(ii) )<(a!) 2r{2x) 2 ^ jy 

(iii) ^{x + i) = 2 . 


19. log tdt:=^^ ^y>{x~l)- \o^y } * y > o! 


20. r(r) = | e~^t log tdt, X >0. 

91 r(a;)r( 2 /) 1 y-l ( y-.l)(y^2) (y l)(y ~ 2)(y - 3) ar>0, 

r(a;+i/) .r .r + i^ 2! (a? + 2) 3! (a; 4- 3) *’'’2/>0. 

22. By using the expression for y, 1) in terms of Gamma 

Functions, prove that, if a? >0, 


/ P.3».5^. ..(2>--1)» ]_ __ 

lr(a; + 4^)/ ~x^ 4.8.12 4r x{x + \){x + 2j ... (x +r)' 

23. If n and p are positive integers and ar > 0, show that 
S log r(p* 4-^)=(y(i)^-'=(y(n«)^-, 

where /(<) is the function 

r , .VI, ,.I I , e->’«(l-e-«) 

[n{px - 1 ) , Jp(n - 1 )>-' - ^ ^ , 

so that/(n^) may be expressed in the form 


np *- n-p n 


J* e”*-l (l-e-sOll-e-*"' 


24. In Ex. 23 interchange n and p, and take the difference of the two 
sums ; then 

2iogr(p.H-’-5)-giogr(n.+5j 

/ np - n -p\ f* 




n 


(See § 1C7, Ex. 1.) 
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26. Deduce from Ex. 24 that 


499 


na: H — . 
PJ 


This generalisation of Gauss’s Multiplication Formula is due to 
Schobloch (Nielsen, l.c, p. 198) ; p = l gives Gauss’s Formula. 


EXERCISES XXIII. 
lo"“(l+a;)» “768* 


‘> 


ii V (l + g«) 


x*dx = 


1 

12^(271) 


{[r(i)p+i2Lr(j)r). 


3. 


n 



dx r(n + l)r(n + l) 

/ Kan r(2n + l) ‘ 


4. 1^ ( 1 + sin a;)”*( 1 - sm x)^ dx = 2”*+” B{m + i, n + J). 

'tr 

“ 5 


."> COS , log (cos x)dx ‘ ^ ^ 

.. T i.1. X 1 aJ®(l-a;*’)(l-a^) dx 

(i In the integral - ~ , , — r-.- . , 

'o 1-® log(l/a:)’ 

lot j- and prove that, ifo + l>0, ortH 1>0, 

ii <««+»( , r(a+ ^)^(o+6^ 1) 

lo (i + t)iog< ^^r(o I i)r(af6 + ^)* 


7 Deduce from Ex. 6 that, if <x. > 0, /? > 0, 

r('%J)r(|) 


^o(TTT)Ioga! " 


and that, if c >0, 


fS' 


^+1 


f/"'‘tanht'J‘=log“ 1 21og {r( 4 ^)} ■ 


8. If the argument of each Gamma Function is positive, show that 
fi x^l - x»){l - ir«)(j. -3^) dx 

*0 1-* log (1/a;) 

r(a + 1)^0 +^+jj_4^1)r(a “Ji +d + l)r(o + c +d -M) 
r(a +6 + l)T(o +~c +T)r(o +d + l)r(a +6 +c +d + 1) ' 

Deduce that 


- , r(a ts)r(« I 26 1 ')[r(o 1 6 1 1)]“ 

0 (1 +tj"log t ■ r(a I lTr(o 1 26 I i)[r(a t 6 . j)']* ' 
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9. From Ex. 8, or otherwise, show that if c> 0, 

(%-«(! - sechof = - log I + 2 log {r(4-)/ r( • 

10. If a + 1 is positive, show that 

r ^ i^„~v ' = log (o + 3) - 2 log (a + 2) +log (o + 1), 

.'o logx 

and, generally, if n is a positive integer, 

fi ax = {- l )"-» (“«-(“+»)«{ 1 - e - 0 " P 

Jo log* Jo < 

= ^{-ir„Crlog {n+a + l-r). 


"• ioTT^=Hv'i-2- j-n- H) 

[See Exercises XXII, 12, 13.] 


a > 0. 


Deduce that 


'o coshiir 




12. Prove that, if ~ 1 < «.< 1, 

• 

si nh uux dx_ D t , 

Jo cosh a? X ^}o ( i^ t) log (1/t) * 

and apply Ex. 6 to prove that the integral is equal to 


log 




n/3 




' 1 + a.\ , 

75^ 


\ 4 )} 


, that is, log cot 


Deduce by differentiation of the above integral that 

r«> cosh olx, jt 710. ^ ^ ^ , 

\ ^ — aa;=-xsec > 0 <</.<!. 
lo sinho; 2 2 


\ 



13. If a and b are positive and the integral 

convergent, prove that the integral xS equal to 

1 f*® 

~ F{x^)dx. 

Jo 

If a, 6, (a-f5~c) are all positive and n + J >0, show, after changing 
the variable from x to t, where x=t^l{l -f#*), that 


fi a;n+l(l - a;)» -\dx _ ‘\/nT{n + i) 

Jo + ~ rt ”■ ^{c + (a + r(n + 1 ) ' 

where 0.3= Id^l, = l(a + 6 . 
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14. Prove that 


fi dx ira)f. .1 _ r(|),^ 


’ oV(i+®‘) Vji ■ 


15. If a, a, 6, m, n, are all positive, show that 

rl rl - r ^ 1 


|() ]q (f)L \ ax-i-by)^+^+^+^ 

r( OT)r(n)r (y) / w n p\ 1 _ _ 

r(m +w 4-p + 1) V^jL + a ol4-6 /x,/ (ol 4 6)”<x^* 

16. If the constants are all positive, prove that 

rx) (“CO g— (Oi+by) ^wi— 1 1 


1 


r(p)jo 'o 'o 
r(m)r(n) r 


'o '() ('*■ yy)^ 

Q—{iu I bi/)e~(a \ dx dy dz 


r(m)r(n)r^- e-^^z^^dz 

^ r(p)“ \o {a+pzr^{b ryz)^' 

Extend the theorem to the case of n variables. 

17. Tho density at the point {i, y, z) of the solid bounded by the' 
ellipsoid \ +z^lc^ — \ is 

j .t2 ^2 1 n~i 

b- c^l ’ 

where y is constant and n is positive. Prove that the mean density of 
tho solid is ,3/i 22 n "2 {r(n)]2/(2n F 1 )r(2/x). 

18. If the variables x^^x^, ... are such that 

0 ^xl+xl + ,.,+xf^ _ 1, 

prove that the variables x^.x^, ... may be changed to new variables 
^ 1 , <? 2 » ••• integral 

[|... [ i?’(o,a:j 4- a2X2 4- ... 4- a^x^)dxidx2 . . . dx^ 

shall become || ... | F{k^i)d^^d $2 ... 

where h-\{al hal + +aiy\ and O'" 4 - 4- . . , 1 positive), 

and then show that the integral is equal to 

^ f nkioii - ds,. 


19. If in Ex. 18 the integrand is 

i^(aia:i4-a2a;a4 ... 4 a^xjl^il -rrj -irj ■ 
prove that the integral becomes 
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20. If in Ex. 18 and Ex. 19 the function F(k^i) is unity, show that 
the values of the integrals are respectively 

„d ir(i>l‘" 


r(^i) 


p/n + 1' 


21. If the region of integration is the octant of the ellipsoid 

x^la^ +y^lb^ -hz^jc^ ~ 1, 

for which a; 0, y r J 0, z 0 and if ol, a^, are positive, prove that 

m dxdydz __n ^ abc _ 

-hb^y^ +Ci 2:2)5/2~ 6 a.V{(«. +Oia2)(<>c +CjC^)} * 

22. If the variables are never negative and are such that the sum 
of their squares lies between 0 and 1 (0 and 1 included), prove that 


dx - _ ^V(2£) . 
ixdt/-^{n -2); 

dxdydz ir(i)]»} ; 




(iii) 

(iv) 

23. Provo that 


1-x^ -1/ -z^W 
i’+i® + +Z' 

1 _ a ;2 _ 2^2 _ j ;2 

=T6 


1 


where the region of integration is bounded by tho sphere .r® -hy^ -^^,2 
(not merely that octant for which the coordinates are positive or zero). 

i oo rxi 

i 

0 .'0 

prove that 


^ ^ rj/) 1 2 /" ^dx dy, a ; 


'0, 


-3t/, c/=r(j)r(§)6->“=J^c-='“. 

In the integral obtained by differentiation let ^^a^jxy and change 
from a; to ^ ; the integral when thus transformed is U, 


2.'>. If C; = r (*... [''e-i‘'Gdxidx^...dx„_i, 

Jo Jo .’0 

F -Xi -hx^ + ... + 


where 

and 

prove that 


0 =a;i« x< 

dU 


1 - -1 

'2 '■ 


Xj^X^Xf • 
1 , 


, a >0, 


da 


= -nU, t7=Ce-»»«, 
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XV.J 

26. If n>i), the volume within that part of the surface 
(.'r/a)«4-0//6)« + (^/c)^:- 1 

which lies in the first octant is • 

3n2 r(3/n) 
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Derivatives, 63, 64, 60. 

change of variables in, 112-120. 
higher, 78-84. 
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Discontinuity, lino of, 303. 
normal, 304. 
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planes of, 344. 

point of, 273. 

point of infinite, 408, 412. 

removable, 62. 
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by a series, 192. 
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of interval, 257. 

Element, of sequence, 25. 
of sot, 25, 

Element, of surface, 329. 

of volume, 343, 353. 

Elimination of functions, 120-122. 
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Equality, 7. 

Ermakoff’s testa, 406. 
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complex, 181-186, 397. 
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49. 
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Fuaotious ; 

implicit, 130-142, 206-209, 219, 353. 
independent, 90, 142. 
integrable, 265-276, 314-317, 344, 
378, 379, 382-386. 
inverse, 44, 67, 142. 
limits of, 40. 
monotonic, 28, 263, ^69. 
of functions, 66, 102. 
of several variables, 94-122, 130-147. 
oscillation of, 66. 
region of definition of, 94, 95. 
strictly decreasing, 29. 
strictly increasing, 29. 
values of, 41, 97. 
with limited variation, 263, 269. 
(See also under Exponential, 
Beta, Gamma, Logarithmic, Hy- 
perbolic, Hypergeometric, and 
Trigonometric functions. ) 

Gamma function, 246-254, 398. 
as an integral, 398. 
asymptotic expansion for log- 
arithm of, 484. 

Gauss's multiplication formula for, 
252, 483, 490. 

integral for logaritlun of, 480, 
487. 

integrals expressible in terms of, 
489-495. 

rainimmn value of, 488. 
product formula for, 246. 

Gauss, 31. 

Gauss’s, multiplication formula for 
252, 483, 499, 

II -function, 247. 

T^-function, 248, 249, 485, 496. 
tost, 154. 

Godefroy, 489. 

Goursat, 87, 131, 143, 201, 263, 264. 
Green’s theorem, 335. 
general theorem, 360. 
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Hardy. 2, 171, 394, 395, 397, 456, 473. 
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Hermito, 72, 201, 203, 488. 
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Hilton, 213, 467. 

Hobson, 2, 6. 9, 12, 64, 180, 217, 238, 
323, 408, 411. 

Hyperbolic functions, 178, 236, 237, 
239. 

Hypergeometrio function, 166, 2.51, 
477, 478. 


Imh'X of «i jH)\vcr, IS. 

Inequalities, 19, 47. 

Inequality, 8. 

Infinitesimals, 75, 105. 

Integrability of a function, condition 
of, 205, 314. 

Integrable functions, 265-276, 314- 
317. 

Integral : 

as fimction of a parameter, 302- 
309, 411-415, 420, 430-444, 451. 
as measure of an area, 298. 
curvilinear, 296, 308, 335, 359. 
differentiation of, 279, 307,426,451 . 
finite, 375. 

Fourier’s double, 464. 
generalised, 375. 
indefinite, 280. 
infinite, 376. 
integration of, 308. 
of complex function, 181, 183, 

397. 

proper, 375. 
proper double, 408. 
quadruple, 345, 
surfc/ce, 355, 358, 360. 
triple, 343. 

volume, 343, 353, 360. 

Integral, definite, 264, 265, 267. 
as a function of its limits, 279. 
change of variable in (see under 
transformation of integral), 
continuity of, 279. 
continuity with respect to u para- 
meter of, 304. 
properties of, 27G. 

Integral, double, 310-323. 

change of variables in, 332, 346, 
reduction to rej^eated integrals of, 
/ 317. 

integral, improper, 375-391. 

Abel’s theorem for, 386. 
absolute convergence of, 378. ” 

as function of its limits, 384. 
as limit of a. sum, 401. 
change of values of integrand in, 

380. 

change of variable in, 380, 388, 
428, 

comparison test for, 391. 
continuity with respect to a para- 
meter of, 415, 440. 
convergence at a singular point of, 

381. 

convergence at infinity of, 381. 
convergence of, 376. 
differentiation of, 426, 451. 
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Integral, iraj>roper : 

Dirichlet's theorem for, 380. 
limit with respect to a parameter 
of, 441, 443, 444. 
mean value theorems for, 387. 
oscillating, 378. 
principal values of, 377, 378, 
singular integrals at singular points 
of, 380. 

singular points of, 375. 
tests for convorgonco of, 381, 382. 
transformation to i)roper integral 
of, 380. 

uniform convergence in general of, 
413, 430. 

uniform convergence of, 411, 430. 
with range finite, 370. 
with range infinite, 378, 430. 
Integral, improper double, 408-430, 
440, 445, 403. 

absolute convergence of, 411. 
change of variables in, 430. 
continuity of, 410, 440. 
evaluation of, 429. 
with infinite limits, 44.5, 403. 
Integral, multiple, 342. 
improper, 430. 
standard form for, 349. 

Integral, repeated, 317-323, 344, 410- 
426, 445-449, 458-403. 
with one limit infinite, 445. 
with two limits infinite, 458. 
Integrals, upper and lower, 205, 312, 
343. 

Integration by parts, 284, 

Integration, change of order of, 308, 
318, 418-426. 

Integration of series, 408-475. 
Integration, Riernanii’s theory of, 204. 
Interval, 17. 
closed, 17. 
division of, 257. 
method of the decretusing, 32. 
open, 17. 

Inversion, 44, 142, 179. 

Jacobi, 81. 

Jacobian, 108, 136-147, 350-354. 
Jordan; 217, 291, 292. 

Kelvin, 128. 

Kepler’s equation, 201, 203. 

Knopp, 173. 

Kummer’s test, 153. 

Lagrange’s, expansion, 198-200. 
identity, 23. 


Laisaiit, 242. 

Lambert’s series, 172, 173. 

Lampe, 223. 

Law^s of operation, 9-12. 

Lobesgue, 204. 

Legendre, 247. 

Legendre’s, coefficients, 84, 170, 189, 
205, 288. 

transformation, 119. 

Length of curve, 291, 292. 

Limiting points, 32, 95, 273. 

Limits. 28, 32-42, 47, 96. 
existence of, 30, 39, 99. 
maximum and minimum, 34, 35. 
of indeteriniuation, 35, 36, 99, 100. 
theorems in, 45. 

Liouville, 492. 

Lipschitz's condition, 72. 
Logarithmic, function, 44, 46, 178, 
183. 

series, 184. 

Maclaurin, 403. 

Macliobert, 170, 201, 280. 

Maxima and Minima, 211, 2H>. 
absolute, 218. 
of implicit functions, 219. 

Moan, arithmetico-geometrio, 31. 

aritlmietico-harmonic, 31. 

Moan value, theorem of, 70, 105. 

integral theorems of, 277, 3J0, 387. 
Mellin, 255. 

M6ray, 2. 

Meshes, 310. 

Molk, 235, 237, 244. 

Moiiotonic, function, 28. 

sequenc*e, 29. 

M-test, 159, 187. 
for integrals, 437. 
for products, 232. 

Multiplication, 11. 
of series, 169. 

Multipliers, undetermined, 193. 

Neighbourhood, 68, 94. 

Nielsen, 78, 241, 275, 489, 495, 496, 
499. 

Normal, 328. 

positive and negative directions 
of, 357. 

Null sequence, 28. 

Number, 1, 3. 

absolute value of, 11. 
approximations to, 15. 
correspondence of, to point, 1, 16. 
decimal representation of, 14. 
^rational, 1, 3, 6, 8, 16. 
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Number, natural, 3, 14, 
negative, 7. 
positive, 7. 

rational, 1, 3, 6, 8, 15. 
real, 6-17. 
zero, 7. 

Numbers, sections of, 1 2. 

Open interval, 17. 

Open region, 05, 90. 

Oscillation of a function, 56, 260, 
267. 

Ostrogradsky, 301. 

Parameter, integral as function of, 
302-309, 411-415, 420, 436-444, 
451. 

Parameters, change of, 330. 

Partial fractions, expansion of func- 
tion in terms of, 230, 239. 

Peano, 211, 217. 

fl-f unction. Gauss's, 247. 

Point, 94. 
admissible, 99. 

correspondence of number and, 
1,10,25. 

limiting, 32, 95, 273. 
of condensation, 32, 95. 
of discontinuity, 273. 
of infinite discontinuity, 408, 412. 
singular {see under singularity). 
Poisson, 433. 

P6Iya, 400. 

Poussin, 291, 411, 430, 430, 438, 440, 
451, 463, 

Power, 18. 

generalised, 180, 183. 

Power series, 190-206. 
substitution of a power series in 
a, 190. 

Pringsheim, 464. 

Products, infinite, 224-236. 

convergence of {see under conver- 
gence of products), 
derangement of factors in, 230. 
differentiation of, 233. 
for Gamma function, 246. 
for hyperbolic functions, 236. 
for trigonometric functions, 235. 
^-function, Gauss's, 248, 249, 485, 
496. 

Quantic, 210. 

Raabe’s test, 154. 

Rectification of curves, 291, 300. 
Regions, sequence of decreasing, 97. 


Reversion of series, 104. 

Ri#mann’s theory of integration, 
264. 

Rodrigues, 81. 

Rodrigues’ formula, 84. 

formula for 205. 

Rolle’s theorem, 68. 

Roots, 17. 

Rouch6, 201. 

Schaar, 488. 

SchlOmilch, 78, 86, 222, 301, 3.30, 
483, 484. 

Schobloch, 499. 

Schwarz’s inequality, 23, 289. 
Section, 2-9, 12. 

Sequence, 25, 34. 
limit of, 28, 36. 
monotonic, 29. 
notation for, 26. 
null, 28. 

of decreasing regions, 97. 
of intervals, 31 . 

Series {see under convergenco of 
series). 

binomial, 185. 

Cosaro’s theorem for divergent, 
164, 251. 

derangement of terms of a, 151, 
166, 175. 

division by a, 192. 
in,tegration of, 468-475. 
logarithmic, 184. 
multiplication of, 1 69. 
power {see under power series), 
reversion of, 194. 

Serret, 201, 202, 205. 

Set, 25. 

bounded, 26, 32, 99. 
finite, 26. 
infinite, 26, 268. 
limiting point of, 32-34, 95. 
point of condensation of, 32, 95. 
Singularity, 375, 376, 381. 
removable, 389. 

Stirling’s approximation, 55, 484. 
Stokes’s theorem, 358. 

Stolz, 217, 430, 433, 463. 

Subtraction, 10. 

Sums, upper and lower, 259, 310, 
342. 

Superposition of divisions, 267. 
Surface, area of a curved, 325. 
curves on a, 327. 
element of a, 329. 
integrals, 356, 358, 360. 
normal to a, 328. 357. 
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JSuf'fttce, poBilivo and negative aide 
of a, 357. 

8zeg5, 406. 

Tait, 434. 

4’annery, i?36, 237, 244. 

Tannery’s theorem, 161, 175. 
for integrals, 443. 
for products, 234. 

Taylor’s theorem, 110. 

remainder in, 209, 213. 

Tisserand, 74, 75, 78. 

Todhuntor, 221, 334. 

Transformation of integral, 284, 332, 
.345-355, 380, 388, 428, 4.30. 
Transformation of Laplace’s equa- 
tion, 302. 

Transformation, orthogonal, 354. 
Trigamma function, 248. 
Trigonometric functions, 176, 182. 
infinite products for, 235. 


Trigonoiuctric (unctions, in verso, 179, 
183. 

series of partial fractions for, 236- 
238. 

Tweedio, .55. 

Variable, continuous, 1, 17. 
Variation, limited, 203, 269. 
total, 263, 264. 

Volume, element of, 343, 3.53. 
measure of, 324. 

Wallis, 54. 

Watson, 201, 399. 

Weierstraas, 2, 32, 159, 209, 247. 
Whittaker, 201, 399. 

Wolstenholme, 476. 

Wronskians, 91-93. 

Zero, 7. 
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